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Abstract 


It is shown that some gross features of the distribution of the mean temperature relative to the 
mean height on the normal maps for January can be computed from the vertically integrated 
linearized vorticity equation, if the effects of surface friction and mountains are included in the 
equation for the stationary case. By a mathematical analysis supplemented by certain numerical 
experiments it is shown that it is necessary to assume a meridional scale parameter corresponding 
to less than 90 degrees of latitude in order to obtain the correct phase-lag. An empirical deter- 
mination of the meridional wave-length was carried out using soo mb data for a single month 
(January 1959). 

Section 6 contains some comments on the assumptions made in this study. It is especially 
pointed out that the effect of horizontal advection of vorticity and the effects of the lower 
boundary condition (friction and topography) cannot be neglected in comparison with the beta- 
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effect in studies of stationary motion on the planetary scale. 


x. Introduction 


The main problem in the present paper is 
the adjustment between the temperature and 
the height field in planetary waves in the 
atmosphere. The planetary waves are here 
understood to be the very long, almost sta- 
tionary waves observed in the atmosphere on a 
daily basis and on time-mean maps. The troughs 
and ridges in these waves are found in certain 
preferred geographical positions as seen on 
normal maps. The positions of the waves as 
studied by a series of daily maps seem to be in 
the neighborhood of the preferred locations, 
and one may perhaps best characterize the 
motion of the waves as oscillations around 
the mean positions. 


1 The main part of the paper was presented at the 
National Meeting of the American Meteorological 
Society April 1960, Washington, D.C. 
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The theory for the existence, maintenance 
and motion of the planetary waves is still frag- 
mentary. CHARNEY and ELIASSEN (1949) have 
pointed to the importance of the large scale 
mountains and friction for the understanding 
of the existence of these waves, while SMAGO- 
RINSKY (1953) has investigated the combined 
effect of large scale heat sources and friction. 
Recently it has also been suggested that a 
factor of major importance for the mainte- 
nance of the planetary waves against frictional 
dissipation could be a non-linear transfer of 
kinetic energy from the smaller scales, where 
kinetic energy is created by a direct conversion 
of available potential energy on this (smaller) 
scale (STARR, 1958, 1959, SALTZMAN, 1959 and 
Wun-NIELsEN, 1959). 


In the present study we shall assume from 
the outset that the waves are stationary. We 
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are therefore not dealing with the problem of 
the motion of the planetary waves. The specific 
problem to be considered here is the phase and 
amplitude of the vertically averaged tempera- 
ture field in the atmosphere relative to the 
vertically averaged pressure-height in planetary 
waves. We are therefore dealing with the 
problem of the thermal structure of the plane- 
tary waves. This problem is only a detail of 
the general problem since it is concerned with 
the adjustment of temperature relative to 
height in already existing waves and therefore 
assumes that the waves are maintained by 
some process. 


2. Representation of Temperature and Height 


It was found preferable to restrict the main 
part of the investigation to the mean tempera- 
ture and mean height. The two fields were 
found following the procedure originally out- 
lined by Extassen (1956). The height field is 
represented by the following expression 


Z(x,y,p.t) = Z(x,y,t) + A(p)Zr(x,y, t) (2.1) 


The function A(p) was determined by the 

formula given by Eliassen: 

BR 
a (23) 
{(u- Gp} 

U(p) is a representative zonal wind profile. 
In this case U(p) was taken from Buch’s data 
for winter (1954). The bar over a quantity 
means the average with respect to pressure, i.e., 


T-=f( be Gs) 


where p, is the surface pressure (p,=100 cb). 
The wind U=U(p) and the function A(p) 
determined from (2.2) are given in Table 1. 
It is seen by direct evaluation that the func- 
tion A(p) defined by (2.2) satisfy the require- 
ments discussed by ELIAssen (1956) that 


A=o, A=1 (2.4) 


The mean height field can be determined 
directly from the definition of the bar operator 
if we know the height field for sufficiently 
many isobaric surfaces. In our case the normal 
maps for the 1,000, 850, 700, 500, 300, 200, 
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Table 1 


12 U(p), msec"? A(p) 
o . (o) — 1.8 
Io 15-5 0.7 
20 19-1 1-3 
30 18.0 bak 
40, 15:8 0.8 
50 13-6 0.4 
60 10.8 — 0.03 
70 8.1 Ons 
80 5-7 tre 
90 3:3 er 
100 2-5 rl] 


U = 11-0 msec? 
Ur =6.1m sec"! 


and 100 mb prepared by Jacoss (1958), WEGE 
(1957), and the U.S. WEATHER BUREAU (1952) 
were used to define the mean height field 
along so’N in January. The deviation from 
the mean height along 50° N is represented in 
figure I as the solid curve. 

If we multiply (2.1) by A(p) and next apply 


the bar operator it is seen that 


Pg 


Zx(x,yrt)== [ A(p)Zdp (2.5) 


° 


Using the same height fields as before and 
the function A(p) given in Table 1, we can 
compute Zr. The deviation from the average 
value along 50° N is given in figure 1 as the 
dashed curve. 
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Fig. 1. The solid curve is the deviation from the latitudinal 


average of the mean height field, Z, as a function of 

longitude for 50° N, prepared from normal data for 

January. The dashed curve is the corresponding curve 
for the mean temperature, Zr- 
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The mean height field Z shows the positions 
of the two major troughs along about 140° E 
and 80° W and the minor trough along 50° E. 
The thermal field Zr shows to a very large 
extent the same configuration, but with the 
distinct difference that the thermal trough is 
lagging behind the height trough by an 
amount which varies from about 10° of 
longitude in the trough along the eastern coast 
of Asia to 20—25° of longitude in the trough 
along the east coast of North America. 

If we knew the details of the laws for the 
heating of the atmosphere, which would 
have to be specified for all the different 
components of heating (radiation, heat of 
condensation and evaporation, heat exchange 
with the underlying surface, etc.) we could 
try to investigate whether it was possible to 
compute the two curves in figure 1 from a 
knowledge of the heating, the mountain 
effect, and the frictional law. Lacking this 
knowledge we may try to see how much we 
can say about the relative distribution of tem- 
perature and height considering only the 
dynamical equations and disregard completely 
the thermodynamics of the atmosphere. We 
shall treat this problem in the next section. 


3. The Dynamical Equation 


The dynamical model to be used in the 
following will be essentially the one given by 
Pres (1958), but with the important modi- 
fication that we shall incorporate the influence 
of the lower boundary condition and in this 
way pay attention to the effects of the topo- 
graphical features of the earth and of friction. 
As we are not here going to consider the 
effects of the heating we may restrict the in- 
vestigation to the vertically integrated vor- 
ticity equation. We shall use the vorticity 
equation in its simplest form: 


a _ do 
Cire 


and shall further assume that the horizontal 
wind and the vorticity may be computed from 
the geostrophic assumption. The symbols in 
(3.1) have the following meaning: v is the 
horizontal wind vector, & the relative vortic- 
ity, f the Coriolis’ parameter (f a standard 
value) and w=dp/dt the vertical velocity. 
Tellus XIII (1961), 2 
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Introducing the expression (2.1) in (3.1) and 
averaging over the complete depth of the 
atmosphere we get: 


RT: +f)+ vr: vtr W, (3.2) 

£ Ps 

where «gy is the value of (dp/dt) at the ground. 
@, may now be related to the topography 

of the earth and the friction in the following 

way: 


0 
Wg — @ + vg: VPe — W058 (3.3) 
g 


In our geostrophic model the pressure advec- 
tion, V,:V pe will vanish. Hydrostatically, 
we may write 


aD age ae 
at}, Sax), 


which introduced in (3.3) results in 


IZ à 
Og = ge (5) = W | 
g 


The vertical velocity, W,, at the ground 
may now be considered as composed of two 
parts: 


(3.4) 


(3.5) 


W,=W,+ Wr 


(3.6) 


where W, is the vertical velocity due to the 
sloping terrain, while W; is the vertical veloc- 
ity produced by the skin friction. The vertical 
velocity due to the mountains will be computed 
from the following expression, which assumes 
that the height of the mountains is small: 


(3-7) 


where h is the height of the ground over 
mean sea level and v, the horizontal wind at 
the ground, while the second component, 
W,, will be computed following the procedure 
by CHARNEY and ELIASSEN (1949), which 
results in the following expression: 


W,=F*t, 


eV, Vb 


(3.8) 


where F* is assumed to be a constant. 
(3.5) may now be written: 


0-2 (5) - ve th F*E] 69) 


As we are concerned here with certain fea- 
tures of the long-term average of the atmos- 
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pheric height and temperature fields we may 
assume that the flow is stationary. When this 
assumption is introduced, and when we 
further substitute from (3.9) into (3.2) we 


obtain the following dynamic equation: 


v-v(ö+f)+vr-Vver= 
(3.10) 


According to our model approximations we 
may obtain the quantities at the ground 
(assumed to be closed to 100 cb) from (2.1), i.e., 


I tn (3.11) 
Ce = 4 an ALT 

where A, is the value of A(p) for p=p,= 
100 cb. 


Due to (3.11) and our geostrophic assump- 
tion we may consider (3.10) as an equation 


with two unknowns, Z and Zr. Another 


equation relating Z to Zr could be derived 
from a combination of the thermal vorticity 
equation and the thermodynamic equation, 
but this equation would involve the heating 
and is not considered here, according to the 
discussion in section 2. 

In order to study the relative phase and 
amplitude of the temperature and height field 
we may, however, proceed in the following 
way. One of these two fields may be assumed 


to be known, say Z. From the dynamical 
equation we may then find the solution for 
Zr. The resulting field of Zr can then be 
compared with the observed distribution of 
Zr. (3.10) is extremely laborious to solve in 
its non-linear form. Due to this fact we may 
proceed to linearize the equation and obtain 
solutions to this much simpler equation. 

When the linearization has been made, the 
geostrophic assumption introduced in the 
resulting equation, and we further have made 
use of (3.11) we may write the equation in 
the form: 


— 9v?Z 2Z Ov?Zr 
U — _— rt —— = 
ox Bg ox Ps Ox 
3.12 
tp oh i : 
RT LE = F(v Z + A,V Zr) 


Due to the fact that atmospheric disturbances 
have a limited meridional scale we shall in- 
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troduce a meridional scale factor m in the eval- 
uation of the Laplacian. We may thus write 
the Laplacian operator in the form: 
de 
=-—— m? 
dx? 
(CHARNEY and ELIASSEN, 1949). 
Introducing (3.13) in (3.12) we can write 
the final equation in the form: 


2 


V 


(3.13) 


BZ, FA,dZr ,dZr 
+ — — M - 
dx? Ur dx? dx 
FA,m? 
- —— Zr=H(x) (3.14) 
Ur 


where H(x) is given by the expression: 
U@Z F &Z BU-mdZ 
el l= ie Up dee aaa 


So’ nel 
RTE Ur dx 


-——Z+ (3.15) 

The equation (3.14) with the expression 
(3.15) for the function H(x) represents the 
simplest possible system which incorporates 
the effects of mountain and friction. When 
we apply equation (3.14) to the real atmos- 
phere we have disregarded the non-linear 
effects, and we have further to determine the 
value to be used for the frictional coefficient F 
and the meridional scale factor m. 

With respect to the frictional coefficient we 
have some uncertainty regarding the numer- 
ical value. SMAGORINSKY (1953) used a value 
for F of 2 x 10” sec-1, CHARNEY and ELIASSEN 
(1949) made their investigation for two differ- 
ent values, F=2 x 10% sec-1 and F=4 x 10-8 
sec}. The latter value was adopted by Prizzrps 
(1956) in his investigation of the general 
circulation. The values for F quoted so far 
were obtained by an application of Ekman’s 
theory for friction in the surface layer. Mintz 
(1956) has tried to determine the value of 
F using the vertically integrated vorticity 
equation. He finds first of all a variation of F 
over the map. More important perhaps is the 
fact that he finds a mean value of F, which is 
about four times larger than the one adopted 
by Phillips or about 16 x 10-8 sec}. It appears 
therefore difficult to determine a value of F 
to be used in our computations, because the 
values suggested so far vary by almost one 
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order of magnitude. In view of this it was 
decided to make the computation for several 
values of F and determine the sensitivity of 
the computation to these values. 

CHARNEY and ELIASSEN (1949) as well as 
SMAGORINSKY (1953) used a scale factor, m, 
defined as in this investigation. The values 
which these investigators adopted varied 
between a meridional wave-length of 66 and 
30 degrees of latitude based on the lateral 
width of the Rocky Mountains and the major 
Fourier components of the meridional varia- 
tion of the heat sources and sinks. 

A characteristic value of m may be found 
from atmospheric data in the following way. 
The representation (3.13) assumes that the 


fields Zand Zr may be written in the following 
form: 


Z = cos(my)g(x) (3.16) 
from which it follows that 
PZ 
DU ese 
vèZ Da M 7 (3.17) 


m? can therefore be determined empirically 
from the formula 


m= —- — — (3.18) 


Characteristic values of m were determined 
by evaluating the right hand side of (3.18) 
along latitude circles and next obtaining mean 
values of m by averaging the individual values. 
The computation was performed for soo mb 
maps for each day of the month of January 
1959. The meridional wave-length correspond- 
ing tom (m=2n/D) is given in Table 2 as a 
function of latitude. The values in Table 2 are 
obtained by averaging the results from the 
individual days over the month. 


Table 2 
Latitude | SO 720 HE Oa OO. 2,02 
Wave-length, km | 6,500] 2,900} 4,300] 5,500] 8,700 


It is seen in Table 2 that the effective me- 
ridional wave-length in the middle latitudes 
varies from about 3,000 to 6,000 km, which 
agrees well with the values used by CHARNEY 
and ELIASSEN (1949) and SMAGORINSKY (1953). 
Tellus XIII (1961), 2 
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The values of m used in the present calcula- 
tions were varied in order to find the sensitivity 
of the computations to the scale factor (see 
Section 5). 


4. The Adjustment of Temperature to Height 
in Sinusoidal Waves 


In this section we are going to disregard the 
mountain effect in order to gain some insight 
into the phase and amplitude of the tempera- 
ture wave relative to the height wave in simple 
sinusoidal waves. We are in other words going 
to assume that: 


Z = a sin kx 


(4.1) 
(4.2) 


and we want to find ar/a, the relative ampli- 
tude, and «r the relative phase. 
Substituting (4.1) and (4.2) in (3.14) and 


(3.15) we find that the following set of 
linear equations have to be satisfied: 


and 


Zr =ar sin (kx + «r) 


Ur [ar cos &r] + er [ar sin x7] = 


k 


(6 DE (4.3) 


: jan 
r FA, [arcos ur ae Ur|[arsin ar] = iB a (4.4) 


k 


The solutions to (4.3) and (4.4) may be 
written in the form: 


ar { C#pt+ Fk? \} 
AS 2 2E2/L2 (4.5) 
a Ur A, 12 Ik 
F Ur - A,C 
tan &œr = 2 ae (4.6) 


k UrCr+ A,(F/kY 


In (4.5) and (4.6) we have introduced the 
notation: 


Cn-Ü- pe (4.7) 

The relations (4.5) and (4.6) can be used to 
study the relative amplitude and relative phase 
as a function of the frictional coefficient F and 
the zonal and meridional scale. 

It will be noted that in the absence of friction 
we find tan «=o which means that the thermal 
waves is either in phase or 180° out of phase 
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with the height wave. In the same case we 
find that 
aT | CR 
ie ate (4.8) 
In the evaluation of (4.5) and (4.6) as a 
function of wave-numbers and the frictional 
coefficient the following parameters were 


defined: 


N=ak cos p (4.9) 
M= - m (4.10) 


where a is the radius of the earth. N is the 
number of waves in the zonal direction around 
the hemisphere, while M is the number of 
waves in the meridional direction in a hemi- 
sphere, i.e., from equator over the pole to 
equator. Figure 2a—d shows isolines for ay/a 
as a function of Mand N. Figure 2a corresponds 
to the case of no friction, while figure 2b—d 
corresponds to increasing values of F. Figure 
3a—d shows in a similar way the phase differ- 
ence &r as a function of the wave-numbers 
M and N for increasing values of the frictional 
coefficient F. The curves in figures 2 and 3 


were computed with the values for U, Ur, 
U,, and A, given in Table r. 

Several interesting facts regarding the im- 
portance of friction for the adjustment of 
temperature and height in planetary stationary 
waves can be seen from figures 2 and 3. With 
respect to the amplitude ratio ar/a we find 


“+I ~e 
F=2XI0 sec F=4XI0. sec 
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Fig. 2. Isolines of the amplitude ratio, a,/ain, sinusoidal 


stationary waves for different intensities of friction. 

The horizontal coordinate is the number of waves around 

the latitude circle 50° N, while the vertical coordinate 

is the number of waves in the hemisphere in the meridional 
direction. 
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Fig. 3. Isolines of the phase difference between the thermal 

wave and the wave in the mean height field in sinusoidal, 

stationary waves for different intensities of friction. 
Coordinates as in figure 2. 


that this number has its largest value for waves, 
which are very long in the meridional direction 
as well as in the zonal direction. When the 
wave-lengths in the two directions decrease, 
the amplitude ratio first decreases to a mini- 
mum, but for waves which have a rather 
short wave-length in both directions, the ratio 
starts to increase again. We notice further 
that the amplitude ratio is sensitive to 
the magnitude of the frictional coefficient, 
especially for waves which are very long in 
both directions. In general the amplitude ratio 
decreases as the friction increases. It is also 
evident from figure 2 that there is no possibility 
to explain the observed distribution of Zr 


relative to Z from a frictionless theory. The 
amplitude ratio would be too large. 

If, on the other hand, the frictional coeffi- 
cient was very large (F> co) we would again 
have tan ar=o and ar/a=1/|[A,|= 0.6 indi- 
cating that the thermal wave would be in 
phase with the mean height wave, but with an 
amplitude much smaller than observed in 
reality. 

Figure 3a shows the dividing line between 
the region where the thermal field would be 
in phase, and the region where the thermal 
field would be 180° out of phase with the 
height field. As the friction increases we notice 
that the dividing line (œr—0) stays approxi- 
mately in the same location in the diagram. 
On the long wave side of the dividing lines we 
find &r <0, which means that the temperature 
field will be ahead of the height field in waves 
which are long in the meridional direction as 
well as the zonal, while «r> o on the short 
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wave side of the dividing line. Here, the 
temperature field will be lagging behind the 
height field. For a small value of the friction 
we find a large lag for waves which are short 
in the meridional direction (M large), but this 
lag decreases as the friction is increased. 

From the diagrams in figures 2 and 3 it is 
seen that it is rather unlikely that we can 
explain the observed distribution of tempera- 
ture relative to height, if the meridional scale 
is very large, corresponding to M=1 to 2, and 
the frictional coefficient F is small. In this 
case (see figures 2b and 3b) we would obtain 
an amplitude ratio, which is somewhat larger 
than 1, and we would further find the tem- 
perature would precede the height field for 
the large scale component in the zonal direc- 
tion. Both of these statements are not in 
agreement with the observed distribution as 
shown in figure 1. 

The observed distribution of temperature 
relative to height can therefore only be ex- 
plained from this linear theory if the meridional 
scale can be assumed to correspond to M >3. 
M =3 corresponds to a meridional wave-length 
of about 60° of latitude. This meridional scale 
is certainly a major one in the flow close to 
the surface, and an inspection of Bucu’s (1954) 
analysis of the mean meridional wind averaged 
in time shows that scales of this order of magni- 
tude also are present on the higher levels. 

In the next section we shall investigate the 
results of a computation of the temperature 
distribution (the dashed curve of figure 1) from 
the mean height distribution (the solid curve of 
figure 1). 


5. Computation of the Temperature 
Distribution in Winter 


The equation (3.14) with the expression (3.15) 
for the right hand side can be solved for Zr if 
we know Z and h. In this case Z was taken 
from the curve on figure 1 giving the height 
variation along 50° N for the January normal. 
The mountain height h was obtained from the 
maps prepared by Brrkorsky and BERTONI 
(1955). Equations (3.14) and (3.15) were put 
into finite differences using the ordinary ap- 
proximations with a grid length corresponding 
to 10 degrees of longitude, which gives us 36 
grid points. In this formulation, (3.14) is equiv- 
alent to a system of 36 linear equations, 
Tellus XIII (1961), 2 
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which may be solved by à matrix calculation. 
This technique was used in the solution of the 
problem and was preferred over the relaxation 
technique due to the rather few grid points. 

According to the earlier discussion, the me- 
ridional scale was set equal to the equivalent of 
45 degrees of latitude (M=4) in order to see 
whether it was possible to account for the 
main pattern of the thermal field by a solution 
of (3.14). The computation was made for 
three different values of the frictional coeffi- 
cient F=o, F=2 x 107$ sec}, and F=4 x 10-8 
sec-!. The results of these computations are 
shown in figures 4, 5, and 6. The frictionless 
case (figure 4) indicates clearly what was 
already expected from section 4, namely that 
the thermal field is essentially out of phase 
with the mean height field and with an ampli- 
tude, which is too large compared to the ob- 
served distribution of Zr. Comparing next 
figure 4 and figure 5 we find that the introduc- 
tion of a moderate frictional coefficient has the 
effect of decreasing the amplitude of the ther- 
mal field and further to decrease the phase lag. 
However, the computed Zr field is still dis- 
placed too much toward the west compared to 
the observed distribution of Zr. 

When we increase the frictional coefficient 
to 4 x 1076 sec’! (figure 6) we find no further 
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Fig. 4. The dashed curve is the observed distribution of 
the mean temperature, Zp reproduced from figure 1. 


The solid curve is computed from eq. (3.14). Parameters: 
U = 11 m sec”, Ur=6.1 m sec 1, M=4, P=0x10%, 
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Fig. 5. Same as fig. 4. Parameters: U=11 m sect, Up= 
—6.1 m sec-!, M=4, F=2 x 10-8 sec=1. 
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Fig. 6. Same as fig. 4. Parameters: W101 am. sec”, 
Ur=6.1 Ineseca2, M4 F4 OR Sec. 


change in the amplitude, but the increased 
value of F has the effect of decreasing the phase 
lag between the computed Zr field and the 


mean height field Z. À comparison between 
the computed and observed field of Zr now 
shows an agreement which is about as good 
as we can expect considering the very simple 
linear theory applied in these computations. 

À number of other experiments using larger 
values of the meridional scale was made. They 
result in computed Zy-fields, which by and 
large agree with the results obtained in the 
preceding section. Figure 7 shows a case where 
the meridional scale is 90 degrees of latitude 
(M=2) and F=4 x 10 sec-!, The main dif- 
ference between the computed and observed 
Zr-feld is that the larger meridional scale now 
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forces the computed Zr-field to have its 
troughs and ridges displaced somewhat toward 
the east compared to the observed field. This is 
especially noticeable in the ridge along 150° W 
and the trough around 100° W. 


6. Comments on the Assumptions 


The treatment given of the present problem 
in the preceding sections is admittedly ex- 
tremely simplified. The two-parameter model 
used in the calculations is not in itself a restric- 
tion because the problem has been formu- 
atled within the framework of the model since 
we have restricted ourselves to a consideration 
of the mean thickness and mean height field. 
More severe is probably the linearization 
which has been made of the dynamic equation 
(3.10). The equation was linearized because 
it so far has not been possible to solve the 
complete, non-linear, two-dimensional equa- 
tion. It is, however, likely that a smaller degree 
of linearization still allows a solution of the 
problem. A later investigation of the possibili- 
ties for less restrictive assumptions regarding 
the zonal winds as functions of latitude and 
the meridional scale of the disturbances may 
give a further insight into the adjustment 
between the mean temperature field and the 
mean height field. 

One of the important factors in the present 
treatment is the surface friction, which is taken 
proportional to the surface vorticity. Even 
if this representation may be sufficiently accu- 
rate for the problem, it is a further assump- 
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Fig. 7. Same as fig. 4. Parameters: U=11 m sec-1, Ur= 
6.2 m secet, M=2, F=4x10% sect, 
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tion that the surface-wind and vorticity can 
be expressed with sufficient accuracy by a 
linear combination of the mean height and 
mean temperature field using equation (3.11). 
We may test the validity of this assumption by 
computing the height field of the 1,000 mb 


surface using the expression 
Z,=Z+A,LZ7 (6.1) 


and comparing the computed profile (6.1) with 
the observed profile, Zops, of the 1,000 mb 
surface. The two curves are shown in figure 8. 
It is seen that they compare fairly well although 
there is a tendency to get a slightly larger 
amplitude in the computed field. We may 
therefore state that the surface height field 
can be expressed quite accurately using two 
parameters. 

The effects of surface friction was taken into 
account by CHARNEY and ELIASSEN (1949) 
using the assumption that the surface flow in 
agreement with the equivalent barotropic 
assumption was parallel to the soo mb flow 
and a certain fraction (0.4) of this flow. A 
comparison of figure ı and figure 8 shows 
that the flow patterns at the 1,000 mb level 
are systematically displaced toward the east 


relative to the vertical mean flow, Z, corre- 
sponding to a westward tilt of the systems. It 
appears therefore that the results obtained by 
Charney and Eliassen may be partly fortuitous. 


160 1” 
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Fig. 8. The observed profile of the 1,000 mb surface along 

50° N for the normal map of January (solid curve) 

compared to the 1,000 mb profile computed from the 
two-parameter assumption (dashed curve). 
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Fig. 9. The relative vorticity, measured by the second 
finite difference, of the 1,000 mb surface for the normal 
map of January computed from the two-parameter 


assumption (eq. {6.1)) compared to the relative vorticity 
of the mean height field multiplied by 0.4. 


The second finite difference in the zonal direc- 
tion (a measure of relative vorticity) of the 1,000 
mb surface computed from the two-parameter 
model (the solid curve in figure 8) is reproduced 
in figure 9, as the solid curve. The dashed curve 
in the same figure is the corresponding measure 


of relative vorticity computed from the Z- 
field and multiplied by 0.4. The displacement 
towards the west of the latter curve relative 
to the former is evident. 

Burcer (1958) has recently made a scale 
analysis of the vorticity equation for the 
planetary flow in a frictionless and adiabatic 
atmosphere. One of his conclusions is that the 
vorticity equation for the planetary scale 
reduces to 

(6.2) 


If we were to apply Burger’s argument to 
the vertical mean flow with w=o0 for p=p, 
the vertically integrated vorticity equation 
would reduce to 

(6.3) 


while the thermal vorticity equation in the 
two-parameter case would be 


ß UT + ii V:Vr=0O 
and the adiabatic equation 


ßv+fv-v=o 


v=o 


(6.4) 
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{br PT, ne 6 

te +oB?v:Vr=0 (6.5) 

o= -a0ln@/0p is a measure of static stability 

and B(p) = S'A(p)dp where A(p) is defined by 
oO 


(2.1). Eliminating v- wr from (6.4) and (6.5) 
and linearizing we obtain 


— — 6 \ddr = 
2 re 
(8 Tre (66) 
where I = - er is a measure of the meridional 


dy 
temperature gradient. From (6.6) it follows 
in the quasi-geostrophic case that 


UT =0 (6.7) 


and no thermal flow could exist. 

The next natural step from Burger’s analysis 
will be to incorporate the vertical velocity 
at the lower boundary caused by friction and 
mountains, but still neglect the advections of 
the relative vorticities. The vertically inte- 
grated vorticity equation may in this case be 
obtained from (3:14) and (3.15) by neglecting 
all terms except those related to the beta-effect, 
friction and mountains. We obtain: 


dZr 
dx? 


= m?Zr 
LZ BAZ facts a 
ae nt CM WE ae F | 


Taking again the simple case in which we 
neglect the effect of the mountains, but retain 
the frictional effects we obtain substituting 
(4.1) and (4.2) into (6.8): 


pe 


k2+m2 F 


= 5 AL J € En) em] (6.10) 


From (6.9) it is seen that œr always will be 
negative indicating that we will have the 
temperature field preceding the height field, 
which is contrary to the observed distribution 
in winter. It follows therefore that the advec- 
tion of relative vorticity plays an important 
role in the adjustment between the tempera- 
ture field and height field. 


In view of the conclusions obtained theoreti- 


tan &r = (6.9) 
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cally above it becomes interesting to compare 
the magnitude and distribution of the different 
terms in the vorticity equation to the field of 
vertical velocity (or divergence) for a large 
scale how. The normal maps for January were 
selected as representing a possible stationary 
flow containing only the planetary scales. 

The vertical velocity may be computed 
from the vorticity equation in the stationary 
case by integrating from the lower boundary 
and upwards. We get 


p p 
af nips 5 fv-vbip +o, (6.11) 
Fa re 


where «, is the vertical velocity at the ground. 
We may write 


Og = — go(W e+ W,) (6.12) 
where 
Wie Fey (6.13) 
and 
W, 5 (Ze, h) (6.14) 


W; and W, are the vertical velocities due 
to friction and mountains, respectively, H is 
the height of the homogeneous atmosphere, Z, 
the height of the 1,000 mb surface, and h is 
the height of the mountains. 


Formally, we can write (6.11) in the form 
© = Wp + Wat Ort Or (6.15) 
Q ) 74 
[4 ra 
oO, == — Zdp 
ê a lf I | 


D 


£ 
p 
ae 4 if IZ, O} dp (6.16) 
Pra 


I 


J 
1 

EME 
Oi ee ee 
| ©; 


u 0 Ze h) 


We may now measure the contribution 
from the different terms by computing their 
contribution to the total vertical velocity. 
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Fig. 10. A zonal cross-section along 50° N of the vertical velocity, w g: January normal maps. 
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Fig. 11. The divergence in the zonal cross-section computed from the distribution in fig. 10. 
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Fig. 12. A zonal cross-section along 50° N of the vertical velocity, w. January normal maps. 
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Figure 10 shows a zonal cross section along 
50° N of wg, while figure 11 is the divergence 
computed from the distribution given in fig. 
10. These two figures should be compared with 
figures 12 and 13 which show the distribution 
of w, and the corresponding divergence. It is 
evident that «, is not negligible compared to 
wg and further that the two terms have a 
tendency to counteract each other. It there- 
fore turns out that the vorticity advection 
gives a significant contribution to the total 
vertical velocity and divergence. 

The vertical velocity due to friction and 
mountains enters only at the lower boundary 
in our formulation. Figures 14 and 15 show 
the vertical velocity due to these effects as a 
function of longitude at 50° N. Notice in partic- 
ular that the vertical velocities due to friction 
are generally larger than those due to the 
mountains. The frictional vertical velocity 
over the Pacific Ocean is comparable with w, 
in order of magnitude. 

Figures 16 and 17 show the distribution of 
vertical velocity and divergence including all 
four terms in (6.15). Comparing these figures 
with figures 10 and 11, respectively, it is seen 
that w, is greatly modified by the three other 
terms. 


1 
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7. General Conclusions 


It has been shown in the preceding sections 
that some gross features of the distribution 
of the mean thermal field relative to the mean 
height field can be described by a linearized 
form of the vertically integrated vorticity 
equation. An estimate of a typical meridional 
scale for mid-tropospheric disturbances ob- 
tained from soo mb data for January 1959 
shows that the scale in the average for middle 
latitudes varies between 3,000 and 6,000 km. 
A computation of the field of vertical motion in 
a zonal cross section along 50° N based upon 
the normal maps for January shows that the 
effects of horizontal vorticity advection, fric- 
tion, and mountains cannot be neglected 
compared with the B-effect even for the plane- 
tary scale. 
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Vv units; 157 sec 


' 


(= 


107 = —— —= —— — —— un 
| 4 -4 0 +4 +8. +8 + - STATE Er ey we 
coals Nee za ae te 4 KES > ee eas jee o 9 ya HO te, 238 OA +4 À i 4 9 
L / > Se ~ / ‘ ( d 12 2i N 
| —— On >) I nr = \ f ( > a fi fe XN D 2, a 
> — | Er DIN > 
X D es el 5 I \ ( 74 (2 ) —G. D > 
eh (Ce SS VAN VER ÿ 
N ) rc / SIE 
40} ae ae \ N { / N 
N | MEN \ Ne BEN \ 
N a = { | Ne N! \ 
by EN \ Jon 
2] m 03 \ \ ~ \ 
lis ii \ Ps \ ce 
70 à | 
| DEN \ / / # 
=; à É 0 
SEA 
} == a N 
0 € N \ 
| camel No 
100€ EE PC: ER PR | PSE RE CT RAR Es Data CS el Re (eS Nez N 1 | 
obo 10 » 30 o 0 70 Te 90 100° 10° 120° 130° 140° 150° 160° 170°E 1807 170'w 160° 150° 140° 130° 120° 110° 100° 90 80 70° 60° so’ Au a0" 20° 10 w 0 


Fig. 17. Distribution of divergence computed from the vertical velocity in fig. 16. 
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Abstract 


A derivation is given of the general wave equation for small quasi-static adiabatic pertur- 
bations in a zonal atmospheric flow. This equation is then specialized to the case of very long 
waves (wave-length 10,000 km or more). The proper modelling is obtained by assuming the (non- 
dimensional) wave number to be of order unity and by the assumptions of strong rotational 


AO 
constraint (Ro< 1), strong dynamic stability (Ri>1) but weak stratification | 7 < 1), The 


long waves obtained by the present model move at a speed that, to the first order, is independ- 
ent of the wave number but dependent on the product Ro: Ri. A solution is worked out in the 
B-plane approximation, assuming a basic wind and potential temperature that vary linearly with 
pressure. The existence of stationary waves in this case is demonstrated. The effect of different 
boundary conditions is discussed. Some consequences of the theory of interest in connection 
with numerical weather prediction are pointed out. 


I. Introduction 


On the hemispherical soo mb maps of the 
atmosphere one observes clearly the existence 
of very long waves, with wave-lengths in 
the range 10,000—20,000 km. (Fig. 1.) These 
waves, that appear in the westerly How of 
middle latitudes, remain stationary or show 
only a slow motion. 

The first theory for long waves of this type 
was developed by RossBy (1939) for the case 
of a barotropic atmosphere (pressure depends 
only on density). Rossby assumed a uniform 
zonal flow and perturbations independent of 


1 Submitted to the National Science Foundation under 
Grant No. NSF-7368. 


the latitude coordinate. He further simplified 
the problem by introducing the so-called 
B-plane in which the only effect of the earth’s 
curvature considered was the variation with 
latitude of the vertical component of earth’s 
rotation. Rossby’s theory gives waves moving 


with the speed 


om Us (1) 


where U is the speed of the basic current, k 


is the wave-number and P-% cos (2 is 


? Contribution No. 1157 from Woods Hole Oceano- 
graphic Institute. 
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Big. i. 


Mean heigt field at s00 mb on the Northern 
Hemisphere. in February. 


the angular velocity of earth, R the radius of 
earth and @ the latitude). For moderately long 
waves Rossby’s formula is in reasonable agree- 
ment with the observations. For the very long 
waves that we discuss the second term in (1) 
will dominate, and the waves should have a 
strong retrograde motion. Also, the wave- 
speed should be very sensitive to small changes 
in the wave-number in this range. These 
results are not confirmed by the observations. 

Later investigators have tried to improve 
Rossby’s theory. Haurwitz (1940) considered 
the same problem on a sphere. FJORTOFT (1950) 
and HoLMB0E (1953) have discussed the effects 
of a non-uniform basic flow. The behaviour of 
the waves in a physically more realistic at- 
mosphere of baroclinic (non-barotropic) type 
has been studied by CHARNEY (1947), EADY 
(1949), Fyorrorr (1950), THOMPSON (1953) 
and Kuo (1952). In the baroclinic theories the 
basic velocity is mostly assumed to vary 
linearly with height and the static stability 
is assumed constant. All changes are assumed 
to take place adibatically. 

For very large wave-lengths these theories 
give generally a strong retrograde motion of 
the waves. In fact, many of baroclinic theories 
give precisely the Rossby solution in the limit 
of the very long waves. 

A recent paper by BURGER (1959) has thrown 
some doubt on the simplified vorticity equa- 
Tellus XIII (1961), 2 
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tion, from which most of the earlier theories 
start at, in the case of planetary-scale mo- 
tion. For these reasons a new derivation of 
the wave equation that is appropriate for the 
very long waves seems to be needed, and an 
attempt in that direction is made in the present 
paper. 

The start is made from the hydrodynamic 
and thermodynamic equations governing small 
quasi-static and adiabatic perturbations of a 
zonal current, retaining the spherical geometry 
of the problem. A single wave-equation with 
the associated boundary conditions is then 
derived for the geopotential of a pressure sur- 
face. The wave equation and the boundary 
conditions are now non-dimensionalized, so 
that all variables of the problem become of 
order 1. Certain non-dimensional coefficients, 
such as the Rossby number, the Richardson 
number and a stratification number will enter 
naturally in the equation. One has also a non- 
dimensional frequency and the non-dimen- 
sional wave-numbers (scaling by the period 
and the radius of the earth respectively). For 
the very long waves the non-dimensional 
zonal wave-number becomes of order 1. In 
this case it has been found possible to apply an 
expansion after small Rossby numbers and small 
inverse Richardson numbers. Finally, the study 
is limited to waves of small non-dimensional 
frequencies. 

It has been attempted to justify the above 
expansion method in terms of the characteristic 
numbers that one can compute for the real 
atmosphere. It seems that the method will 
work satisfactorily for the problem we con- 
sider. It can certainly not be used for waves 
much shorter than 10,000 km. 

The boundary conditions have been dis- 
cussed in some detail. A comparison is made 
between the condition of vanishing vertical 
velocity and vanishing individual pressure 
change at the ground. In the upper atmosphere 
it is required that the geopotential remains 
finite when the pressure goes to zero, Le. 
that the atmosphere has a limited thickness. 

Numerical results have been worked out 
in a “f-plane” approximation for the special 
case where the basic zonal velocity and the 
potential temperature vary linearly with 
pressure. Diagrams will show the wave speed 
and the vertical structure of the waves. 

A few words should be said about the coor- 
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dinates used in the general derivation. The 
coordinates appearing are x, y, 2 OT x, y, Pp. 
The coordinates x, y, z are not rectangular 
coordinates, but are quasi-coordinates that 
depict the spherical geometry. The rules of 
computation become accordingly different. 
5 and 3 do not 
commute. The coordinates x, y, p are treated 
the same way. The only difference is that 
the pressure p replaces z as vertical coordinate 
and z, or in our case rather the geopotential 
= ex, enters as dependent variable. These coor- 
dinates gotogether withthehydrostaticapproxi- 
mation. The transformation formulas are 
given by ELIASSEN (1949). 


For example, the operators 


2. Basic Equations 


Leto be the latitude (counted positive north- 
ward), À the longitude (counted positive east- 
ward) and r the distance from the earth’s 
centre. We introduce the quasi-coordinates 
x and y by the non-integrable relations 


ee cos da 
dy =rdp 


We further introduce the height z=r-R, 
where R is the radius of earth. Let (u, v, w) be 
the velocity in the x-y-z system, p the pressure, 
o the density, T the temperature, q the heat 
per unit mass, c, the specific heat per unit 
mass, (F,, F,, F.) the frictional force per unit 
mass, g the acceleration of gravity, Q the 
magnitude of earth’s angular velocity, f=2 Q 
sin y the double vertical component and e= 
2 2 cos p the double horizontal component 
of the same angular velocity. The basic 
hydrodynamic and the thermodynamic equa- 
tions are then 


PIERRE WELANDER os 


ie gy MAM 1 (Bae) —g (4) 
EC) © 
p=p(eT) (7) 

where delt a will in- 


clude the centrifugal forces due to earth’s basic 
rotation. It is permissible to assume this 
apparent gravity constant and directed ver- 
tically. Consistently, the earth’s surface should 
then be assumed spherical. 

(2, 3, 4) are the equations of motion, (5) 
the continuity equation, (6) the first law of 
thermodynamics and (7) the equation of state. 
If q is known, or if it can be related to the other 
variables, we have six equations for the un- 
known quantities u, v, w, p, o, and T. The 
boundary conditions are not considered at 
present. 


3. General assumptions 


The following general assumptions are 
made — 


i) The depth (scale-depth) of the atmos- 
phere is much smaller than the radius of 
earth. 

ii) The vertical derivative of any of the 
physical variables is large compared to 
the horizontal derivatives. 

iii) The pressure is hydrostatic. 

iv) Friction and non-adiabatic heating are 
neglected. 


v) The equation of state is the ideal gas law. 


The assumptions (i) and (ii) allow us to 
replace r by R in the above equations. The 
approximation holds good also when further 
vertical derivatives are taken. In (1) y becomes 
a true coordinate, y=Rg. The assumptions 


uw 


further allow us to neglect the terms — and 


vw. | 
R in the equations of motion and the term 


2 = £ 3 : 
R W ın the continuity equation. 
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The assumption (ii) combined with the 
continuity equation gives that w < u, v and 
the term ew in (2) may be dropped. 


The assumption (iii) states that P —go, the 
kr 


assumption (iv) that F.=F,=F,=o and 
=o, and the assumption (vii) thatp= RuoT, 
where Ry is the gas constant per gram. 
Once the hydrostatic assumption is made 
there is some advantage in using a new coordi- 
nate system in which the geopotential & = gz 
of a given pressure surface becomes a depend- 
ent variable, while the pressure becomes an 
independent vertical coordinate. The trans- 
formation of the hydrodynamic and the ther- 
modynamic equations to the p-system has 
been carried out by ELIASSEN (1949). In this 
new system the density disappears from the 
equations of motion as well as from the con- 
tinuity equation. The adiabatic equation in 
combination with the equation of state gives 


I 
Ga) 0 withe = 2, and ‘hece ere 
dt 0 Cy Q 


replaced by - as according to the hydrostatic 


equation. The two equations of motion, the 
continuity equation and the transformed 
adiabatic equation become finally 


dv u _ _ ad 
(ft) ce (9) 
u dv FAR LE (10) 


(11) 


where (u, v, w) is the velocity in the p-system 


M ees 
Bat NOR 1) Oy op 


equations the x- and y- derivatives are evaluated 
along surfaces p=const. The velocity compo- 
nents # and v are identical with the same 
components in the 2-system. The vertical 
velocity w has, however, a different meaning 


dp 


in the p-system. w stands for a and represents 


and . In the above 
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thus the total rate of change of the pressure. 

We next turn to the boundary conditions. 
Since the model is non-viscous and the changes 
are assumed to be adiabatic the only condition 
needed at the earth’s surface is that the vertical 
velocity vanish: w=o at z=o. Since d= gz 
dp de 


D 3 the boundary condition 


in the p-system is 


as =o at d=o (12) 

This condition is of a different type from 
the one applying in the z-system, the surface 
&=0 being unknown from the beginning. 

What condition should be applied at the 
upper boundary of the atmosphere is more 
uncertain. In the real atmosphere frictional 
effects become very dominant at great heights, 
since the kinematic viscosity increases to the 
same extent as the density decreases. Thus 
it may be unrealistic to retain, in our ideal 
fluid model, waves that are very energetic 
at great heights and thus would be subjected 
to a very strong damping in reality. Formally 
such waves are eliminated by applying a 
sufficiently strong condition at the upper 
boundary. The condition normally used in 
problems of the present type is that w should 
disappear at p= 0. This is a relatively weak 
condition. A more reasonable condition seems 
to be that the geopotential ¢ remains finite, 
requiring that the atmosphere has a limited 
extension out in space. This is a stronger 
condition than w= 0. We state the condition 
in the form 


(13) 


In the y-direction there are no boundary 
conditions but one has to require regularity at 
certain critical points, such as the pole. How- 
ever, the final wave equation that we will 
discuss contains y parametrically and the 
regularity becomes only a local problem. 
In this case, we can simply exclude the region 
close to the critical points from our analysis. 


h<c when p=o 


4. Wave Form Perturbation Equations 


Consider a steady axially symmetric state of 
the atmosphere satisfying the equations (8—13). 
This state may be described by a geopotential 
@(y, p). The corresponding density distribu- 
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tion Q(y, p) can be found from the hydro- 
static equation, and the temperature T(y, p) 
from the equation of state. The zonal velocity 
U(y, p) is obtained from the second equation 
of motion, that in this case reduces to 


(r+ 8? a 


R 
We consider now small perturbations from 
this basic state. We shall assume from the 
beginning that these have a wave form. Thus 
we put 


0) De (14) 


u = U(y, p) ay u(y, p) ei (kx + vr) 
v=v'(y, p) ether 


(15) 


o= w(y, p) ei (kx + vt) 
p= Dy, p) + hy, p) +” 


There is no restriction laid on the problem 
by assuming the wave form (15). In fact, 
this is the natural separation form of the 
perturbation equations. The restriction comes 
later by our assumption of real values of the 
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u 


frequency v. This means that we only consider 
the neutral waves. 

The appearance of x in the above form 
may be puzzling, since x has been defined as 
a quasi-coordinate. In fact, the x in (15) has a 
different meaning than in (1). In a spherical 
wave the longitudinal angle A enters in a 
factor. ei, where n is an integer giving 
the mode. We formally identify this factor 
with eïk* to have a notation in accordance 
with the B-plane analysis. x and k are then to be 
defined as follows — 


x=Rcosop-4 


n 


TER cos p 


(16 


The important thing to remember here is 
that k, the zonal wave number, is a function 
of the latitude. 

The differential equations for u’, v', w and 
$ are given by the following scheme of 
coefficients : 


y’ v w’ 6 
i(v + kU) -(f+82u) +0, ae ik 
2 tg y ; 0 
f+ u i(v+kU) o En (17) 
? 0 tg op Oo 
ik RTE o = O 
dy R Op 
d 
O D,, A An = 
where 
EIKE 20 
RE a EEE 
p P P }P Q 6) op (18) 
(© is the potential temperature T (2 Hh. 


5. Wave Equation for &° 


The next step is to derive a single wave 
equation and the associated boundary condi- 
tions for &’. One has here the difficulty that 
the coefficients of the perturbations equation 
are functions of y and p, so that the differen- 
tial operators do not normally commute. 


One straightforward way to derive a wave 
equation is, however, found: in the first, 
second and fourth equations the coefficients 
of u’, v’ and w’ do not contain any y- or p- 
derivatives. From these equations we can 
thus by an algebraic elimination express u’, 
v’ and w’ in terms of ¢’. Inserting these ex- 
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pressions in the third equation, that is, the 
continuity equation, we have a single equation 
for ¢’. 

The first step of elimination gives us ex- 
pressions of the form 


and after insertion in the continuity equation 
one finds the following second order partial 
differential equation for ¢: 


ee 
© 2) 
+ (kA+D, - EPD+F+G,) 54 


+ (is LE = 


tg p 2 

= I) — 
BPH, + JS 

racer, Ernie (20) 


The coefficients A, B-I are given below: 


E at 
= | A(f+ SE U-u)+ On rn 


B = = U,(v + kU) 


Ce kA(v+kU) += 
D= -iA(v+kU) = 

t I 
E=-i(f+ 8? u U,(v + RU) À 
F= ikA (+28 Pu). 5 (21) 
ae iD, + EU) © 
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The boundary conditions (12, 13) become 
ad, 0 
| (®,D + ®,G) > +(D,E + ©®,H) > + 
+ i(v + RU) + D,F + 2,1|$' =o ®=c (22) 
g < co 


6. Non-dimensional Form 


at p=0 


The previous equations can be brought to a 
non-dimensional form, in which all variables 
become of order 1. It is advantageous to work 
with such a form, since one can see directly 
the mathematical consequences of different 
physical assumptions. 

At the moment we put no restriction on 
the horizontal and vertical scales of the basic 
and the perturbed states, except the one given 
by assumption (ii). We denote by I, and I the 
meridional wave numbers characterizing the 
basic state and the perturbation state, respec- 
tively. The zonal wave number k of the 
perturbation has already been introduced. To 
describe the scale in the vertical direction we 
introduce further the vertical wave numbers 
m, and m for the basic state and the pertur- 
bation state, respectively. We will also need 
the amplitude of the zonal velocity Up, the 
relative variation of the potential temperature 


AO 3 
—— over the layer of the atmosphere consid- 


0 
ered and the standard values of pressure and 
density at the ground p, and Qo. 

We shall make the assumption for the basic 
state that the Coriolis force is at least compar- 
able to the centrifugal force and that the 
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vertical variation of the velocity is at least of 
order U,. These assumptions, that are quite 
weak, allow us to normalize U by the so-called 
thermal wind relation. 


We put 
y= Ry, p°=mM0p and 
Ripon a ll NE Un 
Dy By"? Bp = Mo Ip‘ etc. 
(applying to the basic state) 
LE) ele, * = a EP $2 
y"=ly, p'"=mp and Dr Le 
5 = M x etc, (23) 
(applying to the perturbation state) 
bball 
ur, 
D 


(D) FL mQU, 


The variables denoted by stars should be of 
order I. 

In their non-dimensional form, the wave 
equation and the associated boundary condi- 
tions will depend on nine independent non- 
dimensional coefficients. The coefficients can 
be chosen in different ways but those appearing 
most naturally are the following: 


& =kR the non-dimensional wave 
Bol, B=IR numbers 
Yo = MoPo Y=MPo 
wae the non-dimensional 
a frequency 
Be the Rossby number (Ro) 
RQ 
NAS the inverse: Richardson 
Poe number (Ri-1) 3 
00 %> 
3 Usually the Richardson number is defined as 
ace 
© 92 


Ri = -——,. With the hydrostatic assumption we can 
cal 


PIERRE WELANDER 


sé 


the stratification number 
Oy 
We do not write out the non-dimensional 
equations explicitly but proceed directly to 
the expansion step. 


7. Expansion of the Coefficients A, B — I 


We now make the following important 
assumptions: 


i) The non-dimensional wave numbers are 
of the order 1 


(C2 Bo B, Yo y~ 1). 

ii) The Rossby number and the inverse 
Richardson number are small compared 
to I (€,7 <1). 

iii) The theory is restricted to values of the 
non-dimensional frequency that are small 
compared to I (6 <1). 


The assumption (i) does not mean that the 
non-dimensional wave numbers have to be 
close to 1 but only that they are of order 1 
from point of view of the expansion. The 
actual limits on the wave numbers is com- 
mented on further. 

The assumption (iii) concerns our eigen- 
value parameter and we do not, of course, 
dispose over this. The assumption is still legit- 
imate but we must check our final results 
to be sure that we are in the range of validity 
of our assumptions. 

Later on we will confine ourselves to cases 
where the stratification parameter o takes on 
relatively small values. In total, we can there- 
fore say that we concern ourselves with the 
largest-scale motion in an atmosphere of a 
strong rotational constraints, strong dynamic Sta- 
bility and weak static stability. 

With these assumptions an expansion of the 
coefficients A, B-I after 6, e and n seems 
possible. In making the expansion one must 


ane 


roe 0O dp : 
write this a and as a representative number for the 


op 
1 AO po AO 
whole atmosphere we may take Ri~ Go = po Co ee 
Ps 
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keep in mind that nothing has been assumed 
so far about the relative smallness of 6, ¢ and 7. 
This is important since different ratios of these 
three parameters will occur. Care must be 
taken to keep all terms that can contribute, 
up to the order we want to consider, when 
these ratios are varied freely. 

After these preliminary remarks we proceed 
directly to write down the expressions for the 


coefficients A, B- I, retaining only the leading. 


terms: 


I I À 
= agua | eet | 


09U Ue * 
Be — | + 2 + | 
an E (6 «U*e) ous 


9 


Ret . 
C= aries e+... | 
-i I 
= nn. I 
D por earl 
= -i QU, + 
E= pian ae [erates ...] 
9 
ae ik I > 
a 2sing Q + (50 F (25) 
np.) s- 
je Url @ i | 
Bein grass © Hike 
_ 109 Uy (By) I [ * ] 
G CD rer Ô+aU"e+ ... 
9 
109 1 E ] 
H ze 
6, 
ikQgUy (Pyy)* - * 
= £ = Die 
à AQ Sing A” : cos @ à 
9 


* * 
il U. (By) nt ] 
2 sing As Hr; 
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8. Relation between Velocity and Geopotential 


_ Inserting the above expressions for A, B — I 
in the relations (19) one finds — 


u = 


at 
22 sing : eer ae 


O IS 


ESR 2 * .\2 d 
Fr PE (6 + «U*e) ler 
(6,9) 


ik (2) 2e = (2 U «dn be u) 


ä ~ 2Qsing| GAs dp™* 
+1+ de (26) 
‚_ 10982 2) 
= {et 2,8) + 
Oo 
viet + Fe 
+|2 qe (ot eU e) + re 
Dr : 
aber...) 


In the expression for w’ use has been made of 
the relation 
(27) 


(By) = —2sing U. +0(e) 
(thermal wind) 


One sees that the geostrophic approxima- 
tion, in which the horizontal Coriolis force 
and pressure gradient balance, becomes good 
if ön<e,i.e., the atmosphere should have a 
strong dynamic stability but not too strong 
rotational constraint! It becomes better for 
smaller frequencies and is certainly good for 
the stationary waves, to the present order of 


A ; : Dement 
approximation. Since - TT. for the longest 
€ 0 
waves, where c is the wave speed, we can also 


express it so that the geostrophic approxima- 
tion is good when the ratio of the wave 
speed to the speed of the basic zonal current 
is small compared to the Richardson number. 
For the real atmosphere this condition is 
mostly satisfied. It may be of interest to note 
that in the case when the geostrophic approxi- 
mation becomes invalid, the deviation becomes 
larger for v’ than for u’. 
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du dv" 
Computing the divergence D=—— oe 


= = v’ and the vertical component of vortic- 
, dv’ du". tep 
ity Z SER + 

that these are of the same order, while in several 
earlier studies it has been assumed that D < Z. 
The fact that D and Z should be of the same 
order for the largest scales of motion in the 
atmosphere has already been pointed out by 


BURGER (1959). 


74 . . 
u one verifies easily 


9. Wave Equation 


Inserting the expanded expressions A, B-I 
in the wave equation (20) one finds 


0 
Lots e) aa Fur ar 


Rare ap 
Ur, 
ae [ Pyo ( x) s on + | 25 re 
2 SN @ A/a" “6 dy 


(bo (UE) ons UF 
DO. Ange asin pe 


Us\ n, xo (Ups 
ayy( Se) re A) 


+. pe (2) 


€ 


All terms that can become of order 1 or more 
are retained. The first thing to note is that 


2% 2 
the — and "terms are small. 
2 a 
The 7,5; ~ term is small if 0m <e. If 6 > e it is 
Oo 


of order one or more but it would certainly be 
2? C 
Dar Da and 


small compared to the — terms. 


Do 
To the first order the y-derivatives dis- 
appear thus from the problem and y can be 


treated parametrically. This means, in phys- 
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ical terms, that the behaviour of the long 
waves is determined essentially by the vertical 
and not the horizontal structure of the atmos- 
phere. 

The goodness of the first approximation 
depends, of course, on the actual values of 6, 
e, n and the non-dimensional wave-numbers. 
Inspecting (28) it seems as if the first approxi- 
mation may hold equally well for the higher 
zonal and vertical modes while the higher 
meridional modes obviously bring in the 


preterm, However, we can only judge the 
tendency from (24), for when the wave- 
numbers get large enough to change the order 
of the terms the whole expansion breaks down 
and other terms in the coefficients A, — — I 
take over. 

Once we have made the comparison between 
the different terms and decided which terms 
should enter in the first approximation we 
can, of course, change the vertical scaling as 
we like. Since our main interest is in the basic 
vertical mode it seems convenient to choose 


po as vertical scale and put. p "=p = 2 
Po 
y=ys=1. Further, we write 
Ô v c : 
ae. kU, CU x (29) 


where c’ is the ratio of the wave speed c and 
the speed of the current Uy. The negative 
sign is chosen to make the wave velocity posi- 
tive for eastward moving waves (these corre- 
spond to negative frequencies). 

Considering only the leading terms in (28), 
in accordance with our previous analysis, we 
have then 


* ji d I od 
re poe aoe. 
( DE ( Vie 3) ci 


I COSP E _ U, As 
+ E ake ( =) |] $=o (30) 


The only physical parameter entering this 


Be 
equation is —, i.e., the product of the Rossb 
7 Y 


and the Richardson numbers. It is seen the 
zonal wave number, after introducing the 
wave speed, has dropped out of the equation. 
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10. Boundary Conditions 


The expanded form of the boundary condi- 


tions is — 


at (6 + aU*e) a2 = 


OA’ op 
" AU, AO ‘ 
(re 9,5) at D=o 


p < 00 
Here use has been made of the relations 


@, = —2Q sing U(r + 0(e)), 


at p =0 


(31) 


I 00) 
= = Te Q Zur 
: Q Qo 
Now, the meridional variation of the basic 
) 
pressure at the ground is given by T = -20 


sin 9 0gU:-0(1+0(e)). Ux-o is normally small 

ut in a general case we should assume it 
to be of order Uy. The total meridional varia- 
tion of the pressure will then be of the order 


RQo Un or Po where M is the Mach 
number or the Froude number). The relative 
variation becomes small and we may then 
replace the surface ® = o by the surface p =p, 
if M?<e, i.e., if the Mach number square is 
small compared to the Rossby number. This 
condition is normally satisfied. 
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tively small for the real atmosphere. One may 
therefore feel justified in dropping the terms 
proportional to this parameter in (31). In 
this case, the boundary conditions, after in- 
troducing the wave speed c’, could be written — 


, à : 
a 
Op 
gp < 00 
The first condition in (33) is equivalent to 
®=0 at p*=1, which condition has been used 
in many earlier investigations. A more precise 


analysis of the error contained in this approxi- 
mation will be given later. 


DU er 
p* P P (32) 


at p =0 


II. Justification of the Expansion 


The validity of the previous expansion of 
the coefficients A, B-I will depend on the 
actual smallness of the parameters 6, ¢, and 7. 
To get an estimate of these we start out from 
the following basic figures: 


R22 6.4-10°m, 0273-1080, po = 10° ke 
m1s=2, ¢9~1.3kg m?. The vertical variation 
of the potential temperature over the main 
part of the atmosphere seems to lie in the 
range 30—60° A, and thus we put o~0.1—0.2. 
We assume the period of the waves to 
be at least, say, 10 days and range up to in- 
finity for the purely stationary waves. With 
these values the non-dimensional parameters of 
interest are estimated for three different 
amplitudes of the zonal current, Uy=5, 15 
and.25:ms7!: 


Table 1. Numerical values of the characteristic parameters 


The stratification number o = — is rela- 
Oo 
Ô € | n | 
Uns ansz 2.28 0-0.T 0.01 | 0.002--0.004 
Up = 15.ms 2... 1 o—ort 0-04 | 0.02—0.04 
Up =25 ms... .|_0—0:7 0.06 | 0.05—0.I 


With 6, ¢ and 7 in the above ranges the 
expansion is convergent and the first approxi- 
mation is reasonably good, provided we limit 
ourselves to the basic mode in the vertical 
and to wave numbers less than $—6 in the 
horizontal (corresponding to a wave length of 
6,000—8,000 km). For the higher modes in 
Tellus XIII (1961), 2 
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o M a 1 1 a 
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0420-2. || 0.024150 -10|50:.2- 0:4 | O—0:04 | 0.04 
O.1—0.2 0:06) || 0234 1 0:51 0—0.01 O.I 
O-I1—0.2 | 0.I One? 12 0—0.2 0.2 


the vertical the wave lengths must be more 
than 10,000 km to make the expansion valid. 


The fact that I komes Sur so close to r'in- 
€ 
dicates a balance between all the terms retained 


2 
in the wave equation (30). The numbers = 


ie) 0.5 1.0 
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Fig. 2. Assumed and observed profiles for U* and A*-!. Observations in winter at so’ N. 


and o seem to be small enough to give us 
some confidence in the simplified boundary 


condition (33). The smallness of = finally, 


confirms the idea of a close geostrophic 
balance of the long waves. 


12. An approximate solution for the case 
bie =I — D, A =p*-! 

It has so far not been found possible to derive 
solutions valid over the whole sphere. One 
can, however, derive solutions that corresponds 
to the so-called B-plane solutions constructed 
in many earlier theories. As pointed out later 
the B-plane derivation yields, to the first order, 
the same wave equation as derived here. 


Equation (30) has simply to be replaced by 


[0 5-(%), ee bos 


where f is the Coriolis parameter and B is 
the meridional variation of this parameter, 
respectively. In the B-plane approximation 
these are treated as constants. 

As one simple case we make now the basic 
wind and potential temperature be linear 
functions of p. The wind is assumed to be 
zero at the ground, but one can of course 
always superimpose uniform currents (this 
will only correspond to a slight change in ¢ 


and 7, and in the bottom boundary condition). 
The normalized profiles are 

sry 
Ah =p 5 


The variation of A inversely to the pressure 
is due to the appearance of the density in 
the denominator. To our degree of approxima- 
tion we can put the density proportional to 
the pressure. 

As an example, we show profiles for U* 
and A*-1 computed from atmospheric data 
(mean winter condition at 50° N) and accord- 
ing to the assumed laws - (Fig. 2). 

In the present case equation (30) reduces to 
the form 


ZA SE) + (1+ RIPE) à - 


op \* dp* 


The boundary conditions become 

HO: | 4% 
op“ 

gp <0o 


(34, 35) formulates an eigen-value problem 
with c’ as the eigen-value parameter. c’ is 
assumed to be real (neutral waves). The 
assumption that the (non-dimensional) fre- 
quency is small should not be interpreted as a 
condition that c’ is small, it merely requires 
that c’<e7}, 


c ap =1 


(35) 


at p'=o 
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0,75 


05 REN 
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Fig. 3. Profiles of the stationary waves. The horizontal 
coordinate is Ë. 


-0.25 


It has been found advantageous to transfer 
the eigen-value parameter to the boundary 
condition, by introducing the new independ- 
ent variable 

> 
= P 


TC 


(36) 


For the sake of simplicity we introduce further 


en (37) 


den 
Finally, with y entering only parametrically, 


we may replace all partial derivatives by total 
derivatives. (34, 35) then take on the form 


(1-95 (8%) +270 (38) 


dé 
ER ER I 
ae 2 ee: (39) 
2200 at €=0 


Equation (38) is of hypergeometric type. 
It has singularities at £&=o and 1. Solutions 
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that remain finite throughout the interval 
o<&<1arefound when A=n?, (n=0,1,2...). 
These will be eigen-solutions for the stationary 
waves. They are all polynomials. The first 
few are listed below: 


Zo =I 

Z,=1-§ 

full 46 73% 

Z3e= Le 98 4180-102 

=1-16€ + 6047 — 80 &3 + 35 £4 
1 -25& +1508 — 3506 + 350 Et — 126 & 


(40) 


NN 
Ar 


Graphs of these are seen in Fig. 3. 


When A is different from an integer square 
travelling waves do occur. These move very 
slowly compared to the Rossby waves. The 
wave speed and the vertical profile of the 
waves can be found as follows. For all values 
of A the solution regular at &=o is given by 
Letter. 


4 9 

(41) 
The series can be used for <1. By (41) Z 
has been computed for different values of € 
and À and the manifold of solutions has been 
constructed (Fig. 4). Points have then been 
sought at which the curves of solution are 
tangent to a straight line through (+1, o). 
If 5 is the abscissa for such a point, the value 


Z=1-1£-2 


of c’ is found from the relation £ = and 


I-c 

the eigen-solution is represented by the part 
of the curve from £=0 to &, (Fig. 5). The 
procedure is easily understood if we note 


dZ 


be hac is. 
that the condition dE rary Z integrates to 


Z=const. (£ -1) if use is made of the above 
relation between £ and c’. The wave speed 
can be directly read as a function of A in Fig. 6. 


13. Influence of o in the Boundary Condition 


Of the approximations made the most 
serious one may be the neglect of terms 


proportional to o ( +) in the boundary 
0 


condition. 
Retaining these terms the condition replacing 


(35) is- 


152 


o75-- | 


0,504 


0.255 
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Fig. 4. The manifold Z (&, À). The horizontal coordinate is £. 


‚ob , , * 
Cu =(n-co at p =I 
Ge ee ane BE? Fa 
aco at p =o 


or transformed to the new variables 
dZ (1-c)(1-ac) 
oar tae 

27 100 


I 

Z at f=——, 
1=¢') (43) 

até =0 


In the stationary case (c’=o0) the condition is 
the same as (39). In the case of travelling waves 
the condition differs but there is little difficulty 
to extend the previous analysis to this case. 


The graphical method functions again but the 


straight lines have now to be replaced by the 


4 o— ! : 
family of curves Z =const. a The resulting 
wave speeds have been computed for ¢=0.2 
and the result is shown in Fig. 7. One verifies 
that little is changed for stationary or slowly 
moving waves. 


14. Difference between the Spherical and 
ß-Plane Coordinates 


Using the B-plane coordinates and repeating 
the derivations of Section II—V a different 
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05 


Construction for the travelling waves 


Fig. 5. 


set of equations arise. However, making the 
same non-dimensionalization and expansion 
as before, the first order wave equation agrees 
with equation (30). Thus, the main spherical 
effect scems to be contained in-the B-term. 
This result is, however, a special one, and one 
should not be led to the conclusion that the 
B-plane coordinates generally work correctly 


>N 
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20:28) 
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Fig. 7. Influence of © on &,. The curves represent the two 
cases o=0 and g=0.2. 


Tellus XIII (1961), 2 


153 


c! 
A 


ANOTLE 


10 12 14 16 18 20 


Fig. 6. c’ as function of A. 


for the largest scales of motions in the atmos- 
phere. A closer analysis shows that the B-plane 
can be used only when the meridional coupling 
of the waves is slight, and the perturbation 
motion is closely geostrophic. Both these 
conditions are met with in our first order 
theory. 

It may be of value to give the specific rules 
of computation that should be added in a 
B-plane analysis to make this a true spherical 
analysis. Subject only to our general assump- 
tions in Section 3, the rules turn out to be 
the following — 


i) In the equations of motion the Coriolis 


parameter f should be replaced by 
f+ oe u 


e Be. f dv 
ii) In the continuity equation the term = 


EP, 
should be replaced by> VER 


The operators ca and 2 do not commute 
Ox dy 
but follow the rule 
PA tp 
dyox 7 DROP MURS 0% 
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(When wave numbers are introduced, the 
meridional wave number becomes accordingly 
a function of y). 

iii) Not only f but also B (and what higher 
y-derivatives of f that occur) should be con- 
sidered functions of y. At the end one intro- 


10) 
duces f=22 sing B= = cosy, etc. 
As one simple example, we compute the 
divergence of the geostrophic wind by the two 
methods. In the f-plane as well as in the 


spherical case the geostrophic equations are, 
by definition, 


(44) 


The expressions for the divergence (D) are 
however, formally different. In the B-plane 


du dv à 
we have D = eral 3 and insertion of (44) gives 


(45) 


In the spherical case we have 
_ ou e dv tgpv 
on oy ty Rk 

Ay 628 0% B ad 
it i ie say) ? fox. 


. Inserting (44) gives - 


where the rule (ii) has been applied. Thus 
the results are identical. From point of view 
of the spherical analysis the success of the B- 
plane computation can be considered as the 


; —teg 
cancellation of two errors: the tern 


is neglected in the divergence but at the same 
; : 0 0 
time we force a commutation of On and > 
o> 

Obviously the outcome of the two ahh 
will not be the same when we have a general 
non-geostrophic motion and the one obtained 
from the spherical analysis has, of course, to 
be considered as the more correct one. 
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15. Some Comments on the Problem of 
Numerical Weather Prediction 


In the attempts to make numerical weather 
predictions the difficulty of getting a correct 
movement of the very long waves have been 
noticed. In these computations the starting 
point is usually the vorticity equation. This 
equation reads — 


Zee el +w 
a ax (Oy a 


+ fD + Pe ae pe 
o (1) o(1) 


Lea) = > 


Inserting the expressions for u’, v’, w’ from 
(26) in the linearized form of (47) we can 
estimate the order of the different terms. These 
orders, apart from a common factor R-? ¢’, 
are written under the equation (47). From the 
point of view of our theory, the only term 


ea 
that can be safely neglected is = (it does 


not occur at all in the linearized theory). fD 
and fv are both of order 1 but fD+Bv is 


of order o (5 €, . . Since 6, € and 7 may be 


of the same order all the other terms have 
then to be retained. This is in accordance with 
the analysis of Burger (1958). 

The fact that the divergence term and the 
B-term balance out, to the first order, will 
of course not in itself display the quasi- 
stationary character of the longest waves. 
The motion of the waves is now determined 
by higher order terms, but whether or not 
they become quasi-stationary cannot be decided 
merely by inspecting the vorticity equation. 
For one thing, the boundary conditions have 
to be considered. 

The barotropic model states the conservation 


of absolute vorticity: = (Z+f)=o. This case 


is obtained from (47) by putting = =0, D=o. 


This is not a consistent approximation for 
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the very long waves. In this case the B-term 
alone is of order ı and our first order theory 
gives only the result v’=o. In fact, a more 
consistent approximation would be to conserve 


: Bue Z : 
the relative vorticity: ow bes neglect 


completely the effect of earth’s rotation in 
the vorticity equation. In this case, of course, 
both the divergence and the B-term disappear. 

In the derivation of the wave equation 
directly from the equations of motion, the 
continuity equation and the adiabatic equation 
the difficulty of cancelling first order does not 
occur. Thus, one may try to construct a scheme 
for numerical prediction for the largest scales 
of motion along a similar line. The equation 
used for the actual time-integration should 
then be the adiabatic equation. This equation 
would give a prediction of the potential 
temperature and thus through the hydrostatic 
equation also of the geopotential, if initial 
geopotential and velocity fields are known. 
To make a new time-step one has then to 
determine the new velocity field. For this, one 
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has at one’s disposal, the continuity equation 
and the two horizontal equations of motion. 

In the first approximation, these equations 
of motion would be the geostrophic wind 
equations, but one would probably like to go 
one step further. One should still be able to 
treat the motion as balanced, i.e., merely solve 
for a steady state flow under the given pressure 
forces. The computation of the vertical veloc- 
ity by help of the continuity equation is not 
critical in the case of the largest scales of 
motion, for the divergence will then be 
comparable to the individual terms in the 
continuity equation. 
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Abstract 


The persistent skill of the soo mb barotropic forecasts in routine numerical weather prediction 
is emphasized in contrast to the failure of baroclinic prediction models to furnish useful low- 
level forecasts. In the belief that this failure is first of all a result of lack of control mecha- 
nism capable of ensuring well-behaved development, the author suggests the possibility of 
designing a multi-level prediction model capable of realistic displacements of pressure systems 
but containing no mechanism for development. 

For this purpose, a one-layer model consisting of a stratified fluid is exposed to theoretical 
analysis by means of the technique of small perturbations. This analysis shows that owing to 
the stratification of the fluid, the perturbations have a vertical structure resembling that of the 
atmosphere. The dynamics of the perturbations is studied in some detail. One of the results 
is an expression for wind divergence applicable to non-linear prediction. It is shown that the 
stratified model is capable of more realistic displacement of planetary waves than either version 
of the barotropic models (Rossby, 1939; Cressman, 1958). 

More important than this improved control of the planetary waves is the model’s apparent 
capability of realistic displacements of pressure systems at low levels. In application, however, 
there is the problem of how to best interpret concepts from the perturbation theory such as 


basic current, thickness of the layer, and the static stability of the basic flow. 


I. Introduction 


Since the inception of routine numerical 
weather prediction in 1955 by the Joint Nu- 
merical Weather Prediction Unit in Washing- 
ton, D.C., the barotropic model, conceived 
by Rossby more than two decades ago, has 
played a role far beyond expectations. In its 
present form (CRESSMAN, 1958), it yields wind 
forecasts for the 500 mb surface which in skill 
equal or surpass forecasts made routinely by 
any other method. 

Baroclinic models that have been tested at 
JNWP and elsewhere have on the whole been 


disappointing, in that they have not produced 
forecasts for levels below soo mb that could 
compete favorably with subjective predictions 
made by skilled forecasters. The lack of ful- 
fillment of initial promises of some of the 
baroclinic models stands out sharply against 

the persistent skill of the barotropic model. 
It is paradoxal that the usefulness of the 
barotropic model appears to hinge on the 
very fact that it makes no attempt to cope 
with the central problem in weather prediction 
—the problem of cyclogenesis. One of the difli- 
culties, so far, with the use of baroclinic models 
has been the lack of a control mechanism 
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capable of ensuring a well-behaved develop- 
ment. Predicted displacements of large-scale 
disturbances by baroclinic models are usually 
realistic, but erratic developments and distor- 
tion of existing pressure systems have, in 
many cases, made the forecasts of doubtful 
value. 

In view of the considerable practical value 
of soo mb barotropic forecasts and the obvious 
desire to produce forecasts of comparable 
skill for lower levels, we pose the question 
whether it would be feasible to design a 
prediction model capable o f realistic displacements 
of pressure systems at a number of levels but 
containing no mechanism for development. It is 
assumed that displacement prediction alone is a 
useful product, and that a model of the type 
suggested may produce multi-level forecasts 
of a skill comparable to that of forecasts made 
by conventional methods. 

An attempt is made in this paper to answer 
this question by proposing that a one-layer, 
stratified model may be adequate for the stated 
purpose. In the following sections we present 
a theoretical study of such a model by means 
of the perturbation technique and then discuss 
its applicability to hemispheric prediction of 
wind and pressure. 

In section two of this paper we define the 
model as a single-layer, compressible fluid of 
table density stratification and bounded by 
two quasi-horizontal surfaces of constant 
pressure. The eigenvalue problem generated 
by the perturbation equations is solved in 
section three and the resulting frequency 
equation is discussed in section four. In 
section five we study the vertical struc- 
ture and the dynamics of two-dimensional 
(x and p) perturbations and extend the dis- 
cussion to three-dimensional (x, y, and p) 
perturbations; in section six the model’s 
possible use for a multi-level, non-linear predic- 
tion is discussed. 

Below we summarize the main results of 
the perturbation analysis and the tentative 
conclusions reached about the usefulness of 
the model for short-range (up to 36 hours) 
forecasting: 


1) The frequency equation for the stratified 
model is cubic in the wave speed, c, and is 
essentially of the same form as that of the 
autobarotropic model with a free surface 
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(Rossy, 1939). There are, however, two 
significant differences: 


a) Because of the inclusion of static stability, 
the speed of the internal gravity waves is 
of the same order of magnitude as the 
speed of large-scale pressure systems and 
is, therefore, much less than the speed 
of the external gravity waves of the 
autobarotropic model. 

b) The “synoptic”? wave velocity (see eq. 
(6.1) p. 165) may have a sign opposite 
hat of non-divergent waves, depending 
on the static stability, the strength of the 
basic current, latitude, and the scale of 
the perturbation. This is contrary to the 
“synoptic” wave velocity (see eq. (4.4) 
p. 161) ofthe autobarotropic model witha 
free surface which always has the same 
sign as the velocity of non-divergent 
waves. 


2) Because of the difference between thees 
two models, described above, the strati- 
fied model is better equipped to predict the 
observed movement of planetary waves 
than both the divergent (CRESSMAN, 1958) 
and the non-divergent barotropic models. 
When applied to hemispheric 500 mb 
forecasts, this may result in increased use- 
fulness for latitudes below approximately 
a Ns 

3) The basic vertical structure of the vertical 
velocity of the perturbations is nearly 
sinusoidal with m internal nodal points 
(m=o, 1, 2,...). Superposition gives any 
required distribution compatible with the 
imposed vanishing of vertical speed at the 
lower and upper boundaries. This suggests 
that one may, with some confidence, apply 
the stratified model at a number of levels 
by properly interpreting such parameters as 
basic current, static stability and thickness 
of the stratified layer. This implies, for in- 
stance, that if one attempts a 1,000 mb 
forecast by this model, the basic current 
used would be a vertically integrated mean 
of the zonal wind, or of a wind obtained 
by horizontal averaging, i.c., a “steering” 
current. 

4) The theoretical phase angle between the 
temperature and pressure waves is not typical 
of that most commonly observed in the 
atmosphere. The main reason for this is 
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the preclusion of baroclinicity from the 
basic flow, which prevents the occurrence 
of the synoptically important temperature 
advection behind and ahead of a pressure 
low. We have concluded, however, that 
correct phase angle is crucial first of all for 
prediction of developments and to a much 
lesser degree for the prediction of displace- 
ments. 


5) The structure and dynamics of the pertur- 
bations of the model resemble the waves 
in the Easterlies as described by RIEHL (1954). 
We suggest that displacements of these 
disturbances might be predicted by the 
model described in this paper, possibly with 
some modifications necessitated by the low 
latitudes. 


2. The model 


We consider a single layer of a compressible, 
inviscid fluid of infinite lateral extent and in 
hydrostatic equilibrium. Contrary to the well 
known one-layer, autobarotropic models de- 
scribed by Rossby in the late thirties (RossBy 
1939), we shall impose no restriction on 
the fluid’s density distribution except for a 
stable stratification. As a result of the introduc- 
tion of a variable density, the simple vertical 
structure of the autobarotropic one-layer 
models, with or without a free surface, is lost. 

In describing the physics of the stratified 
model,! we prefer to replace the two equations 
for horizontal motion (the primitive equations 
of motion) by the vorticity and the divergence 
equations. The former is a prognostic equation 
for the vertical component of vorticity, ¢, and 
the latter a prognostic equation for the hori- 
zontal divergence, div v; both are derived 
from the primitive equations of motion by 
differentiation. Using a x, y, p coordinate 
system, the five dependent variables u, v, w, 
¢, and # are determined by the following 
system of equations and appropriate boundary 
conditions: 


Vorticity equation: 


ae ' d 
IP +div(nv)+k: vx (05) =0 (2.1) 


1 For the sake of easy reference we shall use the notation 
“the stratified model” when needed. 
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Divergence equation: 


ft -2]w,wW- lu 


- À (div v) - (dv ve div (o a =o (22) 


Continuity -equation: 


210) 
an +divv=o (2.3) 


Adiabatic equation: 


0 
EBEN = (2.4) 


Hydrostatic equation: 


Ric 
a6 na os r-R (2) i (2.5) 
op p \Po 


where u, v, are the three cartesianvelocity 
components, ¢ and # geopotential and poten- 
tial temperature respectively, f the coriolis 
parameter, and a unit vector directed 
upward along the vertical. Moreover, 


dv du } ou ov 
Re ogy and div v dx’ Dy (2.6) 
dv du dv du 
J(v,#) = 5 Peep yes: (2.7) 
0 d ee 
ae IR fi = the total derivative 
ox dy dt 


where i and j are unit vectors directed along 
the x- and y-axis, respectively; R is the gas 
constant and c, the specific heat for constant 
pressure. 

The specific purpose of this paper is to 
study the significance of a variable density 
alone as a single added feature to the above- 
mentioned autobarotropic models. We shall, 
however, not attempt a study of the stratified 
model in its most general form, as described 
by the system (2.1) to (2.7) above, but 
confine ourselves to the application of the 
theory of small harmonic perturbations super- 
imposed upon a stationary and simple basic 
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flow. To this basic Aow we ascribe a uniform 
zonal current U2 which is in a geostrophic 
and hydrostatic balance, i.e., 


ag 
ar (2.8) 
2] Ren 
+ FB (2.9) 


Since U is independent of pressure, it follows 
od 
from (2.8) and (2.9) that on = 0; i.e., the basic 


flow is barotropic. 


The theory for small perturbations and its 
application is so well known from the meteoro- 
logical literature (see for instance ByERKNES, 
et al., 1933), that the mathematical manipula- 
tions needed for deriving the perturbation 
equations are relegated to an appendix. We 
shall point out here that the perturbation 
amplitudes will depend on the vertical coor- 
dinate p, and that owing to the stratification 
of the basic flow, the small disturbances them- 
selves are baroclinic. 

The mathematical treatment is simplified 
for the time being by assuming independence 
of the meridional component y. Later on the 
effect of meridional dependence of the pertur- 
bations will be included. 


3. The eigenvalue problem and its solution 


The following differential equation for the 
amplitude D(Z) of the vertical velocity 


was derived in the appendix: 


D'+D'-QD=0o (3.1) 

where a prime means differentiation with 

respect to Z = In = and 
RH SA 


ae 


2 A basic current U which is not zero is strictly in- 
compatible with the assumptions that it be geostrophic 
and with the boundary conditions imposed on the fluid 
later on. This criticism applies, of course, equally well 
to the autobarotropic models. Inconsistency of this type 
is common when dealing with simple models and does 
not invalidate the essence of the results obtained. 
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Notations are explained in the appendix. The 
quantity Q is a constant for an isothermal at- 
mosphere; its variation with height is slight 
in the real atmosphere and will therefore for 
the sake of convenience be omitted in solving 
(er) 

For Q constant, the fundamental solutions 
of (3.1) are trigonometric or exponential ; 
the general solution may be written as 


ai 
eZ 
Deere ren 2]le 


(JT) -4(2)] 00 


where a, and a, are arbitrary constants, and r, 
is the positive root of 


(3.4) 


I 
r= + 
u 


We distinguish between two possibilities: a) r; 
is real; b) ry is purely imaginary. In the latter 
case the solution (3.3) may be written: 

2 


Diem 


where 


[b, sinrZ + b, cos rZ] 


(3.5) 


oe E +Q]>0 (3.6) 


A general treatment of (3.3) is outside the 
scope of this paper. Proper boundary condi- 
tions allowing correctly for the kinematic 
constraints at the earth’s surface and including 
an inner discontinuity (tropopause) lead to a 
complicated frequency equation which in- 
cludes both external and intenal gravity 
waves in addition to inertia and Rossby waves. 
For the case of pure gravity waves, we refer 
to BJERKNES et al. (1933), Physikalishe Hydro- 
dynamik, pp. 364—367, which deals with a 
double-layer isothermal atmosphere with a 
free surface. 

‘We shall here confine ourselves to a single- 
layer fluid and preclude the external gravity 
waves by imposing the boundary condition 
D=o (Le, @=0) at Z=o and at Z= Z,, 
where Z, is finite. The perturbations are there- 
fore restricted to a layer of finite thickness. 
The solution to (3.1) compatible with these 


boundary conditions is 
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Fe 
D=besinrZ 


(3.7) 


with the side condition 


(Zu°- - [7 +0] Zi= (mn); 


in ENST RE (3.8) 
Substitution for Q from (3.2) and rearrange- 
ment of terms in (3.8) results in the frequency 
equation 


A[g H-(c-U)A]+(c-U)C?=0 (3.9) 


where 
ie RZ, ie 
£ (neat + ay 
weds A (3.10) 
mn)? À 
4m? n°? 
where 
E= ae (3.11) 
and 
H=HyZ=— 2 (3.12) 


In the atmosphere g’ is very much smaller 
than 9: for s = 0.5 "10"? "degr "Cj/m”and 


Z, = 1.65 (pn =200 mb), we obtaine = cn 


= 0.23, and for m=1, g’= 0.023 g. 


4. The frequency equation 


Equation (3.9) is of third degree in c, i.e., 
for each eigenvalue, m, there are three possible 
solutions for the phase velocity of a given 
wave. It is of interest to compare (3.9) with 
the frequency equation for the one-layer, 
autobarotropic model with a free surface, so 
well known from the works of RossBy (1930) 
and subsequent writers who have found it 
useful in theoretical analysis. When the vor- 
ticity and divergence equations are used in 
deriving the frequency equation for this 
autobarotropic model, we obtain: 
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Al gH - (c- U) Al+cC2=o° (4.1) 
which has the same form as (3.9) except that 
the term (c- U)C;? is replaced by cC;?. As we 
shall see later on, this implies a significant 
difference in terms of the dynamics of the 
two models and their applicability to fore- 
casting the movements of atmospheric pressure 
systems. Another important difference is that 
of g’ in (3.9) replacing g in eq. (4.1). This 
means that internal gravity waves whose speed 
is C’, = Vg'H = in the stratified model re- 
place external gravity waves of the speed 
C, = VgH in the autobarotropic model. The 
expression for the speed of internal gravity 
waves 


= (4.3) 


1 


is, except for the factor 1+ —— ‚of the same 
2 Am 7? 


form as the one derived by Bouin (1953) 
in his paper on “The Adjustment of a Non- 
balanced Velocity Field towards Geostrophic 
Equilibrium in a Stratified Fluid.” As we 
have seen, 0.23 is a typical atmospheric value 
for the stability parameter e. Since correspond- 
ing value for the oceans is about 2: 1073 internal 
gravity waves travel 10 times faster in the 
troposphere than in the oceans. 

It is customary, cf. CHARNEY (1947), to 
assume only one of the three roots of (4.1) to 


8 The frequency equation (4.1), see for instance 
CHARNEY (1947) eq. (31), is usually given as 
AfgH— (c— U)*] + cC2=0 (4.2) 
which differs from (4.1). This discrepancy owes its 
explanation to different ways of applying the equations 
of motion to the derivation of a frequency equation. 
Equation (4, 2) will, for instance, result when the vorticity 
equation is used in conjunction with one of the undiffer- 
entiated (primitive) equations of motion, whereas (4.1) 
is obtained when the latter is replaced by the divergence 
my equation. When discussing this apparent paradox with 
my colleague, George J. Haltiner, U.S. Naval Postgraduate 
School, California, he pointed out that the explanation 
must be sought in the inconsistency of allowing latitudinal 
variation in the coriolis parameter and at the same time 
imposing the restriction that both the basic current 
and the perturbations be independent of latitude. This 
inconsistency can be remedied only by extending the 
eigenvalue problem to two dimensions which, however, 
is outside the scope of this paper. 
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be meteorologically meaningful; this root is 
obtained by omitting (c-U)A compared 
with gH in (4.1) which gives, 


H 
elle Bik?) (44) 
where the subscript “a” signifies an approxi- 
mate solution to (4, 1). Since g’ is much less 
than g, the validity of an analogous approxi- 
mation for (3.9) is less certain but if we 
assume A/C; <1, which means replacing 
the linearized divergence equation by the 
geostrophic wind law in the derivation of the 
frequency equation (3.9), the approximate 
solution is in this case 
(ee! 


a RS 2 
el 7H + CR B/k 


(4.5) 


We emphasize the difference in form between 
(4.4) and (4.5), and that the expression for 
c’, is essentially the same as that for the real 
part of the phase velocity of amplified baro- 
clinic waves, cf. THOMPSON (1956). For U= 0, 
the frequency equations (3.9) and (4.1) are 
of the same form; this may be interpreted as 
follows: the propagation of gravity waves in 
the two models is the same if the autobarotropic, 
one-layer model with a free surface has a thickness 


H, defined by 


== 4 (4.6) 


where H is the thickness of the stratified model. 


As to the question of the meteorological 
significance of the roots of equations (3.9) 
and (4.1), and to what extent one of these 
roots is approximated by (4.5) and (4.4) 
respectively, the author has solved (4.1) 
exactly for the first three wave numbers. The 
wave number n is related to the wave length 
L and latitude @ as follows: 


nL=2nR cos (4.7) 


where R is the radius of the earth. Fig. ı 
shows the three roots c,, ca, and cz of (4.1) 
for n= 1, U= 0, and H= 10%, and for compari- 
son the speed of non-divergent waves, Cp, 
has been entered together with the approximate 
solution c, (given for H=10, and H= 10? m). 
In view of the observation that waves corre- 
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sponding to #=1 move so slowly that they 
appear quasi-stationary on successive weather 
maps, WOLFF (1958); MARTIN (1958), all three 
solutions to (4.1) are meteorologically unrealistic. 
The approximate solution, ¢,, corresponding 
to H=10?, appears more realistic save for 
very low latitudes. For the limiting case H= 0, 
Ca approaches zero except at the equator which 
constitutes a mathematical singularity in that 
the value of c, depends on the manner in 
which C; and H approach zero. 

When H in eq. (4.1) goes to zero, this 
equation becomes 


[CP =A] =0* 


which has the three roots c = 0,c= — B/k? 4C;. 
The behavior of the three roots of (4.1) for 
different values of H is shown in Fig. 2. The 
solution c, approaches the value-ß/k?-C; 
when H goes to zero and increases numerically 
with increasing H. The solution c, is positive 
and increases with increasing H; for H=o, 
it is zero for O< y < y, and equal to — B/k? + C; 


7 
for Po <Yp = where @, is the latitude at 


which C;=ß/k?. Thus the solution c,(p) has a 
discontinuous first derivative for p= My. The 
third root, cs, of eq. (4.1) is limited for all 
values of H; when H approaches infinity, cz 
approaches cr, the speed of non-divergent 
waves, and when H goes to zero it approaches 
the value - B/k? + C, in the interval o<  < oy 


a 
and zero in the interval go, < o < x In the 


point Y= Po, C3 has therefore a discontinuous 
first derivative just as c, did. Fig. 2 gives cs as a 
function of latitude for H=o, 102, 10°, 5 - 103, 
and 104 m as well as for H infinite. 

For increasing wave number, the approxi- 
mate solution, c., approaches cz more and more, 
and for n >3 these two are identical for all 
practical purposes if H > 10? m. In his paper 
“Der Mechanismus des Meteorologisches Lar- 
mes”, HINKELMANN (1951), discussed briefly 
the possibility of solving for cz by means of 
the continuous fraction 


4 The solution À = + C; is possible only when H=oin 
(4.1) or g’ =0 in (3.9). It follows from the perturbation 
equations (see the appendix) that C=o, i.e., no pressure 
perturbations, and B= +iA. This is the case of combined 
inertia oscillations and vorticity oscillations. 
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A Ri gH LR C} à Ar ar Re Bik ) 
(4.8) 
where A,=c,-U+/k? and 4,=0 
Equation (4.8) may also be written as’ 
gH At Aaa p/h? Fe 
“a H+ Ber: A, Be | BF) 
(4.9) 


which for A,_,=0 reduces to (4.4). Computa- 
Don Dos thabfond increasing q, & Will approach 
ca but the convergence is slow for n=1, in 
particular for low latitudes and small H. 

As the wave number increases, the solution 
c; and its approximation «, appear to agree 
better with the wave speeds one observes 
by studying successive weather maps. The two 
remaining solutions c, and c,, on the other 
hand, approach more and more the speed of 
pure gravity waves. The main features of 
Figures 1 and 2 apply in essence to any wave 
length. With decreasing wave length the point 
of intersection between the curves c=o and 
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Fig. 1. Shows the three roots cy, &, and c, of equation 
(4.1) for H = 10% m together with the speed CR of 


non-divergent waves and the approximate solution €, 


for H = 104 and H = 102m 
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c= —B/k?+C, (Fig.2) will move to the left 
and cg will approach c=o, whereas c, and cy 
approach the horizontal curves C,= + VeH. 
Table ı gives the latitude a, (where ß Jk2 = =C;) 


in relation to the wave number #. 


Table 1. Shows the latitude, g,, at which B/k2=C 
in relation to the wave number n. 


Po L 
38.2 I 
24.5 2 
17.6 3 
73.7 4 
11.0 5 
9.3 6 
8.0 7. 
Ta 8 
6.3 9 
ST Io 
90° LAT. 
my % 
400 400 
200 200 
fo) ie) 
-200 -200 
-400 -400 
-600 -600 
-800 -800 
-1000 -1000 
-1200 : +1200 
o 15° 30° 45° 60° Ts" 90° LAT. 


Fig. 2. The three solutions to eq. (4.1), &, cg, and cg are 
shown as functions of latitude for selected values of H. 
The three thick, solid lines portray the solutions for the 
limiting case H=o. In this case the point Po, ©, where 
Po is the latitude at which C,=ß/k?, is a branch point 
for & and cg both of which have discontinuous first de- 
rivative. The H values that go with the DES Oe 
curves are: 107, 10°, 5- 103m 
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We emphasize at this point that the incapa- 
bility of the ondimensional, barotropic modele- 
to move the very longest waves at speed 
comparable with those observed in the atmos- 
phere, is closely related to the omission of 
lateral variation of the perturbations. As we 
shall see, however, this weakness of the model 
remains when it is extended to two dimen- 
sions. This extension is most easily accom- 
plished by assuming the perturbations periodic 
in both the x and y directions. If we denote 
the lateral wave number by ky, it is readily 
shown that previous results hold if we replace 
k? by k? +k? in the expressions for A and C;.5 
Thus, 


2 
A=c—U+6/k +k; Ge 
1 


ß eH 
di = = 
: ( +) gH+C 


A few case studies of wave n=1 for soo 
mb show that the corresponding number in 
the North—South direction is about four. 
For U=o and H=10* this corresponds to a 
westward speed cs of 55 m/sec at the Equator, 
decreasing to 37 m/sec at latitude 45°. This 
speed is still excessive as compared with observed 
displacement in the atmosphere. A further con- 
sequence of including the second dimension 
is that the approximate solution c, is essentially 
identical with one of the roots (cs) of (4.1) for 
all wave numbers. 

What has been said above about the roots 
of equation (4.1) applies directly to the roots 
of equation (3.9) when we observe that 


(4.12) 


(4.10) 


(4.11) 


c= U+6,<6 


where ¢,-> is any of the three roots of (4, 1) 
for U=o, and c’ is the corresponding root of 
(3.9). The limiting case H=o in the previous 
discussion of the autobarotropic model corre- 
sponds to the condition g’ =o in the stratified 
model, i.e., indifferent stratification, a condition 
which, of course, is physically more meaningful 
than H=o. It is clear that for a typical at- 
mospheric value of the static stability, the 


5 The derivation is particularly easy if we introduce a 
stream function and velocity potential into the pertur- 
bation equations instead of # and v. 


ky /k ; 
k2 1" __ the expansion to the second 
If not f/k >B/ TI (kb? p 
dimension is less simple than stated above. 
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speed of planetary waves in the stratified mode 
is comparable to their observed speed in the 
atmosphere. 


5. The structure and dynamics of the pertur- 
bations 


In section 3 we found the following solution 
for the amplitude function of the vertical 
velocity: 

I 


ai? 
D= bie 2 sin 1rZ 


where r=mn/Z,, and m=1, 2,-3,. 


(5.1) 


Since D is known, the remaining amplitudes 
are readily derived by means of equations (8) 
to (12) in the appendix; we arrive at the 
following expressions for C and E, respec- 
tively: 

I 


Geb: [ == sin rZ +r cos Z| ae (5.2) 
ala zZ 
E= a Fal sin ‚ze: 2 (5.3) 


where, 


ane 


kpo(c - U) 


ba) 


It follows from (5.1), (5.2), and (5.4) that 
the ¢ and w waves are 90° out of phase in 
the x-direction and that the w wave is ahead 
when c- U<o, which is the case of greatest 
synoptic interest. Since E is proportional to 
the temperature amplitude, it follows from 
(5.2), (5.3), and (5.4) that the temperature 
wave is exactly out of phase with the wave 
for the geopotential. Thus, near the lower 
boundary, pressure lows are warm and highs 
are cold; this is reversed in the upper half of the 
layer because of the change in sign of C with 
height. This rather unrealistic pressure-tempera- 
ture relationship has to be viewed against 
the absence of a meridional temperature 
gradient in the basic flow and against the 
lack of temperature advection that would 
otherwise be associated with such a gradient. 
In order to get an expression for the hori- 
zontal wind divergence we differentiate (5.1) 
with respect to p and utilize the relation 


d I d 


ee ee PR ER nak 
12 


this gives 
dp Po - 
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DZ, 
dD _ a = sinrZ+r cosrZ | (5.5) 
crs Dhs fg a) 


which is proportional to the wind divergence 
as follows from the continuity equation. We 
infer from (5, 5) that div v has a zero point 
below the midpoint of the layer bounded by 
two successive nodal points for w. For m=1 
this zero point is at 0.4 Z,; for a layer extending 
from 1,000 to 200 mb, this point is close to 
soo mb. Because of the exponential factor in 
(5.5), div v is numerically larger at the top 
than at the bottom. It follows from (s.2) 
and (5.5) that the amplitude for the geopoten- 
tial reverses its sign at the same pressure div v 
does. Fig. 3 shows the vertical distribution of w, 


div v, D, and the temperature T for m=1, 


mb mb 


200 200 


300 300 
400 400 
500 500 
600 600 
700 700 
800 800 
900 900 
1000 1000 
200 200 
300 300 
abo 400 


1000 1000 


Fig. 3. Shows the vertical structure of w, div v, 4, and 
the temperature T in arbitrary units for m=1. 


The amplitudes A and B for the wind 
components # and v are easily derived from 
(ro) and (11) of the appendix; expressed in 
terms of C they are 


A c-U 
Ara ge 
c-U 
or FE (5 6) 
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C2 RC C2 
Be bey OF = ee 
Cie 


cr A? f 


where v, is the geostrophic counterpart to v.® 


(5.7) 


We have made use of eq. (3.9) in deriving 
the second expression for A in (5.6). Differen- 
tiation of (5.6) and (5.7) with respect to x 
gives | 


ROUES CS UD 

Heh = fi 8 

dx ad g Hox 62) 
and 

Ov G? 

a an: (5-9) 


It is clear from the equations above that the 
extent to which the wind is geostrophic de- 
pends crucially on A, where, 


A=c-U+Bß/k? (5.10) 
the smaller A is, the more geostrophic is the 
perturbation wind. By dividing (5.7) into 
(5.6) we obtain 
dre “a 
Ac 


(s.11) 


The ratio A/C; is dynamically an important 
number in that it expresses the degree to which 
the perturbation flow is solenoidal and to 
which degree it is potential and, which is 
much the same, the degree to which the pertur- 
bation wind is geostrophic. Figure 4 shows 
this ratio in relation to cr and the three solu- 
tions Cy, Cy, Ca to (4.1) corresponding to H=o 


$ It follows from (5.7) that the v-component is super- 
geostrophic and appears to approach infinity when 4 
approaches C,. We recall, however, that 4 = C, (inertia 
motion) corresponds to C=0, i.e., there is no pressure 
wave associated with the field of motion. Consequently 
the # and » components must have indefinite amplitude if 
expressed in terms of pressure in accordance with (5.6) 
and (5.7). When one of the primitive equations of 
motion is used instead of the divergence equation in 
deriving the perturbation equations, v corresponding 
to the solution cg is subgeostrophic and (5.7) is replaced by 


v 
£ 


= A(c—U) 
C} 
see footnote on p. 160 and “Lectures on Physical Weather 


Prediction”, p. 19, by Arnt Eliassen, University of Cali- 
fornia, Dept. of Met., 1955. 


v= 
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ie) 15° 30° 45° 60° 75° 90° 
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| -1000 
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LAT. 


Fig. 4. Shows the curves cp, and ¢y, cg, cs corresponding 


oO 15° 30° 45° 60° to~ 90° 


to H=o (see Fig. 2) labelled in terms of the number 
A/C;. Note that A/C; > 1 for ¢,0 < A/C; <1 for cs, 
and A/C, < — 1 for ¢. 


(see also Fig. 2). It follows from Fig. 4, and 
what was said in conjunction with Fig. 2 in 
the previous section, that for c, A/C; < - 1; 
for ts, AC: = and for cs, oF A/Crs x. 
Recalling that cz did not give realistic displace- 
ments of the planetary waves below a certain 
latitude as compared with the atmosphere, see 
p- 163, we conclude that in order to forecast properly 
the movement of very long waves at low latitudes 
we may have to allow values of the horizontal 
divergence that are in excess of the relative vor- 
ticity. Observed behavior of the planetary 
waves in the atmosphere certainly implies 
that horizontal divergence has an important 
role in controlling their movement. A corollary 
to the above statement is that the windfield 
that is associated with a planetary pressure 
wave is both solenoidal and potential and may 
therefore not be properly represented by a stream 
function. A related question is whether the 


term 7 div v in the divergence equation is 


negligible compared with the term fé in the 
same equation, see eq. (2.2) and eq. (2) in 
the appendix. If not, a stream function derive 

by means of the balance equation would not 
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be the proper stream function. Since the 
operator 7 corresponds to -ik(c- U) in our 


case it follows from (s, 11) that 
d 


— (div v) UA 
= =+ Ry 


dt 
i CpG; 


The above ratio varies greatly depending on 
which of the three solutions ¢,, cs, cz we are 
dealing with. For c=cz it is mostly much 
smaller than unity, except for low latitudes, 
and decreases with increasing wave-number n. 
For c=c it is small for the combination low 
latitudes and small H (or small e), but exceeds 
unity with increasing latitude and increasing H 
(or increasing e). It is numerically greater than 
unity for c=c,. It may be added that the 
ratios (5.11) and, (5.12) occur frequently in 
the meteorological literature as useful con- 
cepts in dynamical analysis. CHARNEY (1955), 
for instance, distinguishes ocean waves from 


(5.12) 


re iv 
ocean currents by ascribing —— <I to currents 


di 
and ss I to waves. BURGER (1958) finds 


from scale considerations that the ratio (5.11) 
may exceed unity for the planctary waves, 
even if the Rossby number, Ro, is less than 
unity. We point out that the ratio (5.12) is 
essentially a Rossby number, although not 
expressed in its most conventional form. 

It has been shown on the previous pages 
that none of the three solutions to the cubic 
frequency equation (3.9) agrees fully with 
observed speeds of disturbances for all wave 
lengths and all latitudes. Apparently the root 
c, can be discarded as not reflecting displace- 
ments typical of the atmosphere; but a com- 
bination of c, and cz would seem capable of 
realistic displacement at all latitudes and all 
wave lengths including the planetary waves. 


6. Possible application to weather prediction 


In this section we shall discuss the possibility 
of applying the stratified model to weather 
prediction on the assumption that the approxi- 
mate solution to the frequency eq. (3.9), 
see also eq. (4.11), 
ee 


ee k g'H + C? oy 
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represents dynamics that is meteorologically 
meaningful. For the most part & coincides 
with one of the three roots (cs) of (3.9), 
but at very low latitudes these two may 
differ. In this case the adoption of (6.1) implies 
a solution to the forecasting problem which 
includes all three roots of (3.9) in accordance 
with the principle of superposition, and whose 
divergence and vorticity are identical with 
those described implicitly by eq. (6.1). 

By means of (6.1) we derive the following 
expressions: 
ner gH 

kre HC? 
ik el 

k? + k? g H+ C? 


c- U= (6.2) 


(6.3) 


(6.2) and (6.3), equations (5.11), 
(s.12) and (5.8) may be written as: 


B 
dvi A Ree 


| om exe (6-4) 


ß 2 
gH e + a) 


c-UA 
N Me eco wit! 
a9 
Heese B olen (Gi) 


gH 0x k+kgH+C 


where C; is defined by (4.10) and g’ by 
(3.10); R, is the Rossby number. We have 
omitted the subscript “a” from c and A as su- 
perfluous from here on. An alternative form 
for (6.6) is 

2 


ee (Ginn ve 


div ‚a FH 


(6.7) 


where (div v), is the divergence of the 
geostrophic wind. Thus, the horizontal wind 
divergence compatible with (6.1) is propor- 
tional to the geostrophic wind divergence. The 
proportionality factor depends on: a) scale of 
the disturbance, b) latitude, c) static stability, 


7 Construction of a general solution compatible with 
the three roots of the cubic frequency equation (3.9) 
and satisfying given initial conditions is described by 
HINKELMANN (1951). 
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d) the thickness of the layer penetrated by the 
perturbation. 

The equations (6.1) to (6.7) above represent 
the main dynamic characteristics of the 
stratified model as it now stands. These may 
be summarized as follows: 

1. The westward displacement of a disturb- 

“ ance, due.to the gradient of the earth’s 
vorticity, f, is always less than in the non- 
divergent, barotropic model and for U >o 
is also less than in the divergent barotropic 
model. 


2. There is always wind convergence east ofa 


ox 
.. (0b Pay 
ofit(—-<o); this is independent of the 


trough é > o) and wind divergence west 


Ox 


direction in which the wave moves. 


ed Be: 
3. The ratio Er mostly <1; this is par- 


ticularly true for short waves occurring at 
high and middle latitudes. At low latitudes, 
the horizontal divergence associated with 
the planetary waves becomes an appreciable 
portion of the relative vorticity; conse- 
quently both stream function and velocity 
potential may be needed for adequate repre- 
sentation of the wind. 


4. The Rossby number is mostly smaller than 
the ratio div v/Ë and therefore generally 
<1. As a result one may use the balance 
equation, i.e., the divergence equation 


without the Fi div v term, for deriving a 


stream function.§ 


To the extent that we can observe the dyna- 
mics of large-scale disturbances in the lower 
half of the troposphere, they show charac- 
teristics similar to those listed above. This is 
best illustrated by the model’s w-distribution 
along the vertical which greatly resembles 
that of the atmosphere as compared with the 
trivial q-distribution of the autobarotropic 
models. On the other hand, the temperature 
wave of the stratified model is more out of 


8 We note that (6.1) is the only solution to the 
systems of perturbations (1) to (5) in the appendix if the 
divergence equation is replaced by the geostrophic wind 
law. 
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phase with the pressure wave than we generally 
observe in the atmosphere and for this reason 
the vertical structure of the pressure wave is 
somewhat unrealistic. We infer that the 
stratified model can be useful in predicting 
displacements of atmospheric pressure sys- 
tems only insofar as the phase between pressure 
and temperature waves is not crucial for their 
movements. Linear theory of baroclinic models 
capable of development shows that this phase 
is crucial for the development of waves but 
not for their displacements. 

According to the description of waves in 
the Easterlies by RIEHL (1954, pp. 210—234), 
these disturbances seem to resemble the pertur- 
bations of the stratified model. The following 
characteristics are attributed to the waves in 


the Easterlies by Riehl: 


a) An average westward speed slightly in 
excess of the basic flow. 

b) The trough line is preceded by a wind 
divergence; and convergence, associated 
with precipitation, occurs to the rear of the 
trough. 

c) The wave penetrates the layer 1,000—300 
mb and has a maximum amplitude between 
700 and soo mb. 

d) Near the ground, the east component of the 
wind is strong in the ridges but it weakens 
progressively toward a line a short distance 
east of the trough line (fig. 9.3 in Riehl’s 
book). 


These features are qualitatively in agreement 
with those of the perturbations of the model. 
For an easterly basic current (negative U), 
equation (6.1) gives a wave speed toward 
west in excess of U and b) and d) are in 
agreement with point 2 on page 166, and with 
the expression (5.6) for # when it is combined 
with (6.2). The vertical structure of the 
Easterly waves, as described in c), deviates, 
however, from that of a single wave of the 
model. A curious observation reported by 
PALMER (1952) is that equatorial waves appear 
to reverse their phase somewhere between 
5,000 and 25,000 fect. Although the structure 
and dynamics of waves occurring at low 
levels in the Tropics are incompletely known, it 
is suggested that their displacements might 
be predicted by the simple model described in 
this paper. 
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We shall now deal with the possibility of 
incorporating the results of the linear theory 
of the stratified model to non-linear forecasting 
for levels below and up to soo mb. For this 
purpose we write equation (5.8) as follows: 


Ck, m — U Ode, m 
Oe 0% 


< 


(div V)k,m= (6.8) 
where k denotes the wave numbers k and k, 
and m denotes the number of half waves along 
the vertical. The quantity g’ depends on the 
static stability of the basic flow but not on k, 
and H will be considered a parameter at our 
dk m Od, 
mL £ ‚m 

ae dt se 

integrating over all k’s, we can replace 


(6.8) by 


. Œ I Ib m Ibm 
ne ul eu ) (6.9) 


disposal. Replacing ¢, m 


where a prime denotes deviation from a zonal 
mean. In order to obtain the total divergence, 
div v, we have to sum over all m:s. This we 
can do only if the observed pressure field 
were decomposed according to m. In practice 
this is not the case; at the best we know the 
heights of a number of pressure surfaces. For 
practical purposes we shall therefore replace 


(6.9) by 
1 (9b OP’ 
alt +U i (6.10) 


div v= 


where we interpret ¢’H as a parameter to be 
determined empirically; it may be taken as a 
constant over the whole map or possibly as a 
function of latitude. In approximating the 
expression (6.10) we may write: 


df db Ib _dd 
Dorn ont er) 
and 
dp _,,9¢ 
U UV vB (6.12) 
where 
we Uj- a (6.13) 


A bar denotes a zonal mean, y is the stream « 
function, and iis a unit vector directed toward 
the East. 
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Substitution into (6.10) by means of (6.11), 
(6.12), and (6.13) results in 


ZE & +V:v 6) (6.14) 


div v= - 


We introduce the expression (6.14) for div v 
into the vorticity equation 


De it tdi (6.15) 


ot 


and obtain 


where C=v%p and n=ê +f. 

Equation (6.16) has two dependent variables, 
y and ¢. In order to make an iterative forecast 
by means of it we need an additional equation 
relating y and ¢. Consistent with the assump- 
tion leading to (6.1) (see footnote page 166), 
we shall use the balance equation 


Sv2V +2 [VaxPyy — Ya] + vw. vf-v?6=o0 
. (6.17) 


as the second predictive equation. For a 
complete prediction scheme we need the 


additional equations 
v=kx vy+vy (6.18) 


and 


Y2y=divv= - 


SE (& Sur 4) (6:26) 


The main steps in making a forecast by means 
of the above system are: a) simultaneous 
relaxation of equations (6.16) and (6.17); 
b) derivation of the wind v from (6.18) and 
(6.19). 

Considering the simplicity of the proposed 
model, the labor and time involved in using 
the predictive scheme we have just outlined 
may be somewhat out of proportion. A simpler 
scheme is the following: 


a) replace the balance equation (6.17) by the 
geostrophic relation 


vh=fvy (6.20) 
b) replace (6.18) by 
v=kx vy (6.21) 
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Substitution into (6.16) then gives: 


G = pt) Pay. on~ LT. Ay=o 
4 
(6.22) 


which has y as the only dependent variable. 
Initially the balance equation (6.17) will be 
used for deriving the stream function y from 
& but is not required in successive time steps. 
Conversion of y to-¢, when required, is 
accomplished by solving (6.17) for ¢; the 
geostrophic relation (6.20) is used exclusively 
for approximating the expression (6, 14) for 
div v and does not otherwise replace the 
balance equation.? 

The vorticity equation (6.22) is of the 
same form as given by CRESSMAN (1958) and 
Wın-NiELsEn (1959) except for the last term 
which is peculiar to the stratified model. In 
applying (6.22) to the soo mb stream function 
for the purpose of prediction, its last term may 
be important in that it provides a better 
control over the displacement of planetary 
waves. This is quite apparent in comparing 
(6.1) with (4.4). In the latter the wave speed 
will always have the same sign as the speed, 
cr, Of the Rossby wave, independent of the 
choice of gH. On the other hand, (6.1) 
provides for possibility of a wave speed of a 
sign opposite to cr, depending on U and the 
choice of g’H; we have here the advantage of 
suppressing the B-term without at the same 
time suppressing the basic current. This feature 
may be quite important in extending the use- 
fulness of soo mb forecasts to lower latitudes. 
Presently, soo mb forecasts appear to have 
little skill south of approximately 35° N. 

In applying eq. (6.22), we are, of course, 
not limited to the soo mb surface. Notwith- 
standing the simplicity of the stratified model, 
its theory does not imply that it would, per se, 
apply better to one level than another. It 
appears, however, that owing to the model’s 
inadequate perturbation structure as com- 
pared with that of the atmosphere, its use- 
fulness is limited to the layer s00—1,000 mb. 
In application we face the problem of how to 


® In deriving v in (6.22) from a stream function 
alone and not including the irrotational component, one 
introduces a spurious vorticity source which may be of 
some importance, cf. WIIN-NIELSEN (1959) and ’ARNA- 
SON and CARSTENSEN (1959). 
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interpret the concept of the basic current U. 
In the atmosphere the zonal wind will Vary 
from one level to another, and in using (6.22) 
as a prediction equation to a certain pressure 
surface, we may not wish to use V from that 
particular surface. For low-level forecasting, 
it would seem preferable to use an average 
along the vertical for two or more levels, 
thereby implicitly introducing the concept 
of a steering current, familiar from synoptic 
meteorology. Moreover, it may be advisable 
to interpret the basic current as a flow obtained 
by horizontal averaging (space smoothing) 
rather than a zonal flow. Quite possibly the 
choice of g’ and H might differ from one level 
to another. 
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Appendix 


Application to the system (2.1)—(2.5) 
of the method of small perturbations results 
in the following system of equations given in 
the same order: 


2) 2 \ dv où 
( +UZ) 24 praf To (1) 


at ox 
ov Id 0 O\Ou | 
ax be ox? (+ us |e ‘ (2) 
OM dau 
dp | ax (3) 
0 d dr 
(+05) ® Cane (4) 
Lag er ee (5) 
Op 


Tellus XIII (1961), 2 


where 
R Rlcy 
p= (2) (6) 
PO \P6 
Ÿ is the potential temperature, R the gas con- 
stant, ¢, the specific heat for constant pressure, 


and B= Both f and B will be treated as 


constants. A bar over a quantity (e.g., ®) 
refers to the basic flow. 


The perturbation quantities u, v, ©, &, and 
Ÿ, assumed to be independent of y, are ex- 
pressed in terms of x, p, and t as follows: 
u = A(p)ek&-a v =B(p)ek&-@ 
© = D(p)eik«-@) p=C(p)eik-9 (m) 
We E(p} are 


where c is the speed (positive toward the East) 
of a harmonic wave, k the wave number, 


= where L is the wave length, and i the 
imaginary unit. The amplitudes A, B, C, D, 
and E may be complex numbers. 


It follows from (4) and (s) that 


ID 
en (8) 
and 
dC 
de Menden (9) 


Substitution for u, v, w, ¢, and Ÿ from (7) into 
equations (1), (2), and (3) leads to: 


C-U+81#)8+ LA =o 


(c- u+ pit) -£B- C0 


c-Udc i dû 4 
F dp kdp 


where E has been eliminated by means of (9). 
Elimination of B between (ro) and (11) gives: 


(13) 


Oo (12) 


where 


A=c-U+Bß/k? 
and C;=f/k, the speed of inertia waves. 


(14) 
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We continue the process of elimination and 
arrive at the following second order differen- 
tial equation for D: 


dD? dp 


ap C-U)(@-457 ° 


(15) 


Both F and ® are known functions of ip 
One finds by using the definition for potential 
temperature and the hydrostatic equation that 


JOMRPEdIS ERT 
aor mp: ese = (16) 


We introduce Z = In be) as a new independ- 


GEIRMUNDUR/’ARNASON ~ 


T is a linear function of Z, a proper coordinate 
transformation will reduce (17) to a Bessel 
equation, KaMKE (1943) p. 440; see also 
ByERKNES, et al., (1933) p. 370. Here we shall 
confine ourselves to an approximate solution 
of (17) in that we write 


Plena = g T1 


+ = D 
Cp MAZE WE RTOAZ 
OHR 
SI = + — 8 
IL, few cal (18) 
RE: 


Z, T is the mean vertical 


where z = 


temperature for the layer considered, and 


ent variable; this transforms (15) Tae aoe RTn RS hon 
AR RTMAT § 
72 / D = 
i i a (c Ey U) (C? N Cp è ZZ) b 9% Be ‘as = ARH„ us D 0 (19) 
m (= 0)@- 2 
where a prime means differentiation with where 
respect to Z, and py is a reference pressure = 
(1,000 mb). Equation (17) has constant co- Bee Te à 48 
efficients for an isothermal atmosphere. When ? eos see ee, 
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On the Vertical Velocity Field in a Steady Symmetric Hurricane 


By T. N. KRISHNAMURTI 
Department of Meteorology, University of California, Los Angeles 


(Manuscript received February 9, 1961) 


Abstract 


It is shown how a system of equations (motion, mass continuity and the first law of ther- 
modynamics) can be integrated for a steady symmetric vortex with a prescribed tangential 
motion. The method of characteristics is used to obtain a solution for the vertical-velocity 
field. For the normally observed characteristic lines in a hurricane no vertical velocity is possible 
for a frictionless atmosphere, and therefore numerical experiments are carried out with different 
magnitudes of the momentum exchange coefficients. It is also shown that as long as the ratio 
of the lateral and the vertical exchange coefficients is kept fixed, one calculation of the vertical 
velocity field enables an examination of a wide range of variation of the individual coefficients. 
A consistent structure of an Atlantic hurricane is constructed from the National Hurricane 


Research Project data. 


I. Introduction 


Very few attempts have been made to 
obtain vertical velocity fields in tropical storms 
due to lack of data. The works of PALMÉN 
(1958), PALMÉN and RIEHL (1957), and later 
work by RIEHL and Markus (1960) with the 
aircraft reconnaissance data are attempts to 
vertically integrate the horizontal divergence 
field and involve considerable skill. The first 
two mentioned works deal with a large scale, 
the storm having a dimension of 1,000 km 
and the latter of a smaller scale storm having a 
size of over 100 km. Neither of these attempts 
gives details of the vertical velocity field. The 
vertical velocity field in a hurricane should 
show the following features: 


(i) an eye, 
(ii) an eye wall of tall clouds, 
(iii) inward spiralling bands. 


Features (i) to (iii) are generally observed in 
radar films. Reference may be made to the 


Tellus XIII (1961), 2 


radar-composite charts of Markus (1960) that 
give these details. 

The modern approach in Meteorology is to 
examine the growth of a system for prescribed 
initial conditions, and to seek for observed 
features in various models under different 
constraints. Putups’ (1956) work on the 

eneral circulation and KASAHARA (1960) 
model of the hurricane are examples of such 
an approach. An initial distribution of the 
motion field and the heating is given and the 
system of equations are integrated. 

Our interest here will be somewhat of an 
inverse one. We shall first show that for a 
prescribed tangential velocity field, a closed 
system of equations can be obtained that will 
completely define the structure of a steady, 
symmetric vortex. 

An outline of the diagnostic system of 
equations that are used to obtain the structure 
of a symmetric vortex will be presented, and 
an application of the method will be made to 
determine the structure of Atlantic Hurricane 
Cleo of 1958. 


172 
2. The Fundamental Equations: 


Cylindrical isobaric coordinates will be 
used with the radius vector r pointing out- 
ward © the angle increasing in the cyclonic 
sense. Table I lists the symbols used in this 


paper. 


Table 1. 
Symbol Meaning of symbol 
t Time. 
2 Radius increasing outward. 


© Angle increasing in the counter clockwise 
sense. 


p Pressure used as a vertical coordinate. 


u Tangential wind velocity positive along 
increasing ©. 


S 


Radial wind velocity positive along y. 
Vertical velocity in isobaric coordinates. 


Z Height of constant pressure surface above 
sealevel. 


Temperature. 


7% 
H Rate of nonadiabatic heating per unit mass 
of air. 


2 Specific heat of air at constant pressure. 
Gas constant of air. 
Coefficient of lateral momentum exchange. 
Coefficient of vertical momentum exchange. 
Acceleration of gravity. 


SUN Sue 


Coriolis parameter. 
The equations of motion may be written in 


the form: 


ou u 


ou 

(Gress) tot 
à ou u 0 [, du 

Gl) © 
RE ee erh 
dr de r pay 


DURE Ce a eer hc 
a oe +5 [o( +2) ] +55 (45) (2) 


= 92 EE RT ( ( 
pp « 
The equation of continuity, 
I ovr Jw 
rd op (4) 


and the thermodynamic energy equation 
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= 


(5) 


ne je 
H=c,[ + | œ 


[42] 
op p 


If u, the tangential velocity, is prescribed at 
each point then, in principle, we can solve for v, 
w, Z, T and H, provided we have knowledge 
about the distribution of v and k. 

Instead of assigning certain reasonable values 
for v and k and solving the equations, an alter- 
nate method is presented. 

The system of equations (1) to (s) are non- 
dimensionalized through the following choice 
of fundamental units: 


Lensthuub; 
Pressure po 


: 2 2 é 
Time  f,= = where fy is the mean Corio- 


0 
lis parameter. 


The following equations may be considered 
as the non-dimensional equivalents of equa- 
tions (1) to (5): 


ATG AF du 
vl —+-+= )+0— = 
Sa A 1 op 


le) © 


I 


7 al dv v que 22 
See ee oll = =) m 


92 RT 
= -g—-— 8 
EN (8) 
1dvr dw 
FÉES (9) 
oT Alan IRT 
ea] ® (10) 


Table 2 shows the one to one correspondence 
between each term of equations (6) to (ro) 
with each term of equations (1) to (5). 


3. Solutions of the System: 


Since u is prescribed, equations (6) and (9) 
can be treated as two equations for the un- 
knowns v and w. Equation (6) can be rewritten 


as 
(1) 
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Table 2. 
D eee 
Relation between dimensional and non- 
dimensional terms 


Dimensional term = Constant x Nondimensional 


term 
vf En [2 
Pp Po p 
t 2/fo t 
Li Fo Z 
u Lo fo/2 u 
® Lo fo/2 v 
w Po fo/2 © 
» Li fol2 v 
k Pd fol2 R 
g Ly fo/4 £ 
RT L? f2/4 RT 
CT Li fàla Cp T 
H Pipe la H 
where 
d 2 
ajar| » (+ + a) + 5 ( k =) 
b Tir op op, ee 
Guru 2} 
ANT 
and 
au/op 
7 ER te a (13) 
ar te Te 


Eliminating v from (9) and (11) the following 

equation in w may be obtained: 

Ri obr _ 2 
reer 


210) JM wdar 


op. OF rar 


(14) 


The two newly introduced quantities a and b 
possess certain interesting properties. 

a is the slope of the characteristic lines 
of equation (14) and determines the slope of 
the vortex lines in the vertical plane. b is a term 
representing the role of the lateral and vertical 
friction in the determination of the vertical 
velocity field. 

Equation (14) may be written in the form: 


se Le ae += — =0 (15) 
Op), atjin0t 5 
where éw will denote a change in w along the 
characteristic line of slope a. 

We shall now show that equation (15) 
reveals certain interesting features of the 
vertical velocity field. 


Tellus XIII (1961), 2 


173 


Let 


An explicit solution of equation (15) can be 
written in the form: 


p 


o(p)=w(pı) +e fe [ef ydp (16) 


Po 


If © (po) =0 then for y=0, w(p)=o and we 
get the important result that, in a steady symme- 
tric frictionless system no vertical motion is possible 
if the vertical velocity is zero at any point of a 
characteristic line. 

In examining the characteristic lines in 
various atmospheric systems, the author 
found that these lines are usually vertical, i.e., 
a~o, and they intersect the 1,000 mb surface 
usually vertically. A boundary condition of 
the type w =0 at p=1,000 mb therefore would 
lead to no vertical motion for a steady, symme- 
tric, frictionless system. In such a system there- 
fore one must have friction to have any vertical 
motion. 


We shall next, let »/k=N 
and v=M 


A machine programme can be easily set up to 
investigate the field of vertical velocity for 
different values of N and M. We shall in this 
paper discuss the structure of steady symmetric 
vortices for N=1 and M taking different 
values. 

Once w(p) is determined for any value of M, 
equation (11) may be used to obtain a corre- 
sponding field of v. 

If Z(L,, p) is prescribed at r=L, then Z 
Z(r, p) can be obtained from equation 
since 


IZ 1 { av (: 21) dv 
— = —--ly—-y(|-+—])+0—- 
or g| or ? Jo 


2 #+2)]-3 Re) 6 

or i rt op op 4 
Further, T(r, p) can be obtained from the 
hydrostatic equation (8) for the calculated 
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Fig. 1. Vertical cross-section of mean tangential velocity 
for Hurricane Cleo 1958. Units knots. 


Z(r, p) field. And the right hand side of 
equation (10) can be computed to give a 
distribution of H(r, p), the non-adiabatic 
heating. 

Now we shall make an application of the 
suggested model for the data of Hurricane 
Cleo of 1958. 


4. Application to Hurricane Cleo Data: 


Hurricane Cleo was over the Atlantic 
between August 12 and 21, 1958. The National 
Hurricane Research Project made several 
flights into this storm on August 18. The 
three flights at levels 820, 580 and 237 mb 
surfaces were very useful. Fig. 1 shows a cross- 
section of u obtained by averaging the tangen- 
tial velocity around the storm, using the data 
of these three levels. It may be noted that 
since u is a larger component of the total 
wind, the per cent errors in the evaluation of u 
are small. 

In a review of the hurricane season of 1958, 
WEATHER BUREAU (1958), mention that the 
central pressure of Hurricane Cleo was around 
960 mb for about three days, suggesting a 
quasi-steady state. Data do not justify the 
symmetry assumption; in fact, there is always a 
velocity maximum in the right side of the 
storm. But a hurricane has been treated as a 
symmetric disturbance by many modern 
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= 


meteorologists, KASAHARA (1960), Kuo (1959) 
etc. Here the symmetry assumption has been 
made to carry out the proposed analysis. The 
author will soon present an extension of this 
approach by including the asymmetries. 

The following fundamental units were used 
for calculations: 


= 150 kim, 
Po=1,000 mb, 
fo=0.8 x10, sec, 


2 
= r = 2.5 (10 sec. 


fo 


Since Ly is only about a degree and a half 
latitude units in length, the Coriolis parameter 
fis assumed to be constant = fp. 


A tabulation of U(r, p) was made with 
Ar=7;5 km, 
Ap=so mb. 


a. The characteristic lines of Hurricane Cleo: 


The advantages of the proposed method 
will become clear if charts of intermediate 
calcu/ations are presented. With this in view, 
Figs. 2 and 3 are presented. Fig. 2 shows a 


a Ou = € 
cross-section of —, the vertical shear in non- 
op 
- . Ä ou. 
dimensional units. Below 1,000 mbs, — is 


"(CS 
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r— 
Fig. 2. Vertical cross-section of vertical shear, du/dp. 
Non-dimensional units. 
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Fig. 3. Vertical cross-section of absolute vorticity, €a, 
non-dimensional units. To get in units of 10-4sec-1, mul- 
tiply by 0.4. 


negative and in the rest of the chart it is 
positive. Fig. 3 is a cross-section of absolute 


ou u 


vorticity, > FR +2 expressed again in non- 


ee units. One may obtain the di- 
mensions by multiplying the numbers on 
Fig. 3 by fo/2. The characteristic slope a can 
be obtained by dividing Figs. 2 and 3, since 
___ dujop 
~ duJor +ulr+2 
where except very near the 1,000 mb surface. 
In order to obtain the teste lines we 
must draw little line segments of slope a and 


a= .Theslopeisnegativeevery- 


=e SS eee eR 


° 


Fig. 4. Characteristic lines for Hurricane Cleo. The 
coordinates are expressed in non-dimensional units. 


draw free hand characteristic lines. Fig. 4 shows 
the characteristic lines for Hurricane Cleo. 


b. The calculation of the vertical velocity field: 


We shall first let M=1 and obtain a field 
of b the friction term. Fig. 5 shows an anal- 
ysis of the field of b in non-dimensional units. 
All spatial derivatives were obtained over 
distances 2 Ar and 2 Ap except at the corners, 
where uncentered differences over Ar and Ap 
were evaluated. 

The vertical velocity field can be obtained 
from equation (15) in a coordinate system along 
the characteristic lines. 

Equation (15) can be written in a finite differ- 
ence form as follows: 


2Ap ri 2 2Ar 


sn à (@i4r + @i-:) A ieee 42) af mat A pat 


2 


“| (18) 


r; 2Ar 2 


Equation (16) can be solved for @;-; in terms of @;+1. 


Oj-1 = Wj+1 


Alazıı ar a; -1)¥; 


fe 2 Âr 
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if i A(aj41 ae 4; - 1) r; 
ar; Ar 
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Fig. 5. Isolines of b the friction term in the w-equation. 
Non-dimensional units. 


With &=o at p = 1,000 mbs, equation (17) 
may be used to obtain w(r, p). It may be 
noted from equation (19) that for b=o we 
get w=o identically as was shown for equa- 
tion (16). 

The first calculation of the w (r, p) field for 
M=1 showed rather interesting features. It 
may also be noted that as long as N is fixed (=1 
for instance) the field of w (r, p) for different values 
of M will appear the same, though with a different 
strength. The calculated field of w(r, p) for 
M=1 turned out to be of very great intensity 
with a maximum vertical velocity of 1,000 
mbs per hour around the 400 mb surface. A 
choice of M=0.3 was made as a next choice. 
Fig. 6 shows the field of w(r, p) in units of 
mbs per hour. 

The following features may be noted: 


(i) Sinking motion near r=0; 
(ii) Very intense rising motion for r, around 
25 km: . 
(iii) The magnitude of rising motion at 


r=150 km is about an order less than 
that around r=25 km; 


(iv) The vertical velocity field shows a slope 
outward as the pressure decreases. 


The boundary line between (i) and (ii), namely 
the w=o line, can be designated as the 


<— p (mb) 
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Fig. 6. Cross-section of vertical velocity in units of 


millibars per hour. 


boundary of the eye wall, inside of which the 
air sinks. Very intense motion of (ii) may be 
designated as the eye wall. The air moves up 
generally except in two other regions. This 
calculation of the w-field is quite interesting. 
The magnitudes of @ may not still be quite 
reasonable but, the pattern does seem to be. 


In order to see more explicitly the role of 
the various terms of the w-equation, a detailed 
calculation of the vertical velocity field at the 
700 mb surface was made. The results are 
presented in Table 3. It may be observed that 
features like the eye and the eye wall are 
obtained by the inclusion of the lateral viscos- 
ity. The inclusion of the vertical viscosity 
coefficient gives rise to slow upward mo- 
tion everywhere. The total vertical velocity 
at the 700 mb surface is thus primarily due to 
the lateral friction. It may be mentioned that 
Kuo (1959) had made this observation in his 
discussion of the dynamics of the hurricane eye. 

The following dimensional values correspond 
to M=0.3. 


CCS Units 
CES Units 


VPN MIO" 
k = 1.2 x 107 


These magnitudes should not be taken literally 
as the values for a storm. The author believes 
that further experiments on a similar line 


Tellus XIII (1961), 2 


ON THE VERTICAL VELOCITY FIELD IN A STEADY SYMMETRIC HURRICANE 


Table 3. 


Vertical Velocity (Nondimensional units), Stead 
symmetric Hurricane Cleo at 700 Millibar 


Y Radial Fric- [Vertical Fric- 
(Km) tion Only tion Only Bors 
o 0.352 — 0.0145 0.338 
10 0.351 — 0.0144 0.337 
20 — 0.401 — 0.0211 — 0.422 
30 — 0.416 — 0.0192 — 0.435 
40 — 0.399 — 0.00758 — 0.407 
50 DO RES — 0.00313 — 0.272 
60 0.0104 — 0.00284 0.00733 
70 — 0.00407 — 0.00319 — 0.00726 
80 — 0.002II — 0.00103 0.00314 
90 — 0.0176 — 0.00360 — 0.0212 
100 — 0.0475 — 0.00373 — 0.0512 
110 — 0.0459 — 0.00889 — 0.0548 
120 0.00703 — 0.00585 0.00117 
130 0.0406 — O.0041I1I 0.0365 
140 0.00116 — 0.0106 — 0.00944 
150 0.00116 — 0.0106 — 0.00944 


should be carried out to understand the space 
variation of » and k. 

We shall now use the ® (r, p) field of Fig. 
6 and obtain corresponding fields of v, Z, T 
and H by the method outlined earlier. 


c. The radial velocity field and the Stokes stream 
function: 


It is convenient to depict the w (r, p) field 
by a diagram of a Stokes stream function y, 


that satisfies the mass continuity equation. It 
may be defined by the following pair of 


equations: 


dy 2m , 
org 

dy 27 
—=-— VI 
dp £ 


Then 
dy dy 
Fy fees | 
y foa+ fF Ip 


with a choice of y=o at r=o, y(r, p) can 
be readily computed from the vertical velocity 
distribution. Fig. 7 shows the results of this 
calculation. We notice a deep inflow layer, 
an intense outflow in the upper troposphere. 
The sinking branch inside the eye being 


connected by a rising streamline. The magni- 
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Fig. 7. Cross-section of the streamlines of Stokes stream 
function. Units 10*!? grams/sec. 


tude of w, in the sinking branch in the eye 
was quite large, but as we sce from Fig. 7, 
actually it is a very small amount of mass 
that circulates inside the eye, this is because 
of the smaller area. At first sight it is hard to 
accept a deep inflow layer for a symmetric 
vortex with friction. Experiments on symme- 
tric dishpan experiments have in fact demon- 
strated a shallow inflow layer, FALLER (1959). 
It must be remembered however that the above 
calculation was performed for k = constant. 
If k had been made to vary with pressure, a 
shallower inflow layer could have been ob- 
tained. 

In this connection, mention may be made 
to the presentation of the mean hurricane 
data by PFEFFER (1958) which shows a deep 
inflow layer and a shallow outflow layer. 
Observations of mean storm by PALMEN and 
RIEHL (1957) and individual storms by various 
workers have shown that over a deep layer 
below the soo mb surface the tangential wind 
u does not vary much with height, if one 


, ou du , 
should impose à ne o rigorously in the 


equations of motion, then we would obtain 
au 
op op? 
calculated for a steady disturbance. 


=o and a deep inflow layer can be 
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Fig. 8. Cross-section of radial velocity v in units of 
meters/sec. 


Fig. 8 shows the corresponding distribution 
of v (r, p). The zero lines divide the inflow 
and outflow regions and possess the property 
mentioned above. 


d. The height field: 


Using Z(L,, p) from Jorpan’s (1954) mean 
hurricane sounding for the outer boundary, 
the field of Z(r, p) was calculated using the 
equation 
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Fig. 9. Cross-section of height Z of constant pressure 
surfaces. Units meters. 
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The field of Z(r, p) shown in Fig. 9 shows 
lower heights: nearer the axis, this anomaly 
extends through the troposphere. 

The height field along the 1,000 mb sur- 
face shows negative heights for r < 45 km, 
showing that, in this region the surface pressure 
would be less than 1,000 mbs. Since the true 
boundary condition at r=L, is not known, 
it is hard to estimate the central pressure of the 
storm. One can however see that the calcula- 
tion has the correct sign, and appears to be 
very reasonable. 


e. The temperature field : 


Given Z (r, p), the temperature field T (r, p) 
can be evaluated from the hydrostatic relation, 
equation (8). Fig. ro shows the results of the 
calculations. It is possible to obtain a warm 
core, and the increase of temperature from the 
outside r=L, to inside r=o is comparable to 
what was reported for Hurricane Daisy of 
1958 by JoRDAN (1960), from actual observa- 
tions. 
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Fig. 10. Cross-section of temperature T. Units degrees 
; Centigrade. 
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Fig. 11. Cross-section of non-adiabatic heating in units 
of 1074 cal/(gm. sec.). 


f. The field of non-adiabatic heating : 


Equation (10) can be used to evaluate the 
heating, since we have the fields of v, T and w. 
Fig. 11 shows the results of the calculation. 
We have succeeded in obtaining here the 
distribution of heating inversely by construct- 
ing consistent fields of various atmospheric 
variables. Such a field can be of great use in 
setting up the prescribed heating for initial- 
value problems. 

In hurricanes the principle heat source is 
the release of latent heat. A rough comparison 
of the H-field with the release of latent heat 
can be made as follows: Along the moist- 
adiabats of a Tephi-gram, a computation of 
the change in specific humidity Aq for particles 
rising with the speed w can be made. Then 


ee the release of latent heat, should compare 
with H for a heat balance. In Table 4 a typical 
calculation is demonstrated. The balance is 
fairly reasonable, suggesting that this model 
which is based on a simple type of lateral 
and vertical friction coefficients gives a con- 
sistent picture of heating distribution. 

The effect of the surface boundary layer has 
not appeared explicitly in the foregoing analy- 
sis. One must note that, in almost all the 
work on hurricanes much attention has been 
given to this layer. The following explanation 
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Table 4. 


Nonadiabatic heating and the release of latent 
heat in the eye wall 


Mean vertical velocity between 400 and 500 mbs 
@ = 250 mb/hour 


Change in specific humidity along moist adiabat 
Aq = 3.2 gm/kgm 


Release of latent heat L gt = 12:9X-10%4 


At 
Cal/(gm. sec) 


Computed heating H = 15 x 10~4 Cal/(gm. sec) 


may perhaps be in place here: The input winds 
have been influenced by surface friction and 
therefore this effect is in part included. As men- 
tioned earlier, the magnitude of the vertical 
momentum exchange coefficient could have 
been made larger near the ground and decreas- 
ing with height. This would have been more 
realistic insofar as it would have provided a 
shallower inflow layer. It may however be 
noted that, in the framework of the Navier- 
Stokes equation presented here, the role of the 
vertical exchange coefficient appears to be im- 
portant only as a means for providing an ex- 
change of angular momentum with the ground. 
Above the friction layer its role may therefore 
be of insignificant value. 


5. Conclusions 


In this paper we have obtained the structure 
of a steady symmetric vortex, for a prescribed 
tangential wind velocity field. It was possible 
to show that the vertical velocity field in 
hurricanes is primarily determined by the 
inclusion of radial friction coefficient. The 
vertical momentum exchange coefficient gives 
rise to a very slow upward motion without 
any details. The choice of N=1, and M=o0.3 
is one of the many possibilities. Further work 
on similar lines should be done to understand 
the role of friction. This paper may be con- 
sidered as a first attempt in this direction. 
A natural extension of such an approach would 
be the inclusion of asymmetries. Considerable 
difficulties arise in the formulation of the 
asymmetric system of closed equations. In a 
later paper the author will discuss this system, 
and an application of the model to the Atlantic 
Hurric ines. 


180 


Acknowledgement 


The author wishes to thank Mr. Harry F. 
Hawkins, the Acting Director of the National 
Hurricane Research Project, for providing the 
data for this work. Thanks are also due to Mr. 
John Mihaljan, Mr. Gene Birchfield and Mr. 


T. N. KRISHNAMURTI 


~ 


Ferdinand Baer of the University of Chicago 
for assistance in the earlier programming of 
the problem. The author would also like to 
extend his thanks to Dr. Morton G. Wurtele 
of the University of California, Los Angeles, 
for many helpful suggestions. 


REFERENCES 


FALLER, A. J., 1959: Detailed Measurements in Hadley 
Regime Symmetric Convection. Technical Report. De- 
partment of Meteorology, University of Chicago. 

Jorpon, C. L., and JORDON, ELIZABETH S., 1954: On the 
mean thermal structure of tropical cyclones. Journal 
of Meteorology, II, pp. 440—448. 

Jorpon, C. L., and COLLABORATORS, 1960: On the 
structure of Hurricane Daisy on 27 August 1958. 
Journal of Meteorology, 17, pp. 337—348. 

KASAHARA, A., 1960: A Numerical Experiment on the 
Development of a Tropical Cyclone. Technical Report. 
Department of Meteorology, University of Chicago. 

Kuo, H. L., 1959: Dynamics of Convective Vortices 
and Eye Formation. The Rossby Memorial Volume, 
Rockefeller Institute Press, New York. 

MALKUS, J. S., 1960: Cloud Patterns in Hurricane Daisy. 
Technical Report. Woods Hole Oceanographic In- 
stitution, Woods Hole, Massachusetts. 


PALMÉN, E., and Rrent, H., 1957: Budget of angular 
momentum and energy in tropical cyclones. Journal 
of Meteorology, 14, pp. 150—159. 

PALMÉN, E., 1958: Vertical circulation and release of 
kinetic energy during the development of Hurricane 
Hazel into an extratropical storm. Tellus, 10, pp. 
I—23. 

Prerrer, R., 1958: Concerning the mechanics of hurri- 
canes. Journal of Meteorology, 15, pp. 113—120. 

Paris, N. A., 1956: The general circulation of the 
atmosphere, a numerical experiment. Quart. Journal 
of Royal Met. Soc., 82, pp. 123—164. 

Rent, H., Markus, J. S., 1960: Some Aspects of Hurricane 
Daisy. Unpublished manuscript, Colorado State 
University, Fort Collins, Colo. 

STAFF MEMBERS, MIAMI WEATHER BUREAU, 1958: The 
hurricane season of 1958. Monthly Weather Review, 
86, pp. 477—485. 


Tellus XIII (1961), 2 


1 


Some Aspects of Hurricane Daisy, 1958 


By HERBERT RIEHL, Colorado State University 
and 


JOANNE MALKUS, Woods Hole Oceanographic Institution 


(Manuscript received January 4, 1961) 


Abstract 


Observations from research flight missions into hurricane Daisy (1958) are utilized to com- 
pute the budgets of heat, moisture, kinetic energy, and momentum. Calculations are performed 
for a period when the cyclone was just becoming a hurricane, and for a second period, two days 
later, when it had attained maturity. 

The level of non-divergence separating lower inflow from upper outflow was quite high, 
near soo mb. Mass flow increased considerably between the two days, but rainfall remained 
quite moderate for a severe hurricane. The radiation heat sink was small compared to the 
Oceanic source so that the system was “‘open’’ within the confines of the study. If all ascent 
took place in the hard radar echoes, the mean vertical speed there was about 7 meters per sec. 
Without such localized ascent, heat balance could not be achieved. Heat budget computations 
permitted assessing the fraction of mass flow reaching upper levels in undilute “hot” cumulo- 
nimbus towers and estimation of the number of such towers required, to compare with previous 
photographic studies. Hot towers proved to be the dominant mechanism of raising warm air 
to upper levels, particularly in the inner core. However, because of the high level of non- 
divergence the constraint known as ventilation was active. It is shown not to have been a severe 
deterrent upon Daisy, nor was it the reason she did not become an extreme storm. 

Kinetic energy balance is obtained readily on the first day. Import of kinetic energy through 
the outermost radius was small, so that most of the energy dissipated in the interior was also 
produced there by the pressure forces. Ground and internal friction were about equal. The 
kinetic energy source shifted outward as the storm grew, so that on the day of maturity large 
inward transport took place. The internal source also increased but wind speeds failed to rise 
correspondingly. Hence ground friction was inadequate to balance production plus import, 
and large internal dissipation had to be invoked. This dissipation must be assigned largely to 
vertical eddies. If ascribed to horizontal eddies, the coefficient of lateral exchange becomes so 
large that momentum budget requirements cannot be fulfilled by a large amount. 

It is concluded from the study that the important mechanisms of the hurricane core can be 
well represented in a two-dimensional framework, provided the essential effects of the buoyant 
cumulonimbus towers are properly introduced or parameterized therein. The two-dimensional 
flow of mass is shown in relation to the fields of heat, momentum, and vorticity. The law of 
conservation of potential vorticity appears to be well satisfied along the stream tubes of the mean 


motion. 


I. Introduction 


In a previous study PALMÉN and RIEHL (1957) 
calculated the budgets of angular momentum, 
kinetic energy, and heat for a hurricane possess- 


1 Contribution No. 1156 from the Woods Hole 
Oceanographic Institution. 
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ing a mean structure as determined by HucHes 
(1952) and E. Jorpan (1952) from Pacific 
Ocean data. Due to sparse and uneven distri- 
bution of observations, which were usually 
almost entirely lacking in the innermost 100 
nautical miles, analyses were confined to the 
peripheral regions of a composited “mean 
hurricane’. It has been of much interest to 
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repeat this experiment in the core of an 
individual hurricane in various stages of devel- 
opment; the aircraft program of the National 
Hurricane Research Project of the U.S. Weath- 
er Bureau (hereinafter referred to as NHRP) 
was designed with this as a major part of its 
purpose. Here we carry out, from their data, 
a budget study of the core of hurricane Daisy, 
1958, with several definite objectives in mind. 

Preliminary results from the NHRP pro- 
gram pointed to the vital importance of the 
core region, and in particular to highly con- 
centrated convective processes within it, in 
the development and maintenance of the 
hurricane engine. It is commonly within 
the inmost so—ıoo n.mi. that the extreme 
pressure gradients are generated which are 
responsible for the furious winds. In a semi- 
theoretical model, the writers (Markus and 
RIEHL, 1960) showed that establishment of 
these pressure gradients requires both an 
enhanced oceanic heat source and concomi- 
tantly a means to raise surface air of increased 
heat content to great heights; the latter condi- 
tion apparently is the difficult one to meet. 
To achieve this, a selective buoyancy or “hot 
tower’ mechanism was suggested (Markus, 
1958), which has received support from cumu- 
lonimbus dynamics and photographic cloud 
measurements in hurricane Daisy (Markus, 
1960; Markus, RONNE, and CHAFFEE, 1961). 
We postulated that all, or nearly all the mass 
reaching great heights in the core ascends 
rapidly in a few nearly undilute convective 
“hot” towers, rather than by a uniform and 
gradual “mass circulation”. Now we wish to 
inquire whether these processes are consistent 
with and deducible from the azimuth-averaged 
thermal, motion, and energy structure of the 
actual storm core, and to test the predicted 
relationships of the model in the framework 
of the overall storm budgets computed from 
the NHRP wind, temperature, and moisture 
data. What are the roles of the various scales 
of motion in establishing the budgets of the 
core? If the important processes are in fact 
concentrated into restricted convective regions, 
how much usefulness or meaning does an 
azimuth-averaged picture possess? Can it serve 
as a basis for developing numerical or theore- 
tical models of predictive ability? 

The rarity of the hurricane phenomenon 
and its development only under specialized 
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synoptic conditions also suggests critical rela- 
tionships to be sought between the core of an 
incipient storm, its periphery, and the sur- 
rounding large-scale circulations, both nor- 
mally as brakes and exceptionally as brake 
releasers or vortex initiators. “Ventilation” by 
cooler, drier outside air has been postulated 
(Sımpson and RIEHL, 1958) as a brake; tropical 
disturbances ‘which fail to make hurricane 
are frequently found to suffer cross-flow of 
mid-tropospheric air of low heat content. 
Whether removal of critical brakes is ade- 
quate to start a hurricane, or whether one or 
more specific destabilizing mechanisms are 
also necessary has remained conspicuously 
unclarified, although forcing by external circu- 
lations appears indicated in a majority of cases. 
Some workers, for example, have advocated 
the possible importance of lateral eddy mo- 
mentum transports in the deepening process. 
A basic question is whether or not these, or 
other, asymmetrical interactions are vital and 
at what stages, or whether the key features 
may be modelled in simplified symmetrical 
coordinates through all or a major part of 
the storm’s life cycle. 

Fully adequate data to resolve these questions 
are not yet available. Nevertheless, in spite of 
many shortcomings, it is considered worth- 
while to present computations from the 
NHRP’s Daisy flights as a “lead off” in the 
quantitative description of a hurricane’s internal 
mechanisms. Several successive days of multi- 
level records on a single storm, from incipience 
to maturity, is a monumental and not readily 
reproducible observational undertaking. Our 
aim is to make the most of this achievement by 
treating those aspects of the questions to which 
the data are best suited; we can thereby assess 
the magnitudes of some of the interacting 
processes and scales of motion at more than 
one stage in a single hurricane’s life cycle, 
with the hope of determining which are most 
vital and which may be parameterized or 
possibly ignored. Although it must be stated 
clearly at the outset that these results are tenta- 
tive, and subject to revisions by future meas- 
urements, their very inadequacies may lead 
to more fruitful and penetrating questions to 
be pursued with improved observational facil- 
ities as they become available. 

Hurricane Daisy began to develop in the 
Bahamas on August 23—24, 1958, and had 
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Fig. 1. Track of hurricane Daisy, August 24—28, 1958. 
Time in GMT. 


not quite attained hurricane intensity when it 
was first penetrated by NHRP aircraft on 
August 25. During this and subsequent days 
numerous research flights were conducted; 
Daisy’s track is shown in Fig. 1. Here we shall 
treat August 25 when the hurricane was imma- 
ture and growing, and August 27 when the 
winds reached their peak of about 115 knots 
in the middle troposphere, when the surface 
pressure was below 950 mb, and when steady 
state was attained as nearly as can be expected 
in actuality. 

The research aircraft of NHRP and their in- 
strumentation have been described elsewhere 
(U.S. WEATHER BUREAU, 1956). Prescribed 
flight patterns, in a form resembling boxes 
about the storm center, or leaves of a clover 
radiating therefrom were executed. The data 
are presented by NHRP as a function of coor- 
dinates relative to the moving storm center, 
from its radar location, as well as in latitude 
and longitude. Analyses of the Daisy wind, 
temperature, and humidity data have been 
prepared by CoLén Er AL. (1961). Cloud maps 
were constructed from the aircraft nose 
camera films by Markus ET AL. (1961), who 


Tellus XIII (1961), 2 


183 


have discussed the sampling problem posed by 
the relation between the flight paths and the 
cloud patterns. Studies of the airborne radar 
in Daisy were made by those authors and 
also by JORDAN ET AL. (1960). In this article 
we shall be concerned mainly with the three- 
dimensional distribution of wind, temperature, 
moisture and height of isobaric surfaces. At 
each flight level, averages are constructed of 
each property to determine its mean distri- 
bution with radial distance and azimuthal de- 
partures from this mean. On August 25 exten- 
sive tracks were flown at 830, 570, and 237 mb, 
with additional legs at 960 and 915 mb, so 
that distributions throughout the troposphere 
were readily constructed for the inner 100 
n.mi. On August 27, the flight altitudes were 
620 and 237 mb, so that more extrapolation 
was required. Surface ship observations, com- 
posited with respect to the center over 12- 
hour intervals, supplemented the aircraft data; 
however, on August 27 no ships were situated, 
reasonably enough, inside the 100-mile radius. 


2. The mass budget 


In an analysis of hurricanes it is logical to 
determine the flux of any property through 
cylindrical walls concentric about the core. 
We shall adopt a quasi-cylindrical coordinate 
system ©, r, p, centered on Daisy, with velocity 
components #, v, w. The radius r is taken 
positive outward and ©, the azimuth angle, 
positive counterclockwise. Flux of any prop- 
erty through the vertical walls of the cylinder 
may be brought about by the net mass circula- 
tion flowing in at low levels and out at high 
levels, and by asymmetries of property around 
the cylinder acted on by the radial wind com- 
ponents. As a first step in flux calculations, 
mass balance must be computed. 

For this purpose it should be noted that 
even in strongly deepening cyclones the change 
of mass inside a given cylinder is so small 
that it is fully within range of error of the 
wind measurements and must be neglected. 
Hence mass balance must be obtained by 
setting 


Py 


EL (x) 


where p, is the surface pressure and py=o, 
alternately the pressure at the top of the 
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storm, if such a place can be found. In practice 
pu does exist and may be defined as the lowest 
pressure to which buoyant clouds will mainly 
penetrate from the surface layer. From cloud 
observations (MALKUS ET AL., 1961) and buoy- 
ancy calculations py ~ 150 mb (about 47,000 
ft) on 25 August and py ~ 100 mb (about 
54,000 ft) on 27 August. Above py the cir- 
culation should be quasi-steady. That this is 
likely to be the case has been shown by many 
radio-wind ascents in tropical storms in several 
oceans. The stratospheric easterlies remain un- 
disturbed as far as one can tell (RIEHL, 1954). 
GROENING (1960) has demonstrated this steady 
stratospheric flow field for 25 August in the 
periphery of Daisy. No radio-wind data, of 
course, existed in the central region. There 
pa must be assumed, but the cloud observations 
strongly support the validity of the assumption. 

The procedure for determining mass bal- 
ance is as follows: 


1) The v-field is analyzed at all available 
flight levels. 

2) The analysis is tabulated on a polar grid 
(Fig. 2). 

3) vis computed at each radius, where the 
bar denotes averaging with respect to the 
azimuth angle. 


. 


Fig. 2. Grid sample for hurricane calculations; azimuth 
30-degree interval, radial interval arbitrary, usually 
taken as 10 n.mi. 
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4) vis plotted against-pressure on each radius 
and a profile is drawn. From this profile 
values of v are determined for layers of 
so-mb or roo-mb thickness and summed 
from po to pu. 


According to equation 1 the sum must 
vanish. : 

Given enough flight levels and reliable data, 
there should be no problem in satisfying 
equation 1. In actuality, analysis of the v-fields 
turned out to be a difficult task so that the v- 
values are not stable. Contrary to early expec- 
tations the v-fields have not always shown 
consistent patterns along individual flight legs, 
triangles, or boxes. Further, an aircraft re- 
crossing a point where it had been earlier, often 
yielded a v-value different from the first one, 
at times even with opposite sign. Several 
possible reasons may be cited for these difficul- 
ties: 

a) Errors in wind measuring equipment or 
evaluation. Since the v-component is the weak 
flow component it is sensitive to such errors. 

b) Errors in center fixing. Unfortunately a 
hurricane seldom yields a precise point which 
may be taken as the center, but there is a flat 
area to which a center must be assigned. This 
will affect v, especially at small radii. 

c) Errors in estimating storm propagation. 
In order to obtain a “synoptic” picture, the 
information gathered on successive flight legs 
must be “composited” with respect to the 
moving center. Hence its propagation rate 
must be known. While the mean 24-hour 
motion can be estimated quite accurately, this 
does not always hold for small time intervals 
such as one or two hours. 

d) Travelling micropatterns within the gen- 
eral envelope. Motions with the scale of the 
convective bands are quite active, and this 
motion may be unsteady in time and space. 
Compositing of flight legs which are successive 
in time, cannot readily take account of such 
transient small scale features. 

e) Time changes of the whole vortex. On 
25 August, for instance, Daisy was deepening 
while the aircraft remained in the storm for 
eight hours or more. 

In view of these data problems it was 
necessary at times to make considerable com- 
promises in analyzing the v-field; at other 
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times a good fit could be obtained quite 
readily. 

Surface inflow: For the purpose of deter- 
mining the surface mass flow, ship reports 
were composited for 12-hour periods with 
respect to the moving center, i.e. three six- 
hourly charts plus intermediate data were 
combined. These reports, also far from homo- 
geneous, were first averaged over areas with 
radial length of 60 n.mi. (one degree latitude) 
and arc length of 30 degrees. Inside the one- 
degree radius an attempt was made to average 
over shorter radial lengths, where data were 
sufficient to permit this. On 25 August, flight 
data at 960 mb were used for this purpose. 
Then an analysis was performed with smooth- 
ing and v was computed for different radii. Next 
the quantity ? x r, which is proportional to 
mass flow, was plotted on graph paper and 
smooth curves were drawn. 

Fig. 3 portrays the rise of surface mass in- 
flow from the early stages of Daisy up to the 
time of maturity. An orderly increase took 
place day by day as the storm deepened. 
Central pressure and maximum inflow thus 
were inversely correlated; the regression found 
by KRUEGER (1958) on six previous Atlantic 
hurricanes held well. The size of the storm in- 
creased with its intensity. On 24 and 25 
August the limit of mass flow was situated 
near the s-degree radius, and average con- 
vergence was confined to a belt about 100 n. 
mi. wide around the center. On the last two 
days tremendous expansion took place. The 
hurricane boundary could no longer be 


3 4 
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Fig. 3. Growth of mass circulation in Daisy. Values at 
surface, constructed from ship reports. 
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ascertained; maximum inflow occurred 200— 
300 n.mi. from the center just as in the 
hurricanes treated by Krueger. Hence the 
mass flow was convergent over the entire 
inner area (cf. also Markus and RIEHL, 1960). 
On 26 August ships were still travelling near 
the cyclone center, but on the 27th the inner- 
most point to be obtained was at the 2-degree 
radius. From there the mass flow profile had 
to be extrapolated inward. While the precise 
course of this curve is uncertain, its general 
character probably is reliable. 

Mass transport diagrams: The v-values for the 
surface and the flight levels were entered on 
diagrams of v x r against pressure on a linear 
scale, and curves were drawn as illustrated in 
Fig. 4 for 25 August. Then v x r was tabulated 
over layers of 100-mb thickness up to 200 mb 
and in so-mb steps higher up at each radius; 
mass at pressures higher than 1,000 mb was 
neglected. As pointed out, the sum of these 
values should vanish after proper weighting. 
This condition was closely met by the curves 
at the 20 and 40 n. mi. radii in Fig. 4. At the 
three outer radii inflow exceeded outflow, 
and some downward revision of the inflow 
was made. It is probable that the 830-mb 
level gave too much indraft. At 560 mb, all 
values were so close together that a band 
rather than a series of five points has been 
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Fig. 4. Profiles of mass flux against pressure for different 
radii, August 25. 
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Fig. 5. Mass flow on August 25. 


entered in Fig. 4. Analysis at this level was 
particularly difficult but the net result, as also 
on other occasions, was that light inflow 
prevailed. Thus the level of non-divergence was 
located near 500 mb, a higher altitude than 
previously expected. 

From curves as illustrated in Fig. 4 mass 
flow diagrams were constructed (Figs. s—6). 
A few irregularities remain, but in general 
vertical and lateral consistency is good. On 27 
August the inflow extended upward to about 
soo mb as on 25 August, but the percentage of 
the inflow taking place in the surface layer 
increased from one-third to one-half. Thus, 
while the middle troposphere is revealed as a 
constraint upon the hurricane by means of the 
“ventilating” mechanism, the basic statement 
still stands that the principal infow must 
occur in the surface layer in order for a hurri- 
cane to happen (see end of Section 6). 

Figs. 5 and 6 are not meant to imply uniform 
radial and vertical mass flow in each of the 
rings. It has long been known that the radial 
velocity component at the surface is not sym- 
metrical at any radius. In a statistical treatment 
of North Atlantic hurricanes of 1954—55 
AUSMAN (1959) demonstrated that a large 
sector with outflow usually exists, even in 
quasi-stationary cases. Most flight data contain 
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Mass Flow (10!! g/sec) August 27, 1958 
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Fig. 6. Mass flow on August 27. 


similar asymmetries. Further, from radar ob- 
servations and cloud photography, the mass 
ascends in rather narrow bands covering only 
a small fraction of a hurricane’s area. MALKUS 
ET AL. (1961) pointed out that the area covered 
by “hard” radar echoes on 25 August was six 
per cent as far out as the 55 n.mi. radius. If 
all ascent at the level of non-divergence (500 
mb) took place in an area of the size of the 
hard echoes, the average vertical velocity in 
the bands was 7.2 m/sec inside the 20-mile 
radius, 3.2 m/sec from 20 to 40 miles, and 1.6 
m/sec from 40 to 60 miles, a quasi-logarith- 
mic decrease illustrated in Fig. 7. 


3. The total heat budget and air-sea ex- 
change 


Introductory comments 


The heat export from any cylindrical volume 
is closely given by 


’ d 
div (H) = Se + T+ Lg)endo 
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10 Mean vertical speed in 
radar bands at 500 mb 
8 Aug. 25, 1958 
7 e 
6 
5 
4 
2 
£ N 
eue 
2 
20 40 60 
r (n. mi) 
Fig. 7. Distribution of mean vertical velocity with 


radius, assuming that all ascent takes place in an area 
comparable to that of the radar bands. Note this special 
definition of the bar over the ‘w’. 


Here div(H) is the divergence of heat transport, 
g the acceleration of gravity, z height, c, spe- 
cific heat at constant pressure, L latent heat of 
condensation, q specific humidity, T tempera- 
ture, ¢, the wind component normal to the 
boundary and o the surface of the cylinder. 
On the right side the first term denotes poten- 
tial energy (in heat units), the second enthalpy 
and the third latent heat energy. We shall 
define 


OS ez Url 


For a total energy budget, kinetic energy should 
also be included. Its contribution to the heat 
budget, however, is very small compared to 
that of the other energy forms, and it will be 
considered separately later on. Since we are 
interested in fluxes with respect to the moving 
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center, we shall let the cylinder travel with the 
storm and denote variables measured in the 
moving coordinate system with the subscript 
i With this definition continuity demands 
that 


> = - dive(H)+Qrt+Qr-Rar. (2) 


Here the star denotes values integrated over 
the mass inside the cylinder, and the heat 
source S= Q.r+Qsr- Rar, where Q,r and 
Q,r are latent and sensible heat transfer from 
earth to air, and Rgp is the net tropospheric 
radiational heat loss. The subscript R will 
hereafter be omitted from the source and sink 
terms. 
Equation (2) may be divided as follows: 


0 
i, 8 ke TD)" = — divr(h) +Q,+LP- Re 
(3) 


Le duel MO SLR 


Here P is precipitation, and dive(h) + divr(Lq) 
= divr(H). Equation 4 permits later calcula- 
tion of a separate moisture budget, including 
precipitation. 

Observations of heat and moisture: For the 
purpose of determining the fluxes, data on 
temperature and height of the isobaric surfaces 
(altimeter correction D) were available at all 
flight levels; in addition, dewpoint tempera- 
tures (Tz) were measured on several of the 
lower altitude flights. Temperatures and dew- 
points at ship’s deck level, also sea surface 
temperatures, were composited on 25 August 
and, as far as possible, on 27 August from the 
file of ship reports already mentioned and 
from 960-mb flight data on 25 August. Anal- 
ysis of T, D and T, was performed on each 
fight level and tabulated on the grid of Fig. 2. 
Then T, was converted to specific humidity q, 
and T, D and q were computed at 10-mile 
radial intervals on each flight level, the bar 


denoting the azimuthal average. Next T was 
plotted on tephigrams at radii of 10, 20, 40, 
60 and 80 n. mi.; curves of best fit were drawn 
to represent mean vertical soundings. These 
curves were extended beyond the B-47 flight 
level until they intersected the radiosonde 
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ascents of the northern Bahamas. The specific 
humidities were treated similarly as far as 
possible; when these data were not recorded, 
relative humidity was assumed at 90 per cent 
of saturation. 

Several results were slightly awkward, 
especially in the middle troposphere, where 
temperatures frequently were 1—3° C cooler 
than expected and the specific humidity at 
times exceeded saturation values. Possible causes 
of the low temperatures—especially whether 
real or instrumental—have been debated since 
the inception of these measurements. No satis- 
factory explanation is at hand, and it remains 
for new observational programs to apply con- 
clusive tests. For this paper the uncertainty is 
not of decisive importance. In order to avoid 
excessive vertical instability below, and stabil- 
ity above, the flight levels between 500 and 


600 mb, T was raised 1—2° C on several 
occasions, and the supersaturated dewpoints 
were disregarded as most likely due to obser- 
vational shortcomings. If this procedure was 
unwarranted, some revision of the heat flux 
calculations will become necessary. This would 
not affect the general nature of most results, 
particularly on August 25 when these diffi- 
culties arose only rarely. 

Figure 8 illustrates a sounding where hardly 
any adjustment of temperature was needed. 
Ship data in the surroundings of Daisy gave 
26—27° C at pressures of about 1,010 mb. 
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At the 20-mile radius surface pressure was 
estimated as close to 1,005 mb. These data, 
plus the adiabatic assumption, established the 
lowest point of the hurricane sounding of 
Fig. 8. From there a dry-adiabatic lapse rate 
can be drawn to the measured point at 960 mb 
which agrees with the general observation of 
dry-adiabatic conditions in the subcloud layer. 
The 960 mb flight leg was chosen because the 
cloud base was situated near this pressure in 
the interior of the storm; the airplane flew 
just underneath the clouds. With the top of 
the subcloud layer near 960 mb, a change in 
lapse rate is expected very close to this level. 
This is borne out by the points at 915 mb and 
830 mb. Omitting three excessive dewpoints, 
the whole temperature curve is readily estab- 
lished. Above soo mb the sounding was 2—3°C 
warmer than the nearest ascent in the Bahamas. 


The top of the warm layer was situated near 
150 mb which agrees well with the measured 
height of cloud tops (Markus et al., 1961). 
Below 500 mb the lapse rate was slightly 
greater, higher up slightly more stable than 
moist-adiabatic. Such a structure is reasonable. 
In the low and middle troposphere ventilation 
— to be discussed later — prevents the lapse rate 
from becoming fully moist-adiabatic. In the 
upper troposphere release of latent heat of 
fusion plus outward spreading of air ascended 
in the inner core with equivalent potential 
temperatures up to 360° A produce the small 


400 IA =a T RS 
390 za = 
& | 
380 we il 
370 \ 
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Potential Temperature (°A) 


—-—Coffin Hills, Bahamas 


Daisy 


Da 
Aug. 25, 1958, 122 __| Fr ; 


310 | Aug. 25, 1958 | + 
r= 20 n. mi. 
BA. | 
290 : + À 
-80 -70 -60 -50 -40 -30 -20 =O)" 7 One CRIS 20 30 


Fig. 8. Tephigram showing composited sounding for Daisy on August 25 at the 

20-mile radius and the upper portion of the ascent at the nearest radiosonde station. 

Light dashed curves are moist adiabats. Ocean surface temperature, T, from ship 
reports was 28—29° C. 
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stability with respect to the moist-adiabatic 
ascent. : 

As a further test, the sounding of Fig. 8 
may be checked for hydrostatic consistency 
against a vertical D-profile obtained inde- 
pendently from the aircraft absolute altimeter. 
For this calculation the height of the 250-mb 
surface was taken equal to the height of this 
surface as determined from radiosonde in the 
Bahamas. Agreement between D-values as 
calculated and as observed by the aircraft 
were well within range of measurement 
errors. 

For the lateral flux calculations it is most 
convenient to utilize values integrated over 
the same pressure intervals chosen for Figs. 
s—6. For vertical fluxes, means over areas 
between two radii are needed; these will be 
denoted with a wavy (~) bar. Appendices A 
and B (back) contain all necessary quantities 
for lateral flux calculations on 25 and 27 
August. Since, on the latter day, only two 
missions were flown, the entire lower tropo- 
sphere had to be interpolated. Hence the mar- 
gin of uncertainty for all computations is 
greatest on this day. 


Local changes of heat and moisture 


The magnitude of Ldq*/dtp in equation (4) 
can be estimated from the moisture data in 
Tables A2 and B2 (Appendices). On August 25 
the precipitable water content between the 
center and the 80-mile radius, area-weighted, 
was 5.6 gm/cm?; by the 27th it had risen to 
6.5 gm/cm?. This corresponds to a heat in- 
crement of 2.1 x 10!” cal/sec which proves to 
be about one-third the source term and an 
order of magnitude down relative to net 
advection. From Tables A4 and B4 (Appen- 
dices) the change in c,T +gz content between 
August 25 and 27 comes out 0.85 x 10% 
cal/sec, or even smaller than the moisture 
change. On August 27 the cyclone attained 
maximum development, so that local change 
with respect to the center presumably was nil. 


Lateral eddy transports of moisture and heat 

The lateral component of flux divergence 
of a property N is determined from the radial 
transports 
Tellus XIII (1961), 2 
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where the first term on the right gives the 
transport by the mass circulation and the 
second that due to asymmetries around each 
cylinder. Asymmetries with respect to © are 
denoted by primes and the subscript R has 
been omitted in the first term because v = vp. 
For evaluation of the eddy contribution only 
three flight levels were available: 830 and 560 
mb on 25 August and 620 mb on 27 August. 
The uncertainty concerning data is such that 
a fully reliable determination cannot be made. 
Values of the eddy transport of moisture and 
heat, as obtained on the 80-mile radius are 
listed in Table I. It may be noted that a 


Table 1. Eddy moisture and heat fluxes 


Aug. 25 Aug. 27 


830 mb | 570 mb | 620 mb 


veg (kn Xg/kg) — 0.7 | — 1.5 | On 


On, En °C) | 


O.I | UEP | 2.3 


moisture transport of 1 kn x g/kg over a layer 
of soo mb thickness gives 1.4 x 101? cal/sec 
and that a heat transport of 1 kn x °C cor- 
responds to 0.6 x10! cal/sec at the 80-mile 
radius. Eddy fluxes of this order have the same 
magnitude as the local changes and are much 
smaller than the flux due to the mean motion. 


Total Heat Balance 


In evaluating equation 3, then, JQ*/dtp 
may be set equal to zero. Then the total heat 
source S=Q,+Q,- R, is given by the net 
transport of heat through a cylinder. Figs. 
9—10 contain the lateral flux data and also the 
net heat source over areas with radial distance 
of 20 n.mi. as determined from divr(H). The 


quantity Q,= Q, + Q, is obtained by setting 
Q, = divy(H) +R, 


In a hurricane the main radiational surface 
presumably is transferred to the top of the 
outflow overcast which, as shown by cloud 
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Fig. 9. Transport, sources, and sinks of total heat energy 
Q for Daisy on August 25. Lateral flows found by multi- 


plication of lateral mass flow by Q-70 (Table A8, Appen- 

dix). Vertical fluxes to meet continuity and net sources 

in radial intervals as residual. Total oceanic source Q,, 

after allowance for radiation loss, in units 101? cal/sec 
in each radial interval. 


Total Heat Budget August 27, 1958 
(10!2 cal sec, base 70 cal/gm) 
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Fig. 10. Transports, sources and sinks of total heat energy 
Q for Daisy on August 27. Procedure and notation same 
as Fig. 9. 


photographs, is very thick and may be assumed 
to act as a black body radiator in the first 
approximation. On 25 August the B-47 was 
quite close to the top of the thick cirrostratus 
at temperatures near - 40°C, so that the 
cooling was about 0.24 ly/min or 2.7 x 1022 
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cal/sec inside the 80-mile radius if all incident 
sunlight was reflected. This corresponds to a 
mean tropospheric cooling of 1° C/day which 
appears reasonable and was adopted for esti- 
mating Q,. It may be noted that there is a 
good chance that the net radiating surface was 
situated at a lower temperature on 27 August. 
If so, the radiation cooling would have been 
even smaller on that day. At an effective radia- 
tion temperature of - 60°C, for instance, 
the cooling is 0.17 ly/min. Thus the hurricane 
outflow overcast, when thrust upward to high 
levels, protects the warm core. 

From Figs. 9—10, Q, was nearly twice as 
large as S on 25 August, whereas the differ- 
ence was small on 27 August and and would 
have been even smaller with the assumption 
of a still higher and colder radiating shield. 
It should be noted that the value of S is un- 
certain to the extent that there are eddy trans- 
ports of Q. As shown before, the eddy flux 
may be neglected in separate moisture and 
heat budgets. But the energy export by the 
mass circulation is a small difference between 
the import of latent heat and the export of 
gz+t)T. It is possible to visualize an eddy 
flux of the same magnitude. Due to data 
uncertainties and insufficient number of flight 
levels, this subject cannot be pursued further. 
The reasonable results in our next section on 
sea-air exchange suggest that this unknown 
eddy heat flux is not large. 


The oceanic source and air-sea exchange 


We should now like to be able to divide 
the total oceanic source down into its latent 
and sensible heat contributions in order to 
complete an independent moisture budget. 
We should also like to examine the oceanic 
exchange requirements to compare with the 
model of Markus and Rien (1960) and to 
assess a drag coefficient for later use in con- 
structing Daisy’s momentum and energy 
budgets. All these objectives may be achieved 
if the exchange coefficients for the flux of heat, 
moisture, and momentum from ocean to air 
are identical. With this, Q,/Q. can be deter- 
mined from the Bowen ratio 


rs Cp Ty ai Ht 
> 
L do 7 da 
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where the subscripts ‘o’ and ‘a’ refer to the sea 
surface and ship’s deck level respectively. On 
the 25th, the ship reports gave T,= 28—29° C 
so we have taken Ty =28.5° C and T,- T,= 
2.5° C. On August 27, ship reports were 
lacking; we have taken T,=28° C and T,- T, 
=2°C since the storm center was about 150 
n.mi. farther north. The drag coefficients, cp, 
are computable alternatively from either of 
the well-known exchange formulas 


> = 0lpCDUa(Ty- Ta), 


on 
“4 = opal Jo = 4a), 


where A is the ocean surface area, and u, is 
the wind speed at ships’ deck level. The spe- 
cific humidity at the ocean surface, go, was 
found (using tables) from the saturation q at 
the sea surface temperature, while the gis were 


taken from Tables A2 and B2, which gave 
values consistent with cloud base at about 
970—960 mb throughout. Table 2 shows the 
components and results of the exchange com- 
putation. 

Except for the inmost radial interval on 
both days, the cps of Table 2 are slightly smaller 


than careful experimental determinations (DEA- 
CON, SHEPPARD, and WEBB, 1956) would lead 
one to expect. According to these authors, 
drag coefficients of 2.2—2.5 x 10-8 were in- 
dicated for winds greater than 10 m/sec, 
with about 1.4 x10~® for normal trade-wind 
speeds of 6—7 m/sec. The smaller coefficients 
of Table 2 may be due to omission of a small 
eddy Q export, or underestimate of the 
radiative sink, or other shortcomings of our 
data or procedures. Nevertheless, in view of 
the limitations, the results of the exchange 
computation are very satisfactory. The Bowen 
ratio averaged 0.18 on both the formation and 
mature days of Daisy, or enhanced by an 
order of magnitude compared to the normal 
trade, and $o—100 % larger than found by 
GarsTANG (1958) in moderate tropical disturb- 
ances. The oceanic latent heat source, relative 
to the normal trade, is up by a factor of 3—4 
on the 25th and s—6 on the 27th, while the 
sensible heat source has risen by factors of 
about 15 and 25, respectively. Even so, the 
oceanic source is still somewhat smaller than 
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that predicted by Rien and Markus (1960) 
for their model moderate storm. On the 2sth, 
the net Q flux divergence is 55 % that of the 
model, while it reached 78 % on the 27th. 
Since (area-averaged 0—80 n.mi.) Daisy’s 
low-level winds were on her maximum day 
only 66 % that of the model and the remaining 
parameters entering the exchange computa- 
tions were closely similar, the results of the 
comparison are consistent and encouraging. 


4. The moisture budget and precipitation 


The lateral component of the moisture flux 
divergence may be obtained from an equation 
like (5), neglecting the eddy term as found in 
Table I. Fig. 11 shows the resulting net latent 


Latent heat flux (10!? cal./sec.) 


20 40 60 80 100 
r (n. miles) 


Fig. 11. Net latent heat import in troposphere as function 
of radius for Daisy August 25 and 27, also for Helene 
(September, 1958) at the so-mile radius (denoted by thex). 


heat inflow, which is made up of a large im- 
port at low levels, and a very small export 
aloft. 

To compute the precipitation within the 
storm core, in Table 3 we next convert the 
latent heat source to evaporation rate. It 
should be remembered here that evaporation 
is computed with respect to the storm center. 
Because of its propagation, the evaporation 
from any given ocean area was, of course, 
less. Table 3 nevertheless indicates the magni- 
tude of water loss to be expected from a fixed 
ocean area in case of a stationary storm. This 
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Table 2. Air-sea exchange computation 


A. August, 25 ; 
012 On Ty = 12825, 6 
ee Si ee eee ee ee Tim eee de u u en 
Radial interval (n.mi.) 


o—20 | 20—40 | 40—60 60—80 80—100 
DE MIOMACALSE CREER ER EE CE CCE 1.7 Ban 2.1 Zak 1.6 
Die AGO) ct seb ere tion 2.5 2.5 2.5 2.5 2.5 
T7 (SIKD)e ec eee ete eee T 5.3 5.5 5.5 ~ | 5.6 5.8 
LE chs ON ee nas ag POOR ADDL CLE 0.19 0.18 0.18 0.18 0.17 
AMSOTOS CM) atte erotic ae eee eaters ots 0.43 1.29 ZA 3.01 3.87 
OWA (GA Cit? SEE) 0 S8acdcussbocosco ar 3.32 X 10-7] 1.38 X 10-2| 0.83 x 10-?| 0.59 X 10-*| 0.36 x 10? 
OWA ACL ClO Ee) Sno woos PT CETTE 0.63 X10-*| 0.25 X 10-2] 0.15 X I0o-2| 0.11X 10 ?| 0.06 X 10? 
Ta TEE) grcsdobopsoodtaccrcovceco dise 23 17 13 II 9 
Cpe OGALOS) ee ok 3.8 2.0 1.6 143 I.0 
Area averages (o—8o n.mi.): 
Cp thy Om” 
OA = 0X rom callcm72 sec*or 864 ‘caleem—" per day; 
OVA 0.18 os (cal ‘cms? sec-2 Or 155) cal cm=* "per day 
0:18 
B. August, 27 
@=1.15 X 10°8 DPS NS 
Radial Interval (n.mi.) 
o—20 20—40 40—60 60—80 
Oro call sec) See. RCE. cree. DS 2.6 4.1 5.0 
To Ta (°C) Se ee oils ia esa oo 2 2 2 2 
do Gat (SE) ee on omaha EL 3.9 4.0 4.5 4.8 
| RELA OO ERTIES OS RAM TOO OCDE har 0.20 0.20 0.18 0.17 
AT ÉTO EC) De reed 0.43 1.29 QE 3.01 
OWA (Call Cag? SCD ET Rec eee eo eee OEL LO Ds TOLGTOS 1:62. x 1028 1.42 X 10-2? 
ONAS CAESAR scm et, ende 0.5. RO5% OBS ton 029 X 1052 0.24 X 10 ? 
han (TN SCC) eee ce ee Le Ste ere 41 32 29 25 
COLOR een er och hus Weel eine ete ae er 2.6 2.0 1.8 1.7 


Area averages (o—80 n.mi.) 
Ch 9) LORS 
Q,/A = 1.65 x 107? cal cm? sec! or 1425 cal cm? per day 
Q,/A = 0.29 x 10°? cal cm? sec-! or 250 cal cm? per day 
V5 0.18 


is of particular interest with respect to the 
calculation for 27 August which shows that 
evaporation rose to high values as Daisy’s in- 
tensity increased. Had the storm become sta- 
tionary for a day, measurable cooling of the 
ocean might have occurred in view of the 
evaporation rate, hence the intensity of the 


hurricane should have been adversely affected. 
Equation 4 may now be solved for the precip- 
itation as residual (Fig. 12). Both on 25 and 27 
August the lateral gradient of precipitation was 
very large, as expected, and could be represent- 
ed as a straight line on semi-logarithmic 
paper. In view of the rate of stomr travel 
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Table 3. Moisture source 
et i se D a eee 


Aug. 25 | Aug. 27 
Radius of area covered (n.mi.)| 80 80 
Total evaporative latent heat 
flux (ro calisecLt)..... 6.8 LT? 
Evaporation depths (cm/day) 1.4 2.3 
Ratio of source to transport 
through boundary (per cent) 18 12 


(average 6—7 knots), a stationary rain gauge 
passed by the center would have collected 4—5 
inches on 25 August and 12 inches on 27 


August. Neither amount is excessive, espe- 


cially since the storm was rated by experienced 
meteorological observers of the research air- 
craft as a very “wet” one. 


27 Aug. 1958 


20 


Precipitation (cm /day) 


20 40 60 80 100 
r (n. miles) 


Fig. 12. Calculated radial distribution of precipitation for 
Daisy on August 25 and 27. 


5. Vertical heat flux and the role of ‘hot 
towers”’ 
Given the lateral heat transport of Figs. 9— 
10, vertical fluxes can be determined from 


continuity if there are no internal sources or 
sinks of Q. This is not quite true because of 
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the radiation cooling. An estimate for the 
cooling of the whole mass has been obtained 
above, and it would be necessary to assign a 
vertical distribution of this cold source in 
order to include the heat sink for the vertical 
flux determination. This is difficult due to 
lack of knowledge about the radiation cooling 
as a function of height, and it is preferred to 
proceed without provision for radiation, 
especially as this would introduce only minor 
modifications. 

In an analysis of the equatorial trough zone, 
RIEHL and Markus (1958) separated the ver- 
tical heat flux into contributions by transport 
in “hot” cumulonimbus cores, by recycling 
in thunderstorm downdrafts, and by “diffu- 
sion” through smaller cumuli in the manner 
of the vertical heat flux in the trade-wind 
areas (RIEHL ET AL., 1951). Since the air in the 
core of a hurricane is very moist throughout, 
a means for setting up strong downdrafts is 
lacking, and one would suppose that the second 
mechanism is negligible. If so, only the hot 
towers should be active above soo mb, whereas 
lower down the smaller clouds may make a 
contribution in the layer where Q decreases 
upward, so that diffusion transports heat down 
the gradient. 

The vertical mass transport M, through a 
given isobaric surface may be divided 


M. = Mo + (Mz~ Mo), (6) 


where M, denotes the mass flux which has 
risen from the subcloud layer, presumably in 
hot towers, and M. — M, is the mass which has 
entered from the sides above the top of the 
subcloud layer. Let Q, denote the heat con- 
tent of the air with characteristics of the sub- 
cloud layer and Q the area-averaged heat 
content at any pressure surface. If all ascending 
mass not in hot towers has the heat content Q: 
and if internal sources and sinks are neglected, 
the vertical heat flux H, through a given iso- 
baric surface (cf. Fig. 13) is 


H. = QM. = MQ) M Ms) Q (7) 


Mo Qo (M = Mo) Q 


Fig. 13. Vertical heat flux mechanisms. 


+ 
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Here Q is the mean heat content which must C. Q—Q (cal/g) 


———_—_—, 


be possessed by M, in. order to accomplish the RAT Gan 
heat transport prescribed by Figs. 9—10. It Pressure | — 
can be computed from these diagrams and oe [20 40|40 60|60 80|80 100 
Figs. 5—6. Values of Q for August 25 are 
contained in Table 4 A; none of these compu- 2 6.85 |) 06 [i 3s 0 0.1 
tations were carried out for 27 August be- 3 1.6 1.4 | 17 13 = 
cause of lower reliability of the deduced fluxes p > re 
on that day. 6 2.0 1.0 1.0 1.1 0.4 
7 2.4 T.4 cE 1.0 0.4 
8 3.8 2.0 1.5 ie 6 0.3 
9 8.1 4.4 3.0 047, 0.2 
Table 4. Vertical heat flux calculations D. Qo — Q (cal/g) 
August, 25 Radial interval (n.mi.) 
Pressure N de = 2. 
A. Q (cal/g) 190 mb 0—20 [20 40140 60/60 80/80 100 
Pressure Radia) accra) an) 2 0.85 0.9 1.0 1.0 1.0 
(x00’s mb) | | | | 3 2.0 2.1 2.2 2.3 222 
O—20 |20—40|40—60!60—80|80—100 Rh an 2.5 2.0 31 32 
5 2.5 2.6 2.9 3.2 33 
2 83.4 | 82.9 | 83.4 | 82.0 82.0 6 27, 27 2.9 3.0 2.1 
3 83.0 | 82.5 | 82.6 | 82.0 82.0 7 2.5 2.6 2.8 2.8 2.8 
4 82.5.1, 82.02, Ol-5 Hie 87.3 80.5 8 2.5 2:5 2.6 2.6 2.6 
5 82.4, 15. 31.4012. 87:2 12.87.0 80.2 9 2.0 2.0 2.5 2.3 2.4 
6 82:6 | 81.6 | 81.2 | 81-1 80.2 
7 83.341, 82.0, 181.4, |.8u.2 80.5 E. Fraction of vertical mass flux in hot towers 
8 84.7212 82274 0.82.02 | 381.5 80.6 
9 89.5 | 85.6 | 83.7 | 82.4 | 80.7 | zus > 
Q- 9 
Qo—Q 


B. cal 
Ro (cal/g) Radial interval (n.mi.) 


Pressure 
Radial interval (n.mi.) (100’s mb) | 4, I20—40l40 60|60 80|80 1a 
0—20 120 40/40 60/60 80/80 100 
Wei Mal Gk GE | co TP PO NP Er 2 1.00 | 0.67 | ~1.0] o 0.10 
a | ee a 3 0.80 | 0.67 0.77 | 0.57 0.59 
Qo SAAS 2 SS DE 4 0.63 | 0.36 | 0.45| 0.45 0.25 
Area-averaged Q)= 83.2 cal/g 3 0.60 | 0.31 0.35 | 0.38 0.18 


F. Mass flux rising in hot towers 


August, 2 
My (ro!! g/sec) 


Hours Radial interval (n.mi.) 
(100’s mb) 
0—20 20—40 40—60 6o—80 80— 100 
2 2.1 0.9 312 o negligible 
3 6.7 4.9 4.9* 4.8 2.5* 
4 6.7 4.9 4.9* 5.6* 2.0* 

5 6.7 4.9 4.6 5.5 1.9 
9—5 6.7 4.9 4.6 5.5 1.9 
M/A (9—5) 15:6 X TOR | 3.8 X 10-8 ZI. OT ORE TS TOR 0.5 X 10-3 

gm cm 


* Values slightly in excess of those for layer 900—500 mb indicate limit of computational reliability. 
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G. Per cent of vertical heat flux carried by hot 


towers 
August, 25 
M, Qo Che Mo Qo 
M,Q H, 
Pres- Radial interval (n.mi.) 
sure 
(100’s 
mb) | 0-20 |20—40|40—60|60 80/80 100|Mean 
\ 
2 100 67 98 o ~o 
3 82 71 79 62 62 71 
4 66 AI 2 50 30 48 
5 0591736 2 45 23 42 


Mean| 78 54 68 #52 *28 


* Omitting 200 mb level 


H. Vertical mass flux not in hot towers 


M,-—M;, (10!! g/sec) 


Radial interval (n.mi.) 


Pressure 

COR) 0—20 I20 40/40 60/60 80/80 100 
2 fo) 0.5 | mo I.o 0.5 
3 7 2.4 1.5 3.6 1.8 
4 4.1 8.8 5.9 Fe 62 
5 4.5 | 10.8 8.4 8.9 8.4 
6 3-1 9.8 8.3 8.9 8.4 
7 1.0 7.0 6.9 8.2 7.4 
8 a5 3.2 4.0 5.8 5.7 
9 ue * = 1672 2.6 


* Active turbulent diffusion. 


Alternatively to equation 7, the vertical heat 
flux might also have been expressed by 


ie = QM; te QM: 


where ° denotes departure from the area 
average. As in the case of the equatorial trough 
study we prefer equation 6 to this formulation, 
because a transport QM; does not occur at all 
and is merely a mathematical expression. We 
believe that equation 7 gives H, in terms of 
components which have actual mechanistic 
existence. 

Using mass continuity, we may solve 
equation 6 for M, 


Cay (8) 
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At heights below the soo-mb level this relation 
may be modified to allow for diffusion Q°M° 
by the widespread smaller towers. Thus 


QM = M.Q- M,Q)- (Mz-M,)Q (9) 


for the lower layers. This relation can be 
evaluated if it is assumed that below the soo-mb 
level there is no “erosion” of the hot towers, 
i.e. My and M,Q, are constant between 900 
and soo mb. Table 4B—H shows the remainder 
of the calculations for 25 August. We sce that 


rey ~ 


Q- Q is positive throughout, as expected 


(Table 4C). Furthermore, Qy > Q everywhere 
except at 800 and 900 mb at the inner wall 
and at 900 mb in the intervals 20—40 and 
40—60 n.mi. (Table 4 A—B). This indicates 
that diffusion is very active up to about 700 
mb near the eye and up to 850 mb a little 
farther out. Beyond this convective core and 


above 700 mb near the eye QM: proved 
negligible. 

The ratio M,/M,= (= OO à) in 
Table 4E is somewhat irregular but in genera 
decreases outward, as expected. Although the 
irregularities may arise from our data, sampling 
and computational deficiencies there was 
a clear suggestion in the cloud mapping 
(MALKUS ET AL., loc. cit.) that within the core 
(r < 100 n.mi.) convective activity was highly 
concentrated in the eye wall and again at 
about 60 n.mi., with more tower-free spaces 
intervening. M, itself shows a rather uniform 
distribution with radial interval out to 80 
n.mi.; however, the last line in Table 4F 
shows that per unit surface area, hot tower 
mass ascent is strongly concentrated in the 
inmost core. Along the vertical, My remained 
closely constant in view of the buoyancy in 
the cumulonimbus cores which permits the 
mass to ascend rapidly without much lateral 
mixing. In contrast, the mass flow M,-M, 
(Table 4H) with less buoyancy, cannot pene- 
trate to the high troposphere; in fact, it 
diminishes immediately above the level of 
non-divergence near 500 mb. In consequence 
of this distribution, the percentage of H, 
carried by the hot towers increases upward 
and decreases outward (Table 4G). The hot 
cores thus play an ever-increasing role as the 
center is approached, and they furnish the 
primary mechanism for heat flux to the high 
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troposphere. Nevertheless, there was no re- 
quirement on August 25 that all rising mass 
go up in hot towers, nor was there any need 
to introduce recycling. It may be suggested 
that the potential intensity of a hurricane is 
related to the fraction of M. channelled through 
the hot towers and its current intensity to the 
magnitude of M,. These points are pursued 
in the following sections. 


Number of hot towers 


We may now compare the mass flux require- 
ments in hot towers (Table 4F) with the 
observed number penetrating the upper NHRP 
flight level (237 mb or about 37,000 ft) and 
with computations on the dynamics of indi- 
vidual cumulonimbus in Daisy?. From the 
latter, the ascent rate at this level of a buoyant 
element 4 km in diameter was about 12 m/sec. 
The photographs discussed by Malkus et al. 
and other evidence gave this as the typical 
horizontal dimension of the penetrative towers 
on the 25th. 

The upward mass flux Mr through 237 mb 
effected by one hot tower with an area Ar, 
density or, and rising at a rate Wr therefore is 


Mr=orArWre=6 x 101 g/sec 


where 07* 0.4 x 10% g cm”. From Table 4 
F, the total mass flux M, within 100 n.mi. is 
about 15 x10! g/sec, which means that 25 
active hot towers at a time are required within 
the storm core. The film measurements gave 
about 60 within 200 n.mi., so that the agree- 
ment could hardly be better, allowing for the 
fact that some of the towers photographed 
had ceased their actively rising phase when 
counted. 

Is it also significant to note that, within roo 
n.mi. on the 25th, the total mass in hot towers 
rising through the soo-mb level was 23.6 x rot! 
g/sec or within computational error of the 
lateral mass inflow in the layer 1,000—900 mb 
at the 100 n.mi. boundary (22.0 x 10! g/sec 
from Fig. 5). We suggest the correspondence 
between supply of subcloud air and hot tower 
ascent; this is supported by evidence on 
August 27. By the mature day, inflow (at 80 
n.mi.) in the 1,000—900 mb layer had increased 


2 Some of these calculations (for August 27) have been 
published by Malkus (1960). Similar calculations for the 
25th, quoted here, are unpublished at the present time. 
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over the 25th by a factor of 56.7/17.5 =3.25, 
while the number of penetrative hot towers 
within 200 n.mi. was assessed from the photo- 
graphs as about 200, or an increase of a factor 
of 3.3 over the 25th! We shall explore some 
further aspects of the relationships of hot 
towers to hurricane development and main- 
tenance in the next section on ventilation. 


6. Ventilation 


Early computations of the mean wind distri- 
bution in tropical storms at upper levels (E. 
JORDAN, 1952) indicated that v vanishes a few 
thousand feet above the surface, so that most 
inflow takes place in the subcloud layer. 
Later computations of the average wind field 
in Atlantic hurricanes (MILLER, 1957) and of 
several but not all individual cases from re- 
search flight information (SIMPSON and RIEHL, 
1958; GANGOPADHYAYA and RIEHL, 1959) as 
well as Figs. s—6 of this article, have shown 
that finite values of 7 can occur well above 
the subcloud layer and that the maximum 
inflow on occasion was situated as high or 
higher than the 700-mb level, at least at a 
radius of several hundred miles. Since Q de- 
creased above the subcloud layer in every 
case investigated, such radial motion introduces 
lower values of Q (lower temperature and/or 
lower humidity, mainly the latter) into a 
hurricane or tropical depression, thus acting 
as a constraint on hurricane formation and 
maintenance. 

This advection, called ventilation, may be 
defined for symmetrical circulations by 


V.= M;(Q;- Qy) (x0) 


where M; is the lateral inflow above the mixed 
layer and Q; is its heat content. The principle 
of conservation of energy may be written for a 
volume as depicted in Fig. 14 


* 
m 
Or 


m 


=M,Q, + > AM;Q; - > AM, Q, (11) 


where M is mass and use has been made of 
mass continuity in the form 


m 


M+Y AM = > AM, =M, 


where the subscripts ‘i? and ‘u’ denote inflow 
and the summations are made (generally at 


Tellus XIII (1961), 2 


SOME ASPECTS OF HURRICANE DAISY, 1958 


M Q 
p A 
M; Q; 
Mo 
Des 


Fig. 14. Illustrating ventilation schematically. 


100 mb-intervals) over the inflow and outflow 
layers, respectively. At the 900-mb level we 
shall assume undiluted upflow at the heat 
content of the air in the mixed surface layer, 
which may include contributions by the local 
oceanic heat source. Analogous to equation 7 
we define 


> AMQ;=M;Q; 
> AM,Q. = M,Q 
Then 
IQ* A à 
MIE =M,Q + M;Q; - MQ. (12) 


IR 


Ventilation may be introduced explicitly by 
adding and subtracting the identity (10). Then 


IQ* A A 
MI = M,(Qo~ Qu) +M(@- QW) (13) 
The criterion for the growth of the disturb- 
ance is 
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M; < Q Ir Oy, 
M, = Qo ri Q; 
For example, given Qy- Or cal/g and 


(14) 


Qo - Q;=2 cal/g, them the disturbance will 
grow if M;/M, <0.5. From boundary obser- 
vations all values are given except Q, which, 
when a large boundary such as the s-degree 
radius is considered, may be taken as the heat 
content of the inflowing trade-wind air. In 
case of large mid-tropospheric inflow at the 
usual minimum of Q; there, ventilation must 
act to weaken a storm. 

For Daisy, the complete information is al- 
ready contained in Figs. 9—10 and indeed 
the computation from equation 14 does not 
add to this information, but merely helps to 
establish a simple picture. We find that M;/M,, 
= 0.65 at the 100 n.mi. radius on 25 August; 


further QO; =80.1 and Q,=312 cal/g. If the 
surface value of 83.2 cal/g is used for Q, at 


900 mb, then (Q,- Q,)/(Q, - Q;) =0.65. With- 
in the limits of the computation, the equal sign 
of equation 14 applies. This shows there is 
at least no tendency for the environment to 
suppress the developing storm. Given an 
oceanic heat source, it can maintain the existing 
circulation against radiation and provide for 
some heat export and internal increase of 
heat content with time. 

It is probable that the main utility of the 
ventilation calculation, as formulated here in 
equation 14, lies in applying it at an outer 
radius, say 300 n.mi., to potentially formative 
situations. This will indicate whether internal 
heating is strongly hindered. Given a mature 
hurricane, it will show whether weakening is 
likely to set in through increase of ventilation 
across the boundary of the calculation. In the 
case of Daisy where core data were available, 
we may explore the effects of ventilation in 
more mechanistic detail. 

Table 5A shows the individual terms in 
equation 11 for the 25th (boundary 100 n.mi.) 
and for the 27th (80 n.mi.). On the former 
day we took Q, and M, from Table 4, and 
and on the latter day Q, was assumed as 84.0 
cal/g (see Appendix B8) and M, was taken as 
equal to the lateral boundary inflow between 
1,000—900 mb. On the 2sth, the storm is 
gaining ground; the net warming (ignoring 
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Table 5. Ventilation. 


A. Effect upon heat budget 


Unit: 101? cal/sec 


Date Ge 
Mag*|at,| MoQo| 2 MQ,ZM.Q. 
Aug. 25—Actual +11.8 |196.3| 340. | 524.9 
Aug. 25—No ven- 
tatIon Wars. eae +26.9 |550.8| — 524.9 
Aug. 27—Actual —0.5 1476.3| 486.5| 963.3 
Aug. 27—No ven- 
tilationtes ert oi +20.7 |9840| — 963.3 
B. Parameters and comparisons 
Aug. 25 Aug. 27 
Boundary radius (n. mi.) 100 80 
Qo (cal/g) 83.2 84.0 
M (g/sec) 2310. 10-1|5077 010 


Increase in M, for no ven- 


tilation (%) 280 % To7.% 
Increase in Q, for no ven- 
tilation (%) 1820, 420% 


radiation) is comparable to the oceanic source. 
On the 27th, it is barely holding its own. 

We may next inquire what degree of con- 
straint upon Daisy’s potential development 
was imposed by ventilation. It is interesting to 
note from Fig. 6 that on the mature day her 
total mass inflow at 80 n.mi. was almost 
exactly equal to that of the model moderate 
hurricane of Malkus and Riehl, and yet her 
winds, eye-wall surface pressure and oceanic 
source fell somewhat short of those they cal- 
culated. In the model, ventilation was not 
considered, the entering mass all arrived in the 
layer 1,000—000 mb, and the vertical soundings 
at each radius were governed by wet-adiabatic 
ascent of subcloud air. Therefore the hypo- 
thetical computation in Table 5 A was carried 
out; it places all Daisy’s inflow in the layer 
1,000—900 mb and raises it in hot towers My 
with heat content Qo, leaving the outflow 
unaltered. To raise the heat content of the 
additional inflow from its subcloud values 
at the boundary to Q, would require an 
enhanced oceanic source of only 18 % on the 
25 th, but of 41 % on the 27th. 

Since the rate of warming MdQ*/dtp is 
more than doubled by this alteration on the 
25th, and raised from a slight cooling to a sig- 
nificant warming on the 27th, one might infer 


HERBERT RIEHL AND JOANNE MALKUS 


that Daisy would have become an extreme 
storm, were only the constraint of ventilation 
removed. This, however, is not quite the 
case. 

Malkus and Richl showed that the intensity 
of a hurricane is proportional to the excessive 
heat content of the air rising in the inmost 
core. On August 25—27, Daisy’s vertical 
sounding at 20 n.mi. radius was somewhat 
cooler than prescribed by adiabatic ascent of 
surface air, due to introduction of the ventila- 
tion inflow at mid-levels. Thus to assess how 
deep Daisy would have been without ventila- 
tion, we made hydrostatic computations at 
the 20 n.mi. radius assuming now an undilute 
wet-adiabatic sounding at the heat content 
Q, for each day. On the 25th, the surface 
pressure could have been lowered 10—12 
mb by removal of the Q; air and substitution 
of undilute ascent, while on the 27th the figure 
is about 8—10 mb. 

Using the dynamic relationships of the 
model, we find that on the 2sth, this lowering 
of eye-wall pressure and the accompanying 
increase of wind speed would readily enhance 
the oceanic source more than the 18 % required 
to maintain the new subcloud inflow at the 
25th Qo, thus allowing Q, to increase further 
and the storm to continue deepening, while 
this is not so on August 27th. On the 27th, 
lowering the eye-wall pressure by 8—10 mb, 
or to the values for the model moderate storm, 
increases the inner wind to about 57 m/sec, 
or again just comparable to the model. With 
the prevailing air-sea temperature difference, 
this wind increase permits the oceanic source 
to become just marginally large enough to 
maintain the new status quo. In fact, the work 
of Malkus and Riehl (equation 42, loc. cit.) 
suggests that now the upper limit of develop- 
ment has been reached for this air-sea prop- 
erty difference, when inmost pressures are to 
be maintained by ascent of subcloud air. 

Thus while ventilation prevented Daisy 
from quite realizing her full potential, which 
was approximately that of the model moderate 
storm, it cannot be offered as the reason she 
did not achieve extreme intensity. To do that, 
she would have had either to move over 
warmer water or been able to lower her core 
pressure by some other means than hot tower 
ascent only, such as perhaps by an eye wall 
slanting outward over the inner rain area. We 
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may suggest, however, that ventilation may 
be the critical inhibitor in the development in 
many or most cases from tropical disturbance 
to model moderate hurricane. Whether a 
storm like Daisy could have continued to 
intensify beyond August 25 had she not been 
able to concentrate an increasing percentage 
of her inflow in the subcloud layer, and what 
permitted her to do this where other storms fail 
are questions we raise for further hurricane 
research to explore. We turn next to the mo- 
tion field and kinetic energy budgets of Daisy 
as she actually was observed. 


7. The kinetic energy budget 


The kinetic energy equation may be written 


dK a 
Oe Ses eS (15) 


Here K is kinetic energy per unit mass, o den- 
sity, v the horizontal vector wind and z the 
horizontal shearing stress vector. Further it 
has been assumed that all dissipation of kinetic 
energy takes place by vertical turbulence, an 
assumption which will be examined further 
below. Equation 15 will be integrated over a 
volume & between two concentric cylinders 
with use of mass continuity. In the integration 
of the frictional term it will be assumed that 


ov 4 5 
t= where u is the coefficient of turbulent 


mass exchange, and that at ship’s deck level 
Ty =CD00Vo Mo where cp is the drag coefficient, 
vo the vector wind and V4 its magnitude at 
this level. Then 


# 
uo - - [Koundo- | v-vDdAdp 
R 


~ OV 2 
- 00 4- fu(Z) Maitre) 


a 


if there is no transfer of kinetic energy through 
the top of the storm by shearing stresses. 

Local change: The total kinetic energy was 
0.6 x10! kj inside the 80-mile radius on 25 
August and 1.3 such units on 27 August. Since 
the flight data for 28 August indicate that the 
storm was still growing in energy between 
the 27th and 28th, a uniform growth rate of 
0.4 x 1014 kj/day will be used. This corresponds 
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to 0.46x10° kj/sec or 0.1 x10! cal/sec in 
heat units; about an order of magnitude less 
* 
than M A 
dtR 
compared to the heat transports and sources. 
Such a situation is usually found in energy 
budget calculations. It must nevertheless be 
recognized that it is this very small increment 
which is of greatest interest in hurricanes. 


Kinetic energy advection: The transport of 
kinetic energy by the mass circulation KM, 
is readily determined from vertical profiles 
of K and the mass flow. But the contribution 
due to vRrK’ is difficult to assess because of 
the few flight levels and data uncertainties. 
Table 6 shows the available “eddy” transports. 


which. itself could be neglected 


Table 6. Eddy transport of kinetic energy 


107 kj/sec/100 mb 


Radius (n.mi.) 


20 | 40 | 60 | 80 

25 Aug. 237 mb 12 4 2 1.9 
560 mb -7 | —3:5 :3 17 
810 mb| —.9 17 2.9 | —1.2 

27 Aug. 237 mb TON 1.4.2152 2:25 37:0 
630 mb ON | ier 1. Onlin LOST 14.4 


They are irregular in sign on the 2sth and 
much smaller than on 27 August, when this 
transport was directed outward at both flight 
levels, especially in the high troposphere. This 
suggests that the mass outflow took place in 
organized channels of relatively high speed. 
In order to obtain values integrated over the 
troposphere some assumptions must be made. 
On 25 August the arithmetic mean of the 
three flight levels was tisea and applied to a 
layer of 800-mb thickness. On 27 August the 
values measured at 237 mb were applied to a 
layer of 200-mb thickness and those measured 
at 620 mb to a layer of 600-mb thickness. 
Table 7 summarizes the kinetic energy 
transports. Flux due to mass circulation in- 
creased by an order of magnitude between 
the two days, largely because of the increase in 
mass circulation itself. On 25 August the 
“eddy” transport was only a small fraction 
of that due to the mean circulation and is best 
neglected, especially in view of the irregular 
distribution of signs in Table 6. On 27 


200 
Table 7. Kinetic energy transport 
Radius (n.mi.) 
20 | 40 | 60 | 80 

Aug. 25: 

Kv 107 kj/sec 18.3 23.1 26.5 25.0 
TK pe LOM} /SEC) 4.0 4.8 4.8 SUR 
Total 1014 kj/day| — 0.2 0.2 0.2 0.2 

Aug. 27: 

Kv 107 kj/sec —280 | —394 | —490 | —490 
K’ vp 107 kj/sec 64 94 106 146 


Total 10!4kj/day 1.6 2.6 3.3 


=) 


August, however, the “eddy” flux was about 
25 per cent of the mean ae at all radii, and it 
opposed the transport by the mean on 
This contribution will be retained. But the 
limitations of the whole calculation in Tables 
6—7 are evident. 

Kinetic energy source: In determining the 
source term only the contribution by the 
mass circulation was evaluated. This term is 
readily computed within the limits of accuracy 
of the mass circulation. Since the contours 
of the isobaric surfaces formed nearly concen- 

oD 


tric circles, the contributions by ee and 
r 


Pie most likely were small. Thus, — ik v: 


90 
- vDd Adp = -PZ VD D aA dp. The distribu- 


tion of D is shown in Fig. 15 for 25 August. 
As will be expected in a warm-core vortex, 


à 
the negative D's (as also 2) decreased up- 


ward and outward. In the high troposphere 
the D-gradient was directed outward beyond 
the so-mile radius. Thus the main seat of 
kinetic energy production was in the low 
levels where the mass flows in and the D- 
gradient is large. In the layer s00—300 mb, 
and in the upper troposphere inside the so- 
mile radius, the outflow did work against the 
pressure Bela But, since the D-gradient was 
small here compared to the low levels, the 
kinetic energy sink was much smaller than 
the source. Beyond the so-mile radius, the 
circulation acted to generate kinetic energy at 
almost all heights. 
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Dtrop, (10's feet) August 25, 1958 


p (l00’s mb) 


r (n, miles) 


Fig. 15. Vertical cross section of altimeter correction with 
respect to the mean tropical atmosphere on August 25. 


Tables 8—o contain the kinetic energy bud- 
get. For 27 August four 20-mile intervals are 
shown. On 25 August values were somewhat 
more irregular, presumably because all energy 
transformations were much smaller; it is pre- 
ferred to show only two radial tie for 
the inner and the outer region. The unit 
chosen is 10! kj so that the transformations 
may be compared with total kinetic energy 
inside the 8o-mile radius (1 x 101 kj). Signs 
have been chosen so that the positive sign 


Table 8. Kinetic energy budget (August 25) 


(1014 Rd nee. 


Radius (n.mi.) 
O—40 | 40—80 | o—8o 


Advection .20 .02 22 
Production 1.06 1.34 2.40 
Local Change «TS 22 35 
Ground Dissipation 57 81 1.38 
Advection plus Produc- 

tion 1.26 1.36 2.62 
Local Change plus 

Ground Dissipation .70 1.03 1473 
Left over for Internal 

Friction 56 33 89 
Ratio of Internal to 

Ground Friction RN Ne A FR 
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Table 9. Kinetic energy budget (August 27) 
(104 kj/day) 


Radius (n.mi.) 


o—20|20—40|40—60/60—80|0—80 


Advection 1.6 1.0 .7 | —.3 | 3.0 
Production 1.0 2.0 1.5 IRA 5:9 
Local Change At Sr I I 4 
Ground Dissi- 

pation .6 .8 “7 | TAPER 


Advection plus | 

Production | 2.6 3.0 22 7.12 08:9 
Local Change 

plus Ground 


Dissipation 7 .9 as) <8 73.2 
Left over for 

Internal 

Friction 1.9 2 1.4 3657 


Ratio of Inter- 
nalto Ground 
Friction 3.2 2.6 2.0 4 


denotes a contribution toward increasing kine- 
tic energy. The line marked “local change” 
refers to the change with respect to the 
moving system as defined above. Evidently, 
this term is very small, and essentially we deal 
with a balance between production and 
advection on one hand, and frictional dissipa- 
tion on the other. 

From Tables 7—9 all terms, except the time 
change, have the magnitude of total kinetic 
energy after integration over a day; on the 
27th, in fact, the total energy is replaced 
completely every 2—3 hours. This helps to 
understand why the energy of hurricanes runs 
down very quickly in the inner core after they 
strike land. 

On 25 August advection contributed little 
to storm growth and maintenance. Transport 
through the 80-mile radius was negligible, so 
that in this development stage the production 
mechanism in the interior was all-important. 
On the 27th, transport through the 80-mile 
radius contributed no less than three units, 
which is an order of magnitude larger than on 
25 August. From Table 9 the maximum trans- 
port actually occurred near the 60-mile radius. 
Thus the energy imported was made available 
almost wholly to the inner zone. 

In contrast to the large increase in advection, 
production inside the 8o-mile radius merely 
doubled between the two days. Hence energy 
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production shifted outward as the storm grew, 
since presumably the three units advected 
toward the core were generated mainly within 
the peripheral circulation. For comparison, 
PALMÉN and RIEHL (1957) computed 4.1 units 
for production inside the 120-mile radius for 
the mean hurricane, a value closer to Daisy 
on the 25th than the 27th. All interest now 
turns on the question of the disposal of the 
large amount of energy produced within the 
storm and imported toward its core. 


Dissipation in the surface boundary layer : From 
equation 16 the dissipation of kinetic energy 
in the surface boundary layer is proportional 
to V5 averaged over the area of calculation. 
This quantity was not available on either 
day, and in fact it cannot be obtained from 
aircraft missions. Various studies of upper 
winds, based on radio-wind and pilot balloon 
observations, have indicated that V varies little 
with height from the surface to the middle 
troposphere. PALMÉN and RIEHL (1957) actually 
assumed a slight decrease of windspeed from 
950 mb toward the ocean. For determination 
of ground friction in Daisy, uniform speed 
from the lowest flight level down was postu- 
lated. On 25 August the legs at 960, 915, 830 
and 560 mb support this assumption quite 
well. On 27 August, the 620-mb-level was 
the lowest one flown, and the windfield 
observed there must be assumed to be repre- 
sentative also of surface conditions. 


An assumption must also be made about the 
drag coefficient, a subject discussed by Palmén 
and Riehl and in Section 3 herein. The depend- 
ence of cp on wind speed, sea condition, and 
other parameters is a difficult topic and not 
yet solved satisfactorily especially at high wind 
speeds. In view of the somewhat low values 
found for Daisy in Table 2 and the uncertain- 
ties in its calculation, a uniform value of cp = 
2.5 x 10-8 was used in the energy and momen- 
tum budgets, as the most probable value from 
previous investigations. Should this procedure 
have been incorrect, it will be necessary to 
revise the ground dissipation in Tables 8—9 
downward substantially. It appears certain, at 
least, that this term has not been underesti- 
mated. 


Granted the general accuracy of the ground 
dissipation calculation, it is of interest that on 
27 August, and to a lesser degree on 25 August, 


202 


this dissipation was nearly independent of the 
radius. Thus 


(17) 


for constant cp. Markus and RıEHL (1960) 
found a similar distribution in a semi-theore- 
tical model. For a symmetrical vortex, equation 
17 becomes 


Vir? = const 


Vor: = Vor°86 = const (18) 
Many calculations of the exponent x in equa- 
tion 18 have been made in the literature. Values 
between 0.5 and 0.6 have given good fit in a 
large number of cases. In Daisy x=0.55 


verifies on 27 August. Since V3 > Vi, a coeffi- 
cient somewhat lower than that computed for 
the symmetrical vortex should be expected; 
the range 0.5 to 0.6 appears excellent. Thus 
there is a suggestion of a frequent occurrence in 
hurricanes: that dissipation of kinetic energy in 
the surface layer is independent of distance from the 
center. 

Internal Friction: The most spectacular result 
of Tables 8—g is the large residual imbalance 
which developed between our two days and 
which must be attributed to a great increase in 
internal friction. For the general circulation it 
has been estimated that internal and ground 
dissipation may be equal. This value is not 
exceeded on 25 August when, also, the ratio 
of internal to ground friction decreased out- 
ward strongly as would be expected from the 
radial distribution of turbulence elements. 

On 27 August the ratio decreased outward 
as on 25 August and was reduced to the same 
magnitude beyond the 60-mile radius. In the 
inner zone the calculated values are so strong 
(though well in keeping with the character of 
the type of circulation investigated) that the 
result must be considered as quite tentative. 
Extensive investigation of other cases plus 
further observations are requisite for confirma- 
tion. It is of interest, however, that the prob- 
lem of disposal of kinetic energy generated 
also arose in the hurricane model of Markus 
and RIEHL (1960). In the kinetic energy budget 
(Fig. 9 of their report) the ground dissipation is 
comparable to that of 27 August. Balance is 
made in the lowest kilometer (the sole object 
of that study) by upward transport. If the 
computations Had been extended higher up, 
import plus production by pressure forces 
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would have had to be balanced by internal 
dissipation, and it is likely that the required 
magnitude would have been as large as on 27 
August. 

Thus the semi-theoretical work predicted 
the difficulty encountered in Daisy. The possi- 
bility exists that an important contribution 
may be made here toward understanding the 
limits of wind speeds attained in hurricanes 
by means of a constraint which grows in rela- 
tive importance with the storm. In the follow- 
ing, possible mechanisms for achieving the 
internal dissipation will be taken up. 

Dissipation may be accomplished by vertical 
and/or lateral eddies within the hurricane 
structure. An attractive possibility exists along 
the vertical. As discussed above and also by 
MALKUS ET AL. (1961) in the cloud study of 
Daisy, most ascent is likely to have taken 
place in narrow towers covering only a few 
per cent of the area. The vertical velocity 
then is large (Fig. 7) and individual elements 
may be expected to reach the high troposphere 
with little loss of kinetic energy. In spite of 
the sampling difficulties, the high-level NHRP 
aircraft encountered speeds near 80 knots in 
Daisy and 95 knots in Helene of 1958 at 240 
mb on just a few passes. These high-wind 
areas were very localized. The suggested pic- 
ture is that the high-energy stream reaches the 
upper troposphere in narrow columns and 
then is brought rapidly in contact with en- 
vironmental air which has already lost its 
energy by mixing and motion toward higher 
pressure. In the course of this contact the high 
energy of the fresh stream is given up to the 
low-energy surroundings, and this may be 
the mechanism of the internal dissipation 
process. If so, an Austausch coefficient of 108 g 
cm!sec-t would be required in view of the 
existing shears, if one wishes to apply this 
form of turbulence expression. The value is 
not excessive under the circumstances, espe- 
cially when it is considered that RIEHL ET AL. 
(1951) required a coefficient of 500 g cm-isec-1 
for momentum balance of the average trades 
in the northeastern Pacific Ocean. 

On account of the uniformity of wind with 
height below 500 mb, the dissipating mecha- 
nism just outlined may not be important there. 
Yet the small-scale wind fluctuations are such 
that judgment must be reserved. It should be 
added that Gray (1961) has computed strong 
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frictional forces in the low and middle tropo- 
sphere in dynamical calculations. 

Considering next the possibility of lateral 
stresses, we shall investigate the radial stress 
of the tangential wind which is likely to 
make the largest contribution. This stress 


ou u 
RO Tr 
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) and its radial derivative 
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where y, is the lateral exchange coefficient for 
momentum and €6 is the relative vorticity of 
the tangential wind. Dissipation of kinetic 
energy by internal friction (IF) of this character 


= | fe Ze uda 
oe or £ 


This formula was evaluated assuming ju, inde- 
pendent of height and neglecting the horizon- 


(20) 


tal correlations of and # which may be a 


substantial omission. However, only an order 
of magnitude estimate is wanted for compari- 
son with previous calculations. DEFANT (1921) 
estimated A=5 x 107 g cm™! sec-1 for the heat 
balance of the general circulation, and Grim- 
MINGER (1938) obtained 4 x 105 to 5 x 107 from 
the spread of moisture on isentropic charts. 
If the order of magnitude of A and u in 
lateral turbulence is the same, then u, between 
10° and 107 would be reasonable. Table 10 
contains the calculated coefficients for August 
25 and 27, where a uniform density of 107$ g 
cm? has been used. 

Values in Table 10 superficially lie within 
the acceptable order of magnitude range; they 


Table 10. Coefficient of horizontal turbulent ex- 
change (wur) 


Unit: 106 g cm”! sec’! 
Radial interval (n.mi.) 


O—40 | 40—80 | | 


a gb [ee | 


25 August 
o—20 | 20—40 | 40—60 | 60—80 
27 August 784 | 6.6 | 1.7 | 0.9 
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are also time and space dependent. On 25 
August a uniform a of I unit is suggested 
within the limits of accuracy of the data. The 
same value applies on 27 August outside the 
60-mile radius. In the interior, however, a 
strong rise in turbulence is indicated. 

As a check whether the order of magnitude 
in Table 10 is acceptable, the momentum 
budget will be computed in the next section. 
It will be shown there, what is not obvious 
from the energy calculations, namely that the 
large values of u, imply unreasonably large 
amounts of momentum transport outward, 
much more than can be ascribed to the range 
of error in our calculations. It follows that the 
high coefficients of Table 10 must be rejected 
and that in all likelihood internal dissipation 
of kinetic energy takes place by means of 
vertical turbulence. 

One other aspect of the large internal dissi- 
pation should be brought out. If all energy 
dissipated by this mechanism were to go into 
sensible heat, 


IF = cp aM, 


(21) 
where dT/dt is the mean temperature change of 
the mass M due to internal friction. Of course, 
IF may go over into other energy forms. But, 
assuming equation 21 to hold, we obtain tem- 
perature changes as shown in Table 11. In 


Table 11. Substantial temperature change due 
to IF 
Radial interval (n.mi.) 
O—20 | 20—40 | 40——60 | 60—80 
27 August 
°C/day 4.0 | 1.8 0.8 | 0.1 


the core values are very large indeed. Of 
course, individual air particles will seldom, if 
ever, remain there for a whole day. But if 
they merely stay inside the 40-mile radius for 
12 hours, net warming of 1—2° C can result. 
This is the order of magnitude of the radia- 
tional cold source; hence in terms of source 
and sink computations the effect is by no 
means negligible. 


8. The budget of absolute angular momentum 


The momentum balance will be taken up in 
stationary coordinates, and several terms will 
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be omitted which arise when the origin of the 
coordinate system is referred to a moving 
frame. Since storm propagation was very 
slow, this is considered to be a permissible 
simplification of a computational system which 
otherwise would be quite complicated. The 
momentum equation, including vertical and 
lateral stress terms, then is given by 


dQ d r? 0 Jae 
Reg) - Fo ad 
Iter 
+ rt es (22) 


where a constant Coriolis parameter f has 
been used. With the continuity equation 
dQ 9002 
Ch x 


integrating over the volume « 


J eQedo- = frreodA + fr 28 da 


a 


+Vv-o0Qv. Neglecting tie and 


(23) 


Here the advective term has been transformed 
to a surface integral over the bounding surface, 
and it has been assumed that the stress vanishes 
at the top of the storm. If the surface integral 
in equation 23 is evaluated between two radii 
and from the ground to the top of the system, 


ferde- 


Lo 


- [ [evra ale [fe ral (24) 


Contributions to advection arise (cf. PALMEN 
and RıeHt, 1957) from the transport of relative 
and of earth’s angular momentum by the mass 
circulation, and from the correlations of 1 
with v and w. Figures 16 and 17 show the 
fluxes due to the mass circulation integrated 
over the layers of inflow and outflow. The 
transport of earth’s angular momentum makes 
no contribution to the net balance. It is of 
importance, however, for determination of 
the vertical fluxes. Figures 18—19 contain 
the same fluxes, together with the residuals to 
be balanced and, in the lower portion, the net 
balance for the whole troposphere on each day. 
As in the kinetic energy budget, the correlation 
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Fig. 16. Transport of absolute angular momentum by 
mass circulation on August 25. 
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Fig. 17. Transport of absolute angular momentum by 
mass circulation on August 27. 
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Fig. 18. Upper part: Transport of Fig. 16 repeated, also 

transfer to ocean and residuals in circles on August 25. 

Lower part: total lateral momentum transport, transfer 
to ocean and residuals. 
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Fig. 19. Same as Fig. 18 for August 27, with intermediate 
line for eddy momentum flux. Residual to be exported by 
small-scale eddy stresses shown in line at bottom. 
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of u’ and v’ contributed very little on 25 
August and acted to transfer momentum out- 
ward on 27 August. The momentum flux to 
the surface was calculated from 


freoodA = fo 09 Voo Vo dA, 


where on the 27th the 620-mb wind distribu- 
tion was used to represent the surface wind 
field as in the energy budget. Figure 20 shows 
the distribution of r, which is very similar to 
that of T@o- 

Transfer to the sea more than doubled 
between the two days; but on the 27th it 
still was well below that computed by PALMÉN 
and RiEHL (1957) for the mean hurricane. 
This is due to the fact that, as mentioned ear- 
lier, Daisy’s winds were much weaker than 
those of the mean hurricane. On the 25th 
inward transport of momentum by the mass 
circulation equalled the transport to the ocean 
within the limits of accuracy of the calcula- 
tions. The eddy fluxes, as already mentioned, 
proved to be small and of uncertain sign, as 
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Fig. 20. Distribution of surface stress in Daisy and com- 


parison with previous calculations. 


in case of the energy calculations. External 
forcing of the storm by eddy import of abso- 
lute angular momentum into the inner region 
was not the mechanism that gave birth to 
Daisy. 

The slight inbalance on the 25th could 
result from some underestimate of the inflow 
or overestimate of the transport to the ground. 
It could well be that outside the 40-mile 
radius cp was less than .002$ since winds decreas- 
ed rapidly outward and were only 20—30 
knots beyond the 60-mile radius. On the 
other hand, there is certainly nothing left over 
for lateral re-export by small-scale stresses. If 
Ur=1x10% g cm™! sec? computed in Table 10 
for August 25 is used in the lateral stress term of 
equation 23, an outward transport through 
the 80-mile radius is computed, which is 
about twice the total import by the mass cir- 
culation. It follows that the lateral exchange 
coefficient must have a magnitude of not more 
than 10° g cm! sec-1 on that day for momen- 
tum balance, that therewith dissipation of 
kinetic energy also must have taken place 
mainly by means of vertical eddies. 

On the 27th a small amount of momentum 


was exported by the wv’ correlation so that 
this type of stress, far from importing momen- 
tum, actually removed it from the core as 
also on most other occasions where calcula- 
tions have been performed. After taking 
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account of this transport, about half of the im- 
ported momentum was given off to the ocean 
surface, and the balance on this day must be 
re-exported by small-scale lateral stresses. If the 
coefficients of Table 10 are used for this pur- 
pose, the outward flux exceeds the total im- 
port by a very large amount, almost an order 
of magnitude. If a uniform coefficient of 1 x 
org cm, sec. taken, the export across 
the 8o-mile radius is 9.5 units. From the 
bottom of Fig. 19, the required export is 7.3 
units. Hence this order of magnitude of the 
coefficient is satisfactory on the 27th. The 
lateral exchange still rose by an order of magni- 
tude as the hurricane matured. 


In conclusion of the energy and momentum 
sections the following may be summarized: 


1) The inward momentum and energy 
anspor took place by means of the mass 
circulation. 


2) “Eddy” transports of angular momentum 
and energy were negligible or were directed 
outward. 


3) Transport of momentum to the ocean 
very nearly satisfied balance requirements on 
the 25th. There is no need to invoke lateral 
momentum export by small-scale stresses. 
Hence the internal dissipation of kinetic energy 
—equal to the ground dissipation in the core— 
must have taken place by means of vertical 
eddies. The lateral exchange coefficient u, has 
a magnitude of not more than 1 x 10° g cm7! 
SC 

4) On 27 August interaction with the ground 
did not satisfy momentum balance. At this 
well-developed stage it is necessary to postulate 
lateral momentum export with coefficient of 
1x10° g cm sec, hence one order of 
magnitude larger than on 25 August. There- 
fore this constraint upon the storm’s growth 
becomes important. However, lateral coeffi- 
cients computed from momentum and energy 
budget are not compatible if the assumption is 
made that all momentum transfer and all 
energy dissipation go by way of this process. 
One must postulate that the kinetic energy 
is dissipated by vertical turbulence. This requires 
a coefficient 4, of 1,000 g cm! sec-1; this is 
not considered excessive. 

5) Internal dissipation on the 27th becomes 
so strong as to be able to affect the heat budget. 
If the energy dissipated is converted to sensible 
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heat, a source with magnitude of Q, is obtained 
inside the 40-mile radius. 

6) There are strong indications that the sur- 
face dissipation of kinetic energy is independ- 
ent of distance from the center, and that this 
may be a general feature of hurricanes which 
explains the observed surface wind profile 
along the radius. 

7) The calculations have shown that both 
from momentum and energy viewpoints 
resistance against storm growth rose rapidly 
with intensification due to increasing impor- 
tance of lateral and vertical turbulence. There 
is, however, no reason to suppose that this 
increase in the magnitude of the resistive effects 
relative to the generative terms is not present 
in each instance of storm development. Hence 
the calculations shed no light on the question 
why some hurricanes remain minimal while 
others rise to great intensity. It is probable 
that the peak intensity of each hurricane is 
controlled by external, not internal, factors. 


9. Two-dimensional analysis and conclusions 


The question may be asked what the results 
of this study portend with respect to under- 
standing the hurricane engine, and with 
respect to future researches and observations. 
As case histories accumulate, one can of course 
proceed from the hundredth to the thousandth 
detail and demonstrate certain differences be- 
tween individual storms. But is it worthwhile 
to do this? What can be said more generally 
about the mechanisms of hurricane main- 
tenance from the present data? Is it necessary to 
treat a vortex, fully turbulent along all coor- 
dinates, and with turbulence also time depend- 
ent? How important is it that the air winds 
its way inward in rather tortuous selective 
channels which produce micro-patterns in the 
horizontal velocity field and that the bulk of 
the ascent appears concentrated in hot towers 
covering only a small fraction of the hurri- 
cane’s area? 

The Daisy data have in fact confirmed the 
importance of the hot tower mechanism 
and the concentration of the storm’s heat 
release into 100—200 individual buoyant ele- 
ments. If the details of the activity on these 
small scales are decisive for storm growth and 
maintenance, then the prospect for solving 
the large-scale hurricane problems and achiev- 
ing predictive models recedes into the dim 
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future. On the contrary, we shall conclude by 
offering the hope that the dynamic and ther- 
mal effects of these small scales of motion can 
be introduced or parameterized effectively in a 
relatively simple framework, without dwelling 
on their complex details which may differ 
from case to case and from time to time. 

The most favorable situation would exist if 
it can be shown that the significant features of 
the hurricane can be grasped with two-dimen- 
sional models. In this respect, a hopeful start 
was made by Markus and RIEHL (1960). The 
preceding Daisy calculations are promising 
along the same line in that lateral eddy trans- 
ports of heat and moisture proved small, and 
especially in that the much-vaunted u'v’ 
correlation was small with sign opposite to 
that postulated by its proponents; even the 
kinetic energy transport by the K’v’ correla- 
tion on 27 August was small enough so that it 
could have been neglected within limits of all 
other calculations. Outside the core, the u’v’ 
correlation appears to act in the same sense as 
in the core, at least to several hundred miles 
distance from a hurricane center (RIEHL, 1961). 

Some of the interior mechanisms whose 
magnitudes are significant and which have 
been assessed here, such as internal and bound- 
ary friction along vertical and lateral axes may 
be expected to develop during any successful 
storm and hence should most probably be 
treated as necessary but dependent features, as 
should the local heat source, provided of 
course that the hurricane does not move to 
an area of much lower ocean temperatures or 
over land. 

We now have a good quantitative, mecha- 
nistic, and thermal-dynamic picture of how 
the core of a moderate-strength hurricane 
operates, but the environmental and peripheral 
conditions which, only rarely, permit this 
engine to start and keep developing have not 
been found, although perhaps we know better 
how and where to seek them. It is highly 
probable that a storm’s structure at maturity 
and the degree of its developmentare functions 
of large-scale interaction between the storm as 
a whole and the surrounding atmosphere, par- 
ticularly as this does or does not permit a large 
inflow to develop in the lowest layer and 
ascend, with increasing heat content, in hot 
towers; our work suggests this is the key to 
the development of the core, which distin- 
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guishes a hurricane from other tropical storms. 
Two constraints upon hurricane develop- 
ment have been emphasized: ventilation and 
internal energy dissipation. Of these con- 
straints, ventilation is a function of external 
parameters as far as one can see now. The 
question of what governs the vertical distri- 
bution of inflow stands out as one of the 
most important unresolved problems raised 
for future investigation. 

Internal energy dissipation, according to our 
hypothesis, results from selective ascent of air 


_in narrow channels. As indicated above, air 


moves from bottom to top of the troposphere 
in these channels in about 30 minutes; hence 
the tendency toward conservation of momen- 
tum and energy during such ascent will be high, 
and a large decrease of kinetic energy will 
occur when mixing finally does take place in 
the upper troposphere. 

On the whole simple models such as develop- 
ed by PALMÉN and RIEHL (1957) and by Markus 
and RIEuL (1960) have been supported by the 
present calculations. For guidance in develop- 
ment of complete two-dimensional models and 
quantitative prediction of hurricanes it appears 
appropriate, therefore, to present in closing a 
few illustrations of Daisy as this storm appears 
in two-dimensional form. At first, the mass 
flow of Figs. s—6 may be represented in form 
of Stokes’ stream functions (Figs. 21—22). 
As already emphasized, the main features in 
which the mass flow deviates from earlier 
models is the high level of non-divergence 
which results in importation of air with lower 
heat content than that of the surface layer. 
On August 25 the streamlines, which are also 
trajectories of the steady-state motion, and 
the lines of equal Q are fairly parallel, except 
in the inner core (Fig. 23). On the 27th (Fig. 24) 
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Fig. 21. Stokes stream function y (units 101! g/sec) for 
August 25. 
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Fig. 22. Stokes stream function y (units ro! g/sec) for 
August 27. 
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Fig. 23. Stokes stream function (dashed) and lines of 
constant heat content (solid) for August 25. 
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Fig. 24. Stokes stream function (dashed) and lines of 
constant heat content (solid) for August 27. 


the trajectories cross more strongly toward 
higher Q above the level of non-divergence, 
indicating increased effects of the oceanic heat 
source and transfer by rising undilute cu- 
mulonimbi and the mass they shed. Thus, 
in two-dimensional representation, the selective 
vertical motion in hot towers can be replaced 
by a mean vertical motion spread over the 
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Fig. 25. Stokes stream function (dashed) and lines of 
constant absolute angular momentum (solid) for 
August 25. 


whole area, but only if Q is replaced by Q 
for the vertical redistribution of heat. 

The streamlines also cross toward lower 
absolute angular momentum up to the level 
of non-divergence on the 25th (Fig. 25), while 
higher up the momentum is roughly constant 
along these lines. This extension of the “friction 
layer” to the whole inflow layer must be ac- 
cepted as realistic. It indicates the depth to 
which the flow is essentially controlled by trans- 
fer processes at the ocean surface and may be 
thought to correspond to the depth of the 
cloud layer in the trades (RIEHL and Markus, 
1957). On 27 August (Fig. 26) the stream- 
lines cross toward lower momentum at least 
up to 300 mb, and this might be taken to 
reflect the rising importance of lateral shearing 
stresses on that day. In the outflow layer 
the momentum again is as constant as drawing 
within observational limits permits. 
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Fig. 26. Stokes stream function (dashed) and lines of 
constant absolute angular momentum (solid) for 
August 27. 
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We wish finally to investigate further 
whether the mean stream-function representa- 
tion of Figs. 21—22 also is promising from 
the vorticity standpoint. While undoubtedly 
there are frictional influences on the vorticity 
field, it may still be presumed that the major 
configuration of the vorticity field is linked to 
the distribution of convergence and divergence 
so that, in the first approximation, the theorem 
of conservation of potential vorticity may 


hold. If so, 


> 


ee (26) 

Day Ap, 
where £, is the absolute vorticity, Ap the 
pressure-depth of the column considered and 
the integration is carried out between the radii 
r, and r,. Figures 27—28 contain the absolute 
vorticity cross sections, which are rather 
similar. Equation 25 was tested for five stream- 
tubes of the inflow layer on the 25th and for 
four tubes on the 27th. No calculations were 
performed in the outflow region, but one can 
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Fig. 27. Vertical cross section of absolute vorticity on 
August 25 and selected streamtubes from Fig. 21. 


Aug. 27,1958 &, (10"*sec:!) 


se 


p (100’s mb) 


sfc 
20 


r (n. miles) 


Fig. 28. Vertical cross section of absolute vortcity on 
August 27 and selected streamtubes from Fig. 22. 
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see qualitatively by comparison with Figs. 
21—22 that decreasing ¢, and Ap coincide. 
Table 12 gives the results for the inflow layer 


Table 12. Test of conservation of potential vor- 
ticity 


Streamtube 


25 August 
Car/Caı 450 83.220.782 er; ler 
Ap2/Ap, Hose | BS 11625, 07204 dees 
27 August 
CaalCar Ar NS rc INT Al 
AP AP A ||, el el — 


where it must be noted that only rough 
answers can be expected in view of the uncer- 
tainties in drawing the streamtubes, especially 
at the 80-mile radius which was taken as r.. 

Agreement is satisfactory, especially along 
the mean trajectories which have the largest 
pressure changes; altogether percentages de- 
crease together for €,,/¢,, and Ap./Ap,. Hence, 
from the dynamical viewpoint, it will be 
quite legitimate to treat the stream-function 
field as representing the synoptic-scale mo- 
tion in Daisy. This outcome is particularly 
gratifying, as it is just the vorticity aspect of 
the hurricane which might have been affected 
strongly by the hot tower ascents which, after 
all, cross the mean streamtubes everywhere 
except perhaps in the eye wall. 

Given conservation of potential vorticity 
in a steady two-dimensional field, the transport 
of absolute vorticity is constant after integra- 
tion over, say the inflow layer. This property 
of constant vorticity transport was used 
RIEHL and Furtz (1958) to compute the veloc- 
ity profile in a three-wave dishpan experiment 
and by KRISHNAMURTI (1961) to determine the 
velocity field of the subtropical jetstream. The 
calculation appears promising also for the 
hurricane since the vorticity increases as the 
mass flow decreases inward. Then 

E,M,=const (r). (26) 
Table 13 contains the result. Within reasonable 
limits the vorticity flux is constant. 

In conclusion, it appears hopeful to attempt 
two-dimensional models of the hurricane core, 
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Table 13. Transport of absolute vorticity in in- 
flow layer 


Unit» moe secs 


Radius (n.mi.) 


20 | 40 | 60 | 80 
25 August 6.7 7.0 6.0 6.0 
27 August 14.2 14.6 14.0 13-0 


provided the vital convective-scale processes 
are adequately parameterized and entered in 
the thermal budgets where their transports 
and releases are vital in the basic machinery. 
It appears likely that scales of motion inter- 
mediate between convection and the hurri- 
cane itself, such as lateral eddy transports, 
are not essential in the core; thus a “separation 
of scales of motion” may provide a framework 
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of future useful attack upon this problem, as 
it has for other thermally-driven circulations 
in the tropics (MALKUS, 1956). 
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A, PRE NPA 


Quantities for lateral flux calculation 


25 August, 1958 


1. Temperature T (°C) 


Radius (n.mi.) 


Pressure 
a) 20 | 40 | 60 | 80 | 100 
2—I.5 58.1 58.9 59.0 59.0 59.0 
Sn 38.01-39.01 39.313951 —3915 
4—3 PNG) 227 23.0 23.1 23,7 
5—4 9.9 ALS 11.5 11.9 11.9 
6—5 Tal 2.3 2.5 2.8 2.8 
DD 5.9 5.1 4.9 4-9 4-9 
8—7 BT. AT 11.0 11.0 11.0 
9—8 16.8 16.3 16.2 16.1 16.1 
10—9 21,7 D 2 21.0 21.0 
2. Specific humidity q (g/kg) 
ee Radius (n.mi.) 
Ma) 20 | 40 | 60 | 80 | 100 
2—1.5 == == 
3—2 0.3 0.2 0.1 a — 
4—3 1.5 12 0.8 0.6 0.3 
5—4 3.0 2.8 23 2.0 17 
G5 5.8 5.2 5.0 4-5 4.2 
| 7—6 8.2 77 HSS al 6.8 
8—7 WINKS 10.2 10.1 10.0 9.9 
| 9—8 13:02 |e E2099) "2.641 2a MT27S 
10—9 2770 77:08 CS NIEr6:22) ETC 0 


| Total precip. 
moisture (g) 6.1 5.7 5.5 5.3 5.1 


3. gD* (10% cm?/sec?) 


Height of 
mean tropical 
atmosphere 
(ro’s m) 


Pressure 
(100’s mb) 


Radius (n.mi.) 


80 | 100 


1329 
1103 
862 


ee 


GI OU BR © NHN? 


00 ON DUN 


H 


OOO Oo OUI © À ON 
D 1H H H H OH NW 


2 
2 
I 
I 
I 
fe) 380 
(6) 
I 
I 


O Or BR WW H HUN 
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D* deviation from mean tropical atmosphere. 
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4. c,T (cal/g) 


Pressure Radius (n.mi.) 


(100’s mb) ce | AN | 60 | 80 | Sr 


2—1.5 SLA | 51.08 | 95.22 shrek 


3—2 56.2 | 55.9 | 55.9 | 55.8 | 55.8 
JS 60.1 | 59.8 | 59.8 | 59.7 | 59.7 
5—4 62.9 | 62.6 | 62.5 | 62.4 | 62.4 
6—5 65.0 | 64.7 | 64.7 | 64.6 | 64.6 
7—6 66.7 | 66.5 | 66.4 | 66.4 | 66.4 
8—7 68.0 | 67.9 | 67.9 | 67.9 | 67.9 
9—8 69.3 69.1 69.1 69.1 69.1 
10—9 79421779237) 70:32) 79-3) 9 79.3 
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5 eZ (cal/g) 


Pressure 
cab) 20 | 40 | 60 | 80 | 100 
2—1.5 3220811 3223911 32:02 0 32.02 332:© 
3—2 20:0715.20.5@|8 26.5) 1026355 | 26.5 
4—3 20.1 20.1 AOE 10.20.74 1.2047 
5—4 16.0 16.1 16.1 16.2 
6—5 12.2 HCE AS Baek a a 
76 8.9 9.0 9.0 9.1 9.1 
8—7 6.0 (gt 6.2 6.2 6.3 
9—8 3-5 SE 2017123701037 
10—9 1:2 RS 1.3 1.4 1.4 
6 gZ Ar SL (cal/g) 

D SN Radius (n.mi.) 
Een 20 | 40 | 60 | 80 | 100 
2—1.5 83.4 | 83.2 || 832.) 837 83.1 
—2 DIT ES2 hy 12.8241 82:33 1882.3 
4—3 80.1 | 79.9 | 79.8 | 79.8 | 79.8 
5 78.9 | 78.7 | 78.6 | 78.5 | 78.5 
ee) 77:2 | 77.0 | 76.9 | 76.9 | 77.0 
79 75: GSES [FSS 11 755.1 75-5 
S==7 74-1 | 74.0 | 74.1 | 74.1 | 74.1 
9—8 72.8 72270 7227 |) 7282| 72.8 
10—9 73.0 72:0 10 78:6 |i 7 On 12.7176 


Radius (n.mi.) 


APRENDIX OB 


Quantities for lateral flux calculation 


27 August, 1958 


1. Temperature SORES) 


Radius (n.mi.) 


Pressure 

CONS ne) 15 | 20 | 40 | 60 | 80 
1.5—I 69.4 69.8 71.1 7222 TAT 
21:5 52.0) —53.2|55:711 57:51 59:0 
Se 33.8 | —34.6 | —37.3 | —38.4 | —39.8 
4-3 16.5 17.4 19.9 DADAT 22.5 
54 4.9 5.7 8.0 9.31 20.5 
6—5 3.5 27 0.8| —0.6| —1.6 
76 9.9 9.0 7.6 6.4 5.6 
8—7 15.1 14.6 13.4 12.3 11.4 
9—8 19.8 19.4 18.3 14753, 16.6 

sfc—9 24.0 23:7, 23-3 22:0 22.6 
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DAT 
Te Lq (cal/g) 
Precstive Radius (n.mi.) 
(100’s mb) Be | 33 | = | Se | me 
2—1.5 | 
—2 0.2 0.1 0.1 — — 
4—3 0.9 07 0.5 0.4 AI 
5A 1.8 1.7: 1.4 13672 1.0 
Ces 3-5 3-1 3-0 2.7 2.5 
eas 4.9 4-6 4-4 4-3 4-1 
8—7 6.6 6.1 6.0 6.0 5.9 
9—8 8.2 7-7 7-6 7-5 7-4 
10—9 10.6 10.2 9.9 9.7 9.6 
8. Q=gZ+ ET + Lq (cal/g, base 70) 
Pete Rädius (n.mi.) 
ae) 20 | 40 | 60 | 80 | 100 
2—1.5 13247 0 13:20 0 73:2 1 73 na 
—2 12.9 12.6 12.5 12% 123 
43 21.0, ||) LOO WP 70.3 10.2 9.9 
5—4 10.7, |, 10:4 0.100 9.7 9.5 
6—5 10.7 10.1 9.9 9.6 9.5 
7—6 10.5 | IO.I 9.9 9.8 9.6 
8—7 10 7240 TO | TO te | O0 
9—8 EEO) |) 10,4 1.703, Toro 
10—9 7220| Misa 1172500. ke Salle etal 2 
2. Specific humidity q (g/kg) 
SE D Radius (n.mi.) 
eos mab) 15 | 20 | 40 | 60 | 80 
1.5—I 
2—1.5 
3—2 DET 1.0 0.8 0.6 0.5 
4—3 Sol Def De 2.0 1.8 
3,4 3-7 9,2 4.2 3-9 3-7 
6—5 8.6 ET, 6.8 6.1 5.7 
76 17:4 110 9.5 8.5 8.0 
8—7 14 0H CNUZ2 On) ee Te Onl lO 
9—8 16.5 15.3 14.4 13.5 13.0 
sfc—9 TO We lors tye rer TO 
Total precip. 
moisture (g) 7.4 7.0 6.6 6.3 6.0 
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3. gD* (10° cm?/sec?) 6. eZ +c,T (cal/g) 
; ; Height of Radius (n.mi.) 

Pressure Radius (n.mi.) Pet tra Pressure 

(roots mb) mem mn en en | atmosphere (100’s mb) 15 | 20 | 40 | 60 | 80 
15 | 20 | 40 | 60 | 80 (10’s m) 

I.5—I 85.1 84.9 | 84.6 | 84.5 | 84.4 
Soa eal Stee I Ol eee Mae 6 1536 ae ae 83.7 | 83.1 | 82.8 | 82.5 
RES Le aes ew 1329 3—2 82.8 || 8227 |7 821187 0187 
ES nr te > 4—3 8722. | 87.2 | 8017, 1801818807 
oS orgies LE en 5—4 79.4 | 79.5 | 79.1 | 78.8 | 78.6 
ER SE Hola le. a 0—5 77:0. 10.7291 0.775, 7722 7720 
ze ze ele. or 7—6 75.9 | 76.2 | 75.9 | 75.7 | 75.6 
ape ALA ey Br > 8—7 742 | 746 | 745 P7439 4 
8—7 44|—23|—16|—12|—11 261 Br 7280| 73 2.|, zarılı zone 5 
1m + te Ae a > = De sfc—9 72 OM AP Ver TP) 72 


D* deviation from mean tropical atmosphere. 


4- c,T (cal/gm) 7. Lq (cal/g) 

route Radius (n.mi.) tre Radius (n.mi.) 

(100’s mb) | + | "> | ra | 80 (z00’s mb) 15 | 20 | 40 | 60 | 80 
I.5—I 48.9 | 48.7 | 48.4 | 48.2 | 48.1 T5 T 
2—1.5 oy || yaoi 0.522, 0.51.82 |= 14 2—1.5 
3—2 57.4 57.2 || 50:6 || 56.4 | 56.0 —2 0.7 0.6 0.5 0.3 0.3 
4—3 61.6 613, || 60.7. 7.60.48 [260.7 a3 1.9 1.7 1.4 F2 Tt 
5—4 644 I OART 63:6 |) 63311630 5—4 3.5 3:1 2.5 2.4 22 
6—5 66.4 66.2 | 65.7 | 65.4 | 65.1 6—5 5.2 4:7 4-I 3.7 3.5 
76 68.021. 67.8 | 07.2 || 67.1 |. 66.9 7—6 6.9 6.2 72 6.6 6.2 
8—7 69.1 | 69.0 | 68.7 | 68.5 | 68.2 8—7 8.4 7-7 57 5.1 4.8 
9—8 79-3 |, 70:25|, 00.0 | 69:7. |7,69:5 9—8 10.0 9.2 8.7 8.1 7.8 

sfc—9 TR a || Te) no sfc—9 LT SN TIO | 1205 | 203808 

5: eZ (cal/g) 8. Q=gZ+c¢,T + Lq (cal/g, base 70) 

De Radius (n.mi.) rare Radius (n.mi.) 

ae) 15 | 20 | 40 | 60 | 80 (ARS TRAD; 15 | 20 | 40 | 60 | 80 

1.5—1 36.2 30.28 230922173037 36:3 1.5—I 15.1 14.9 14.6 14.5 14.4 
2—1.5 30.8 || 30.9, | 30.9. |7312.0 | 3% 2—1.5 13.7 197 13.1 12.8 12-5 
3—2 254025502625 ON Dat —2 u £2.06: | SAIT 
4—3 19.6 29:97 1020.02 1.200. |7 20.7 4—3 TS 12.9 12.1 oo QE) 13 
HA 15.0 15.4 15.5 15.5 15.6 5—4 1279 12.6 11.6 11.2 10.8 
6—5 Te mn7 TURN 0.1728 0.1790 6—5 12.8 12.6 7.021 27018 10.4 
7—6 7.9 8.4 8.5 8.6 8.7 7—6 12.81 012.4 11.6 10.8 | 10.4 
8—7 En 5.0 5.8 5.8 5.9 8—7 NPA OM eel 203 En 10.9 | 10.3 
9—8 2.5 3.0 52 328 3.4 9—8 12.8 12.4 11.8 his tad 10.7 

Sfc—9 0.7 1.0 Re IT Der sfc—9 13.8 a2 27 12.5 122 
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Abstract 


After a short survey I of the principles underlying the determination of the turbidity coefficient 
B, earlier introduced by the author as a measure of the atmospheric turbidity, a condensed sum- 
mary II is given of earlier and also of more recent determinations of ß. The variation of the turbidity 
with the time of the year, the airmass and with latitude is discussed. Finally a simple method of 
determining the wave length dependence of the extinction by atmospheric aerosol is outlined. 
The method is founded upon measurements of integral radiation values with aid of pyrheliome- 
ters and glass filters, III. Accuracy and probable error are considered, IV. 


I. The transmission of solar radiation through 
the atmosphere is mainly dependent on three 
factors: the scattering by the molecules (Ray- 
leigh scattering), the scattering and absorption 
by solid and liquid particles, and the selective 
absorption by gaseous constituents. If we with 
px, pa” and p;’” denote the transmission factors 
corresponding to these phenomena respec- 
tively, we may express the solar radiation J; ata 


1 Since the present paper had gone to print, the author 
has had opportunity to study an important paper by Dr 
Mircea Herovanu: Determination des paramètres d’ Ängström 
par des observations actinométriques courantes (Geofisica pura 
e applicata, Vol. 44 1959/lIl). Evidently the method of 
Herovanu is fundamentally very similar to the one 
applied in the present paper, with the exception that 
Herovanu does not make the simplifying assumption that 
the two groups of radiation, corresponding to our A,, 
and À, can be regarded as homogeneous. His comput- 
ations then are more laborious and must be based on 
graphical integration. [t can be shown however, that his 
results, with such an accuracy as the measurements are 
justifying, can be derived equally well, in applying 
equations perfectly similar to those given in the present 
paper. His investigation then furnishes a further support 
for the validity for practical wock of the assumption as 
regards the the homogenety of the wavelength groups 
considered. I propose to considered this question more 
in detail in a following note. 


given wavelength A, reaching the earth’s surface 
through the equation: 


= Ip [pal x [px] . [pa | (1) 


where Ip, is the solar constant for the wavelength 
À, and m,, m, and mg are the relative air masses 
corresponding to the attenuating factors. 

For solar elevations above about 15°, we may 
put m, =m, =m, =m and the equation simplifies 
into: 


T= In pi- pi - pr" (2) 


The value of Ij; is known within fractions of 
one per cent from the investigations of the 
Smithsonian Institution and their treatment 
by various authors (Baur, 1953, Table 95). 
Knowing the pressure at the place of observa- 
tion, we can compute p,’ on the basis of theo- 
retical and experimental evidences. (BAUR 1953, 
table 100). For large parts of the solar spectrum 
px is small and due to comparatively perma- 
nent constituents, and for these parts we may 
therefore put: 


T= Ex [pa] (3) 
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where E, is a quantity which, when the air 
mass m is known, can be derived from known 
data. For p;” we have on the basis of the law of 


Bouguer: 
pi=e—f0 (4) 


where f(A) is a function of the wavelength and 
of the qualities of the turbid medium producing 
the scattering and absorption. For the simple 
case that we know the form, size and material 
of the scattering particles in the atmosphere, 
f(A) can be derived on a theoretical basis, as has 
been done by Mie and his followers (MIE 1908, 
La Mer and collaborators 1943, FOITZIK 1938, 
HOLL 1946, 1948). In the practical case of 
the atmosphere, the particles originate from 
a number of different sources and consist mainly 
of (1) dust particles emanating from the ground, 
(2) water and ice particles arising through con- 
densation, (3) nuclei of hygroscopic salts on 
which water is condensed to larger or smaller 
extent and finally, (4) to a comparatively small 
amount of meteoric dust, which under normal 
conditions scarcely produces more than some 
fractions of a per cent of the total scattering 
effect. To the variation in quality can be added 
a great variation in form and size, with a size 
distribution highly different for the different 
constituents of the aerosol (JUNGE 1952). 

It therefore has seemed justified to approach 
the problem in a more empirical way and try to 
derive f(A) on an experimental basis. From, 
especially, the very extensive material of trans- 
mission coefficients collected by Abbot and his 
colleagues of the Astrophysical Observatory of 
the Smithsonian Institution, and also from ma- 
terial gained at K. Ängström’s solar observatory 
at Uppsala the following empirical formula 
was derived (ANGSTROM 1929, 1930).? 

B 
pe (5) 

The equation (5) defines a “turbidity coeffi- 
cient” B and a wavelength exponent «, which 
both together, in a broad sense, are character- 
izing the scattering and absorbing aerosol. 

It was found that « varies within a compara- 
tively small range and that under average con- 
ditions, at a rather great variety of stations, it 
has a value close to 1.30.2, being seldom 
below 0.5 or above 1.6. Under conditions when 


2 In the following we put P; = P). 
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the atmosphere is polluted, by, for instance, 
volcanic outbreaks or forest fires, « may be re- 
duced to a rather low value, 0.5 or less. Exam- 
ples of this are furnished by the conditions after 
the outbreak of Mount Katmai at Alaska in 
1912, when spectrobolometric records from Mt. 
Wilson in California, Bassour in Algeria and 
Uppsala in Sweden all show very low « val- 
ues on disturbed days (ANGsTROM 1929). An 
extensive study of the variation of & and ß has 
been made by WEMmPpE (1947) on the basis of 
a great mass of observations, spectrobolo- 
metric ones as well as also from photometric 
measurements on stars within the visible spec- 
trum. A rather comprehensive summary of 
Wempe's results is given in the form of tables 
in a recently published book by Forrzrk and 
HINZPETER (1958). Statistical studies of the var- 
iations of x and B in their dependence on vari- 
ous variables are presented in an important 
thesis by W. ScuiiEpp (1949). Schiiepp confirms 
in the main the idea about the constancy of « 
with wavelength within the visible spectrum, 
but points out that the constancy seems to be 
valid only up to an upper limit of wavelength 
— generally occurring in the near infrared - 
which is lower the smaller the turbidity coeffi- 
cient. Some doubt must, however, be attached 
to the transmission coefficients determined from 
the spectrobolograms within or near the re- 
gions of the spectrum where the water vapor 
absorption takes place, and the same doubt 
must be attached to conclusions of Schiiepp 
drawn from them as regards the scattering 
effect within these spectral regions. 

Schiiepp (loc. cit.) replaces the coefficient B 
defined by equation (5) with a coefficient B, 
fundamentally based on the same considera- 
tions, but referred to the base 10 instead of e 
and to the wavelength 0.5 1 instead of 1.0 u, 
viz. the decimal scattering coefficient is B at the 
wavelength 0.5 u. The relation between B and 
B is then given by the equation: 

B B 


e == 10 (Aa (6) 
B=ß.2°.loge (7) 

For «=1.3 this gives: 
B= 51.07 (8) 


This transformation is evidently a purely 
mathematical one. It speaks in favor of the 
transformation of Schiiepp that his B refers to 
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a wavelength which represents the central part 
of the visible spectrum instead of the wave- 
length 1.0, where the scattering is of a more 
abstract interest. The advantage, however, is 
highly reduced by the exchange of the natural 
basis against the decimal one. As long as ß is 
not too large we can namely put: 


e-P=1-f (9) 


In this case B evidently gives us directly an idea 
about the fraction of the incident radiation, 
which is scattered and absorbed by diffusing 
particles. Multiplying 6 by 2 we get an approx- 
imate idea of the scattering within the visible. 

Schiiepp has given in his thesis an excellent 
survey of the different sources of error which 
should be avoided or corrected for in actinomet- 
ric research, especially when we wish to deter- 
mine from such measurements the parameters of 
atmospheric transmission, like the turbidity co- 
efficient and the wavelength exponent «. The 
method most widely used at present for such 
determinations is founded upon measurements 

with so-called cutoff filters (ANGsTROM 1929, 

1930). Measuring the radiation behind such fil- 

ters and also the total radiation without filter, 

we are able to distinguish between two inte- 
grals of energy, namely one affected mainly by 
the scattering, the other by scattering as well 
as selective absorption. Through evaluation of 
these integrals, one can by means of tables or 
graphical representations derive values for ß or 

B and, by a method suggested by Schiiepp, also 

values for «. 

The tables or diagrams are generally made 
up on the basis of known values for: 

(1) The extraterrestrial radiation at mean solar 
distance corresponding to different wave- 
lengths; 

(2) The extinction of the atmosphere through 
the Rayleigh scattering by the molecules; 

(3) The absorption of ozone within the visible 
and ultraviolet spectrum; 

(4) The relative and absolute air masses m and 
Mh. ; 

Further the extinction by dust and solid parti- 

cles is assumed to take place according to the 

formula (5), in specialized cases with the intro- 
duction of a value for « equal to 1.3. We enter 
with the measured values of the total radiation 
and of the radiation measured behind filters, 
properly reduced to represent standard condi- 
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tions, into the named tables and derive from 
them values of the parameters of turbidity 
(Icy INSTRUCTION MANUAL 19 58). 

Some corrections or reductions must be ap- 
plied to these values, and others are desirable if 
high accuracy is attempted. The former ones 
refer mainly to the following conditions. 


(a) The measured solar radiation ought to be 
reduced to:the mean distance Ry between 
sun and earth by multiplication with the 


2 
factor [=| , where R is distance at the 
0 


time of observation. 


(b) The filter measurements must be reduced 
to the standard conditions of the respective 
filters, because it is to these standard condi- 
tions that the tables refer. 


(c) The relative air mass, which is determined 
from the time equation, from the directly 
observed solar elevation, or from the tables, 
must be corrected to represent absolute air 
mass. This is generally done by multiplica- 


P 


tion with a Be where p, is the stand- 
0 

ard pressure at the earth’s surface and p is 

the pressure at the place and time of obser- 

vation of the sun’s radiation. This means 

that the air mass 1.0 is not, at determina- 

tions of 8 or B from tables, the vertical air 


AH ate 
mass, but an air mass which is Po times the 


vertical one, a fact which is especially to be 
observed. The values of 8 or B, which are 
obtained from the tables, consequently do 
not refer to the vertical air mass. In order 
to correct them to vertical air mass they 


must be multiplied by the factor Es 


Po 

The correction for pressure must generally 
be applied at stations for which the altitude is 
higher than about 200 m, where the mean pres- 
sure is more than 30 millibars less than at sea 
level. At stations not far from sea level, a correc- 
tion for the daily and annual pressure variations 
can generally be neglected, so long as the pres- 
sure deviations are below about + 20 millibars 
(compare Icy INSTRUCTION MANUAL 1958). 

Further corrections, which have been sug- 
gested, refer to the following conditions. The 
relative air mass is slightly different for the 
different absorbing constituents (m, +m # mg 
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for values of m above about 4.0). A correction 
for this can in most cases be neglected. It must 
be kept in mind that the theory of atmospheric 
extinction is generally founded upon the idea 
that the atmosphere is homogeneous within 
concentric air layers. We have generally very 
small guarantee that this condition is fulfilled 
when we go to relative air masses of 4.0 or 
more. 

Other corrections refer to temperature of 
filters. In recent papers by the present author 
and A. J. Drummond, we have investigated in 
detail the transmission of the standard filters 
used within solar research in its dependence on 
wavelength, thickness of filter, and tempera- 
ture (ANGSTROM and DRUMMOND 1959, 1960). 
It was shown that in order to obtain the radia- 
tion integrals tabulated for determination of 
ß from measurements behind the filters, we 
must apply (a) a filter factor, which seems to be 
rather constant for different standard filters, 
even if they are from different melts, and (b) 
in general also, an additive correction, AI, which 
is mainly dependent on the position of the cut- 
off of the filter, in comparison with the stand- 
ard specimens (ANGsTROM and DRUMMOND 
1961). It is evident from these investigations 
that a correction to standard specimen filter 
conditions cannot be made simply through 
applying, as has been generally done up tonow, 
a constant “filter factor” to the measurements 
behind the filter (Icy INSTRUCTION MANUAL 
1958), and that the additive term causes a con- 
stant filter factor, if applied under various at- 
mospheric conditions, to introduce errors up 
to + 5 per cent, or under extreme conditions 
even more. Changes in temperature produce a 
shift in the cutoff of up to 5 mu, but this shift is 
comparatively small in comparison with the 
shifts up to 15 or 20 mu, which up to now have 
occurred between specimens of different melt 
of the standard filters in use. The conclusion is, 
that if a verv accurate knowledge of the location 
of the cutoff of the filter is not acquired, 
there is not much use in applying corrections for 
filter temperature. An instance of that is given 
inadvertently by ScHüerr (1949). He derives 
through extrapolation a value for the extra- 
terrestrial radiation corresponding to his OGI- 
filter, of 0.548 gram calories, whereas the cor- 
rect value is about 0.510 (derived from Nicolet 
and others). An error of 8 per cent is introduced 
through the application of a faulty standard 
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filter factor. Under such circumstances an in- 
troduction of small corrections of the order of 
size of less than a couple of per cent seems rath- 
er superfluous. 

One must keep in mind, when values of B or 
B and «& are derived, that the definition of 
these values are founded on a number of ap- 
proximations. They are accepted as means of 
obtaining a broad view of the transmission 
conditions of the atmosphere, and they are 
originally meant to furnish possibilities to get 
general climatological and synoptical concepts 
about the transmission conditions of the at- 
mosphere. The exponent & represents merely a 
theoretical simplification of the fact, that the 
scattering has more or less a certain complicated 
relationship to wavelength. As soon as we come 
to attempts to fix its value within a few per cent, 
from integral measurements like those here 
considered, we go into minor considerations 
not justified by the general definitions behind 
them. It seems in this field of research to be 
rather important that a certain simplicity of the 
technical procedure be maintained. 

II. With these considerations in mind, it ap- 
pears justified to give a short survey of the result 
of recent derivations of the turbidity, expressed 
through the coefficient 6. Minor corrections 
have in many cases been neglected in these deri- 
vations. In general, however, the results satisfy 
their aim, namely to give broad ideas about 
the atmospheric turbidity in its dependence on 
air-mass, time of the year, latitude and local 
conditions. 

As an introduction two diagrams from early 
measurements may be referred to. The first one 
gives B as a function of time of the year at a 
number of stations (Fig. 1). The result is de- 
rived from measurements or computations by 
ABBOT and Fow Le, KIMBALL, HOELPER (1939), 
TRYSELIUS (1936) and A. ÄNGSTRÖM (1929,1930). 
They show as a rule a rather pronounced maxi- 
mum of B in the early summer. There seems to 
be rather few exceptions from this general rule, 
which evidently implies, that the number of 
scattering solid and liquid particles in the at- 
mosphere has a maximum at that time of the 
year. The obvious cause of this must be that on 
account of the rapid heating of the ground in 
spring and early summer, the atmosphere 
shows its greatest vertical instability at that 
time, and that consequently dust and combus- 
tion products are then carried most effectively 
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Fig. 1. Annual variation of turbidity coefficient B, for 
Aachen (Aa), Abisko (Ab), Davos (D), Stockholm (S), 
and Washington (W) according to HOELPER (1935) and 
TRYSELIUS and ÂNGSTRÜM (1934). From TRYSELIUS (1936). 


from ground to atmosphere. It may be con- 
cluded, perhaps, from this variation that in the 
summer, at continental stations, the scattering 
nuclei, which originate from the solid surface 
of the earth, produce an effect which is at least 
the double of that produced by nuclei of other 
origin. 

An interesting diagram (Fig 2), which dem- 
onstrates how the B-values may be used for 
synoptic purposes, is reproduced from a paper 
by E. SCHULMAN (1943). The diagram brings 
out the difference between polar continental and 
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Fig. 2. Annual variation in turbidity at Blue Hill Observ- 

atory (Lat. 42° 14/44, long. 71° 6’53, elev. 195 m), 

July 1934—December 1938, according to air mass type. 
From SCHULMAN (1943) 
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modified pacifique or polar air masses Np as 
regards turbidity. The turbidity coefficient 
was occasionally found as high as 0.25 for Trop- 
ical air (from the Gulf of Mexico, Tg), where- 
as in some cases it was below 0.03 for Polar 
air. For Stockholm mean values of 0.06 and 
0.09 were found for Polar and Tropical air 
respectively (ANGsTROM 1930). All these re- 
sults are founded on a rather limited mass of 
observations. 

We may add a diagram giving a broad sur- 
vey on the variation of B with latitude (Änc- 
STROM 1930). The diagram is of interest more 
as a starting point for supplementary comments 
than as a final result of detailed measurements. 
For the Tropics the diagram suggests annual 
mean values of B of about 0.12, with a rapid fall 
off down to about 0.06 with increasing latitude 
within the temperate zones. The value for the 
Arctic region was founded merely on a series 
of measurements at Spitzbergen, but more de- 
tailed information is now available through the 
measurements of OLSSON and TRYSELIUS (1936) 
and especially through the very comprehensive 
measurements and observations of Liljequist 
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Fig. 3. Dependence of turbidity on latitude. Annual mean 
values smoothed according to equation: B = [0.025+ 
0.100 cop] e 7h, ÄNnGSTRÖM (1930), with constants mod- 
ified to agree with recent values at Antarctic and Arctic 
stations (h — height above sea level). 
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within the Artic and the Antarctic (Lirje- 
QUIST 1956). 

The annual variation of ß at Maudheim 
(71° 03’ S, 10° 56’ W) is given in Fig. 4 accord- 


Turbidity, 8 


0.030 


oes Sept. Oct. Nov. Dec. Jan. Feb. March Apri) 
Fig. 4. Monthly means of turbidity $ at Maudheim accord- 
ing to the Ängström-Hoelper method. The figures within 
brackets give the number of days upon which the means 
are computed. From LILJEQUIST (1956). 


ing to LILJEQUIST (1956). The maximum with 
a value of about 0.025 occurs in summer and 
coincides very closely with the summer sol- 
stice; the minimum can be expected to occur 
somewhere in the winter. The general trend is 
thus in general agreement with what we know 
from temperate latitudes. The explanation of 
the annual variation at these latitudes, as due to 
the variation of the convection from the ground, 
is, according to the view expressed by Lilje- 
quist, not applicable to the conditions at Maud- 
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heim, because of the great distance from dust 
producing continental centers. The validity of 
this conclusion seems, however, doubtful to 
me. An advection of turbid air from lower lati- 
tudes, giving rise to an annual variation of sim- 
ilar character but occurring with some post- 
ponement at high latitudes, seems not to be 
out of the question. 

It is of interest to notice that the minimum 
values of B referred to individual days at the 
Antartic station come very close to zero, which 
implies that the atmosphere on these occasions 
is almost perfectly free from scattering particles. 
This can be expected for the Arctic and Ant- 
arctic, and it then forms an additional experi- 
mental confirmation of the theory of the Ray- 
leigh scattering. From the paper of Liljequist, 
in which an abundance of very valuable data 
are given on the optical conditions of the at- 
mosphere in the Antarctic we may finally add 
Fig. 5, which shows the diffuse sky radiation 
at Maudheim in its dependence on ß and solar 
altitude. 

IH. After this short survey on recent contri- 
butions to the problem of the turbidity of the 
atmosphere, as expressed by the coefficient ß, 
I will finaily discuss a rather simple method of 
determining ß as well as «, a method made 
possible through the more detailed knowledge 


of the transmission of cutoff glass filters now 
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Fig. 5. The diffuse clear-sky radiation as a function of the solar altitude (not corrected 

for refraction) and the turbidity. The diagram to the right is used for interpolating 

and extrapolating. “Theoretical” refers to values from Deirmendjian and Sekera 
(1954). From LiLJEQUIST (1956). 
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in our possession (ANGsTRGM and DRUMMOND 
1959, 1960, 1961). 

Suppose the solar energy to be measured at 
two known wavelengths A, and A,, where no 
selective absorption occurs. We compute in the 
usual way, after elimination of the molecular 
extinction, the transmission through the turbid 
medium alone, and obtain the transmission 
factors pa, and pay respectively. Assuming the 
equation (5) to hold for the wavelength depend- 
ence, we get 


B 
— — NL 


“m 
and prac. „2: 


pare up) 


Here the only unknowns are ß and « both 
of which evidently may becomputed from the 
two equations. 

Through the use of the filters RG8 and RG2 
we are able to isolate with application of due 
filter correction the energy integral: 

T= Baas (11) 
and through measurements of the total radia- 


tion and of the radiation behind the yellow 
filter OGI, the integral: 


= f F(A) da (12) 


If these integrals are plotted against air mass, 
as shown in Fig. 6, the logarithms of the radia- 
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Fig. 6a. Values of I,, the solar radiation in cal cm? 
min! for 0.630 <A< 0.710 u according to eq. (11) plotted 
in logarithmic scale against air mass. Solar constant — 1.98. 
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Fig. 6b. Values of Ix, the solar radiation in cal cm? 
min! for o < À <o.530 according to eq. (12), plotted in 
logarithmic scale against air mass. Solar constant = 1.98. 


tion values fall very closely along straight lines, 
and the same is the case if, at constant air mass, 
they are plotted against the turbidity 6. This 
shows that the radiation for air masses between 
0.5 and 6.0 and for turbidity coefficients be- 
tween 0.00 and 0.20 can be regarded practically 
as homogeneous. If we ask for the effective 
wavelength, which, assigned to the whole 
wavelength interval covered by the integral, 
gives the slope previously derived, this wave- 
length may be computed from the equation: 


(13) 


pm 


pa=e 


where p; can be obtained from the diagram as 
the ratio between the radiation integral at fixed 
values of ß and m, and the corresponding radia- 
tion at the same air mass for B =o. 


We thus find: 


0.710 Er Bm 
f F(A) dA=0.183 .e 9:56" 
530 _ B'm 
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with a remarkable constancy within the whole 
range. Evidently A, very closely coincides with 
the mean value between the limits of the inte- 
gral, whereas A, is only slightly greater than the 
wavelength (A=0.445) at which the center of 


gravity of the intezral / F(A )dà, correspond- 


ing to the extraterrestrial Spectrum, occurs. 

We may thus for air masses between 1.0 and 
6.0 treat the integrals as representing mono- 
chromatic radiations and derive ß and « from 
equations (10). Diagrams for this purpose may 
be easily constructed. As however diagrams 
and tables for deriving 6 from direct observa- 
tions are already in general use, it seems more 
practical to proceed in a way where use is made 
of these facilities. 

From the diagrams of Fig. 6 values of 6 may 
be derived for values of the two integrals 


iF F(A)dA and F F(2)dà, respectively, quite 


independently of one another. In the case where 
&=1.3, the two values B, and B, thus derived 
coincide, (adopting a common value f,). 
When B, and ß, do not coincide, this shows 
that the assumption «= 1.3 is not fulfilled. We 
will show that the real value «=«, as well as 
the true turbidity coefficient 6) may in a simple 
way be derived from the values of B; and fy. 
We have: 


lee ER (14) 
Pa=e À ;pu=e À 
and 
LE Bo 
——-m — +m 
Prue AS ; pa =e À (15) 


From which we get: 


fs snes Paes es 
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which gives: 
I 


log À — log A, 


log A 


or introducing: 
&= 1.3.4) 0.000: Ag== 0.454 

we obtain: 
tp =1.3— s94logs 
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Fig. 7. % as a function of ß/ß, (logarithmic scale); B, = 
coefficient of turbidity 0.630 < A < 0.710 and ß, = 
coefficient of turibdity À < 0.530 and assuming & = 1.3. 


022.03 2 1.6 


From a diagram where Pi is plotted in a 


2 
logarithmic scale against «) we readily obtain 
% from the linear relationship, as shown in 
Fig.?7. 

We further obtain from (16): 


log 5° = (a, — a) log À; (19) 
3! 

Or from (17), and introducing known values 
for À, and À,: 
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As the diflerence between ß, and ß, is in gener- 
al small, we get with some approximation: 


a 


table 


The following gives % in its 
[ae 


Pr 


dependence on 


Bi 
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IV. From equations, tables and diagrams giv- 
en above it is evident that moderately accu- 
rate determination of x, demands a rather high 
accuracy in the determination of B; and B. 

Now, in general, in order to determine B 
accurately within, let us say, + 5 per cent, we 
must measure the radiation behind the 
filters with an accuracy not less than 2.5 per cent. 
This is an accuracy which puts rather high de- 
mands on the quality of the filter and on our 

‘knowledge of the filter constants (transmittance 
within main transmission band and position of 
center of cutoff). Very seldom, up to now, filter 
constants have been determined accurately 
enough as to allow sucha precision. A system- 
atic error of + 5 percentin the determination of 
B must be reckoned with as possible in most 
determinations made hitherto. The influence 
on the error in x, may be derived from: 


m 0% een 


Re an, 


which applied to equation (18) gives us: 


day = 22% Er er] 


a CERTA 


Bi Pa 


dB, (22) 


(23) 


Putting 
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we get 


day= +0.3 (24) 


Very reasonable assumptions with regard to 
the accuracy of our measurements, lead us thus 
to consider an error of + 0.6 in the value of x» 
as highly possible. This means that x, may be 
wrong by about 50 per cent. It is to be espe- 
cially emphasized that this lack of accuracy 
in the determination of «, is not to in any 
appreciable degree influenced by the choice of 
the apparent turbidity coefficients as parame- 
ters. The result would have been the same if we 
had made the computation directly from the 
transmission values according to the equation 
(10). An increased accuracy in the filter meas- 
urements is the fundamental condition for a 
higher accuracy in the determination of «. In 
view of what has been shown on the basis of 
equations (22) to (24) we must conclude that a 
rather moderate value ought to be attached to 
the determinations of x, made up to now on 
the basis of filter measurements. To deviations 
less than + 0.5 from the standard value 1.3 de- 
rived from spectrometric investigations, no 
safe reality can be ascribed. What has been said 
here applies equally or in still higher degree to 
the method proposed by Schiiepp for such de- 
terminations, a fact which he himself has point- 
ed out on the basis of somewhat different con- 
siderations from ours. 

The conclusion to be drawn is this: attempts 
to determine the wavelength exponent a from 
filter measurements are only justified in cases 
where the filter constants are so well known as 
to allow an accuracy of about + 1.0 per cent in 
the measurements of the transmitted radiation. 
If this condition is not fulfilled, rather erroneous 
values may be obtained and virtual variations, 
lacking all reality, may appear. 

In a following paper I am planning to treat, 
according to methods suggested above, ob- 
servational material obtained with filters, whose 
filter constants have been determined with a 
high degree of accuracy and from which com- 
paratively accurate values of x can be derived. 
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Thermohaline Convection with Two Stable Regimes of Flow 
By HENRY STOMMEL, Pierce Hall, Harvard University, Massachusetts 


(Manuscript received January 21, 1961) 


Abstract 


Free convection between two interconnected reservoirs, due to density differences main- 
tained by heat and salt transfer to the reservoirs, is shown to occur sometimes in two different 
stable regimes, and may possibly be analogous to certain features of the oseanic circulation. 


The density of sea-water is modified while 
at the surface by two distinct processes: heating 
and cooling, which change the temperature, 
and precipitation and evaporation, which 
change the salinity. In many important oceanic 
regions these two density modifying processes 
work contrarily to one another. For example, 
the water in and above the main thermocline 
in all subtropical oceans is able to float on 
top of the denser deep water (we neglect 
here all consideration of the “‘salt-fountain”’ 
effect) because its density is depressed through 
surface heating — but the excessive evaporation 
in these same latitudes is able to increase the 
salinity of the surface waters to such an extent 
that in general their density contrast with deep 
waters is only one half of what it would be 
on the basis of temperature alone. In some 
large semienclosed seas (e.g. Mediterranean 
and Red Seas) subject to similar surface 
heating and evaporation, the salinity can have 
a predominant influence on the density field. 
By qualitative comparison of these cases we 
form an impression that the heat transfer 
mechanism has a more rapid effect on the 
density of a newly arriving parcel of water, 
but that in the long run, given sufficient time, 
evaporation can. reverse the thermal influence. 

We do not know enough about the details 
of oceanic circulation to pursue these questions 
in their full complexity in nature but we can 
explore their implications in simple idealized 
systems. That is all we propose to do here. 

First, let us consider a very simple system: 
a vessel of water stirred so as to maintain 
uniform temperature T and salinity S. (fig. 1). 
The walls of the vessel are made of a porous 


substance which permits transfer of heat and 
salt in a simple linear fashion: 


dT 
Genes T) 
dS 
= =d(S-S) 


J and S are the temperature and salinity out- 
side the wall and are regarded as fixed. 
The equations may be made non-dimen- 
sional if we introduce 
d 
Ô = 2 Y = T/ ui 


T=c, x= SJS: 


stirrer 


Porous walls 


Fig. 1. The idealized experiment, consisting of a well 

stirred vessel of water with temperature T and salinity S 

(in general variable in time) separated by porous walls 

from and outside vessel whose temperature J and sali- 
nity S$ are maintained at constant values. 
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d 

a 
dx 

ig ae) 


The quantity 6 is considered to be a small 
quantity, that is we are most interested in 
situations where the salinity transfer coefficient 
dis less than the temperature transfer coefficient 
c, or 0 < 1. No matter what the initial values 
of x and y-say x, and yy at t=0 ~ the initial 
final equilibrium state as tT > co isx=1, y=1, 
the solutions of the above equations being, 
in general 


yore (= De 
Mr Lo 1)" 


Moreover, the temperature approaches its 
asymptotic value more quickly than the 
salinity. 


Now let us consider a simple form of 
equation of state 


e=00o(1-xT+ps) 


which, when expressed in terms of the non- 
dimensional quantities x and y is 


@= 00 [(1 + (xT) (— y + Rx)] 


where R=B S/«J, a measure of the ratio of 
the effect of salinity and temperature on the 
density in the final equilibrium state x = 1,y=1. 
We are interested primarily in cases where 
R >1, because this corresponds to the case 
where the density at x = 1, y = 1 is greater than 
that at x=0,y=0. The time rate of change of 
density at any time is 


=0,1|- ı+y+Rö(1-x)] 


If in the special case x9=yo=0, the quantity 
Ro <1, but R> 1 then in the beginning at r=o 
the density at first decreases, but eventually 
increases again until at T—c it is greater than 
at the beginning. The entire process can easily 
be visualized on an S,T diagram or in non- 
dimensional terms, the x, y plane. In figure 
2, the lines of constant density anomaly 


‘= (2 - Iles) are drawn for the case R =2. 
i é 
The density anomaly iso at the initial condition 


x=0, y= 0, and at the asymptotic limit >, 
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Temperature 


fo) nts 
Salinity 
Fig. 2. Non-dimensional salinity-temperature diagram 
show lines of constant density (o is density anomaly) 
for the case kK — >. The points marked 7 — 0,1, 2, 
3, 5, © illustrate values of temperature and salinity at 
successive instants of time for 6 = 1/6. 


the density anomaly is +1, therefore the fluid in 
the time dependent process in the case where 
ö=!/, are plotted as points along a curve for 
increasing t. During the early stages the 
density decreases, until at r=1 it begins to 
increase again. At about r=4 the density is 
back at its initial value and henceforth in- 
creases to its asymptotic limit as tT oo. 

Another way of visualizing the different 
rates of the salt and temperature transfer 
processes in controlling the density is to 
consider a simple steady state process, in which 
water at T=o, S=o flows into the vessel 
at rate q, and the mixture is withdrawn at 
the same rate. The arrangement for this ex- 
periment is shown in figure 3. The equations 
describing this state are 


=0=e(T-T)-g7 
À =0=d(8-8)-98 


and reduced to non-dimensional form as before 


= (1+ Php 
6-(6+ fx =0 
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inflow — —-» outflow 


Fig. 3. The idealized steady state experiment. 


where f’ = q/c denotes a dimensionless flow rate. 
The equilibrium values of x, y which obtain 
in the vessel are 


sd IL 
a 
fies L 

su 


The water which enters the vessel has zero 
density anomaly. When it leaves its density 
may be greater or less than that entering 
depending upon the flow rate f”. The points x, 
y corresponding to the salinity and tempera- 
ture of the outflow lie along the curve: 


ST AN) 
chen 2% 


depicted in figure 4 for the value 6=1/,. The 
actual points x, y for certain choices of flow 
rate f’. The shape of the curve depends only 
upon 0. The position of the points x, y on 
this curve depends only on f’. If we now 
choose R=2 as before we can draw the same 
lines of density anomaly as in figure 2. Hence 
the most dense outflow occurs for very 
small discharge rates fo, the outflowing 
water being denser than that flowing into 
the vessel. On the other hand, the position 
of points for which 1/, < f’<co indicates 
that in this range of discharge the outflow is 
less dense than the inflow. The purpose of 
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Fig. 4. Values of non-dimensional temperature y and 
salinity x for steady state experiment (fig. 3) for different 
rates of flow, f’. 


exploring these extremely simple models has 
been to lay a groundwork for the remarks 
made in the introduction where it was stated 
that the very different density structure in 
the Atlantic and Mediterranean might be 
simply due to different rates of flow, but the 
models are obviously too idealized for direct 
application to natural conditions. 

They are, however, suitable to use as a 
basis for exploring further consequences of 
the density transforming processes: in partic- 
ular the fact that the flow rates in free con- 
vective systems depend upon the density 
differences themselves. There is a kind of 
“feedback” of the density difference produced 
upon the flow rate which produces it, that 
now must be introduced into the system in a 
simple way. The easiest way to accomplish 
this is to introduce another stirred vessel 
surrounded by a resevoir at— J, and —S, as 
shown in figure 5. 

The two vessels are connected by a large 
overflow at the top so that free surface of 
water is level across the top of each vessel. 
Connecting them at the bottom is a capillary 
tube whose resistance k is such that the flow q 
in the tube is directed from the high pressure 
(high density) vessel toward the low pressure 
(low density) vessel by a simple linear law 


kq = 01-02 
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Vessel | 


Vessel 2 


overflow 
Fa | | F3 


Fig. 5. Two vesselexperiment, with rate of flow, q, through 

capillary determined by the density difference between 

the two vessels. The upper overflow is provided so 

that the surface level in each vessel remains the same. 

The density difference between the two vessels depends 

on the flow rate as well as the nature of the transfer 
through the walls. 


The flow q is positive if directed from vessel 1 
to vessel 2, and negative otherwise. There is, 
of course, a counterflow of the same amount 
returning through the overflow, so that the 
volume of water in each vessel remains the 
same. 

We are concerned with solution of symme- 
tric form, so we can define a single tem- 
perature T=T,=-— Ty, and a single salinity 


S=S,=—S,, so that the laws for conservation 
of temperature and salinity are simply 

dT 

ae ER T) - |2q|T 

dS 

Zr =d(S-S)-]glS 


It is important to note that in the second 
term on the right hand side the flux enters 
with an absolute value sign. This means that 
the exchange of properties is insensitive to the 
direction of the circulation. Introducing the 
previous notation, and defining 


on 


€ 


c 
A= k 
aaa 


the appropriate non-dimensional forms of 
the relations describing the systems are 


dy _ 7 
a le 
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F=8(r-)-Iflx 
Af=(- y+ Rx) 


The last equation implies that the flow in 
the capillary is in a series of quasi-equilibrium 
states—since no time derivatives occur in it. 
Substitution of the last equation into the first 
two, to eliminate f, yields two non-linear 
equations 


d 
Rond à | nyt Rel 
na 9-5 |-y+ Rx) 


The points of equilibrium correspond to those 
values of x and y for which dy/dr and dx/dr 
vanish, thus leading to a cubic for y in terms 
of x. There will, therefore, sometimes be three 
real solutions, or three sets of values of x, y 
which are equilibrium points. A simple graphi- 
cal construction enables us to see under what 
conditions several equilibria are admitted. 
Solving the first two equations for x and y, in 
stationary state, we obtain 


I 


rrifl 


x 


ri fi/6 
and 


I IR 
15-606 Ra (- +) 


In figure 6 the function ¢ (f; R, 6) has been 
plotted as a function of f for R=2, and for 
two choices of 6, 6=1, and 6=1/.. 


2 $(f,R,8) 


Fig. 6. Graph for determining the equilibria of the two 
vessel convection experiment (see text). 
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The solution (or real roots of the cubic) 
occur where this curve intersects the line Af. 
Two lines are drawn, one for A=ı and one 
for A=1/;. À is defined as positive. 

In the case R=2, 6=1/,, A=1/, there are 
three intersections, located at points a, b and c; 
the corresponding approximate values of the 
roots are f= —1.1, —0.30, +0.23. These rep- 
resent three different ways in which the 
simple convection can occur between the 
coupled vessels without change in time. With 
a somewhat larger value of A the line cuts the 
function & (f; 2, !/s) in only one point— 
in the case A=1, it cuts at d only. 

For certain choices of the parameters R 
and 6 there are forms of & (f; R, 6) for which 
no choice of A can produce three real roots. 
For example, the choice R=2,ö=1 gives only 
one intersection (e or g) for any one choice 
of A. It can be seen that this is always true 
when & (f; R, 6) has no zeros. To explore 
the limitation on zeros of the ¢ function, we 
note that if é=o then 


I I 
Jets ae ae 
1+lfl  r+[fI/6 
or 


(1- R)d=(R6—-1)|f| 


Thus the necessary condition for three inter- 
sections is 


if R > 
10 = Ret 


R6 <1 
or Rö>ı 


To be a sufficient condition A must also be 
small enough. 

Proceeding now to the x, y plane (dimen- 
sionless, S, T diagram) we can draw as before 
the lines of equal density. These, of course, 
coincide with the lines of equal flow f in the 
capillary. In figure 7, the three equilibrium 
points a, b, c, are located for the particular 
case R=2, d=1/,, A=1/,. The locations are 
computed from the values of flux f as deter- 
mined in figure 6. The paths which temperature 
and salinity follow in the course of approaching 
equilibrium points can be plotted by the 
method of isoclines as given in STOKER (1950), 
a few are sketched in figure 7. 

Both a and c are stable equilibrium points. 
Upon detailed examination by the method 
of Poincaré it can be shown that point a 


Temperature 
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Salinity 


Fig. 7. The three equilibria a, b, and c for the two vessel 

convection experiment with R = 2, 6 = 1/6, A=1/s. 

A few sample integral curves are sketched to show the 
stable node a, the saddle b, and the stable spiral c. 


is a stable node, whereas point c is a stable 
spiral. Point b on the other hand is a saddle 
point, so that the system would not stay in 
that state if perturbed ever so slightly. 

A similar sketch for the system where only 
one equilibrium point (g in figure 6) in the 
system where R=2, 6=1, A=!/, is shown in 
figure 8. It is a single stable node. 

The fact that even in a very simple convec- 
tive system, such as here described, two 
distinct stable regimes can occur (as in figure 
7)—one (point a) where temperature differ- 
ences dominate the deusity differences and 
the flow through the capillary is from the 
cold to the warm vessel, and the other where 
salinity dominates the density difference so that 
the flow in the capillary is opposite, from 
warm to cold—suggests that a similar situation 
may exist somewhere in nature. One wonders 
whether other quite different states of flow 
are permissible in the ocean or some estuaries 
and if such a system might jump into on 
of these with a sufficient perturbation. If 
so, the system is inherently frought with 
possibilities for speculation about climatic 
change. Such a perturbation could be in the 
momentary state of the system-with all 
parameters remaining constant, or it could 


Tellus XIII (1961), 2 


THERMOHALINE CONVECTION WITH TWO STABLE REGIMES OF FLOW 


be a slight change in the parameters. Refer- 
ring to figure 6 to see the effect of a slight 
increase in A we see that if A were to become 
slightly greater than 1/,, the two intersections 
a and b would vanish. Thus, in the system 
depicted in figure 6, a slight change in À 
could cause the temperature dominated circula- 
tion at a to jump over to the reverse salinity 
circulation at c, and it would then stay there 
even when À was restored to its original value. 


Appendix 

The question of the stability of the equilib- 
rium points is difficult to decide by graphical 
construction. We let x=X+x, y=Y+y’ 


where X and Y are values at a particular 
equilibrium point; hence they satisfy the 
relation 


o=1-¥-7|¥- RX 


>| >| 


o=d(1- ee eR x | 

The quantities x’ and y’ are regarded as 
small departures from X and Y and we form a 
linearized expression for dx’/dr and dy’/dr 
which is valid in the neighborhood of IT 
by substitution and dropping all products of 


XV. 


Fig. 8. The single stable node g for the case R=2, ö=1, 
A=1/s. 
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Morcover it is necessary to distinguish 
between two cases: (1) where the values Y > 
RX, (2) where Y<RX. Equilibrium points in 
case (1) have negative f, in case (2) positive f. 
One must allow, in this way for the absolute 
value sign. Forming the quotient of the two 
linearized perturbation equations, leads to 
the general form 

dy’ ax’ + by’ 


dx’ cx’ + dy’ 


where the coefficients a, b, c, d are defined 
separately for the two cases as follows 


Case (1) Vo RX |) Case (2) YoRX 


(eae) 0 
a| RY/A ERYA 
b\-1-(2Y-RX)/A| -ı+(2Y- RX)/A 
c|-6+(2RX- Y)/A| -6-(2RX- Y}A 
d\= X/A ZA 
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Table 1. Numerical Calculations on Stability of Equilibrium Points. 
01 m 


System IR =D —1}, =U RO eA 
if TT 10 —0.30 + 0.23 + 1.76 
Case (1) (1) (2) (2) 
Br 0.13 0.36 0.42 0.36 
vi 0.48 0.77 0.81 0.36 
a 4.80 7.70 ‘—8.10 —3.60 
b —4.50 —5.10 2.90 _ —1.00 
c 0.03 3.18 —4.52 —6.40 
d —0.65 —1.80 2.10 1.80 
(b—c)? 20.5 68.4 55-0 29.1 
4ad —12.5 —55.5 — 68.1 —25.9 
(b—c)? + gad 8.0 12.9 —13.1 SZ 
ad —3.12 —13.8 oo —6.48 
be —0.13 —16.2 _ — 6.40 
ad—bc — 2.99 2.4 —.08 
b+c — 4.47 —1.92 —1.62 —7.40 
© & > 
à 2 2 2 
a © io) 2 © 
a = Ss 
2 @ = 8 3 
Sg n 9) 2 n 
= > — =. 
8 3 = = < 
Ay = = = = 


The Poincaré conditions on the form of the equilibrium points are (STOKER, 1950) 


(A) Node if ad- be<o 


lea ifb+c<o 
(B) Saddle if ad- bc > 0 


Type I (b- 9* +40d>o Unstable if b+c>o 


(A) Center ifb+c= 0 


(B) Spiral fb+c#o 


Stable if b+c<o 
Unstable ifb+c>o 


Type Il (b= dt +401 <0 


Stable if b 
Type Ill (b-c)?+4ad=0 Node | table if b+c<o 


Unstable if b+c>o 


The numerical values of all quantities are calculated in Table I for the systems shown in 
figures 7 and 8. 
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Surface Layers 


By ERIC B. KRAUS and CLAES ROOTH, Woods Hole Oceanographic Institution! 


(Manuscript received January 17, 1961) 


Abstract 


The occurrence of a quasi-isothermal surface layer is shown to be a necessary consequence 
of the vertical distribution of heat sources and sinks, which requires an upward transport of 
heat. The depth of the convective layer depends essentially on a balance between the absorption 
of visible radiation within the layer and the loss of heat at the surface. Variations in the profile 
below the isothermal layer are primarily caused by vertical motion. Numerical examples illus- 
trate the effects of meteorological conditions on the heat loss and hence on the surface temperature 


and thermal structure below. 


I. Introduction 


Fig. 1 shows two sets of temperature sound- 
ings. The left hand side represents the vertical 
temperature distribution in the sea at 16° 25 N, 
23° 09’ W and the potential temperature in 
the air over Sal (16° 44’ N, 22° 57’ W) in the 
Cape Verde Islands on the same day. The 
right hand side represents simultaneous sound- 
ings at 17° 33’ N, 81° 11’ W in the Caribbean 
and over Grand Cayman Island (19° 18’ N, 
81° 22’ W). Why have these curves this partic- 
ular shape, which is fairly typical for condi- 
tions in the eastern and western margins of 
the sub-tropical Atlantic? Why is the surface 
temperature about 26° C and not 22° or 30°. 

A full answer to these questions requires a 
knowledge of the three dimensional distri- 
bution of temperature and velocity in the 
atmosphere and the oceans. It involves there- 
fore a knowledge of the whole general circula- 
tion. The aim of the present discussion is 
more modest. It intends to show the depend- 
ency of the surface temperature and of the 


1 Contribution No. 1199 from the Woods Hole 
Oceanographic Institution. 
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profile below upon the rate of upwelling and 
upon the climatic conditions above. 

The sea is cooled by evaporation, conduction 
and infra-red radiation. These processes are 
concentrated on the surface. On the other 
hand, heating by the absorption of visible 
light from the sun and sky affects an appreciable 
depth, particularly in biologically unproductive 
oftshore waters. There must be therefore a 
layer through which heat is transported up- 
wards. As a result, the ocean surface should 
be somewhat cooler than the water below, an 
effect observed recently by Ewinc and Mc- 
ALISTER (1960). 

In low latitudes where the sea gains more 
heat than it loses, the upward heat flux affects 
only a layer of limited depth. Absorption of 
solar energy in this layer must be sufficient 
to compensate for the heat loss from the 
surface. We may hence expect to find a level 
where the vertical heat flux changes direction. 
On the average, between 30° N and 30° S, the 
amount of energy lost from the surface is about 
$—10 times as large as the amount which is 
being retained and becomes available for export 
by ocean currents to extra-tropical latitudes. 

A turbulent upward flux of heat will be 
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Fig. 1. Characteristic distribution of potential temperature in air and water. 


associated with free convection. It generates 
kinetic energy and tends to produce a layer 
of nearly constant potential temperature. On 
the other hand, kinetic energy will be destroyed 
in the region of downward eddy flux. The 
stratification there would tend to be stable. 

The argument does not indicate that the 
stirring of the sea surface layers is due to free 
convection alone. In fact, the kinetic energy 
created by the buoyancy forces is small 
compared to that transferred by wind stresses. 
Particularly in regions of fairly turbid water, 
and hence of only limited light penetration, 
wind mixing is likely to overshadow the 
effects of the upward heat flux. We do feel, 
however, that over a larger part of the sub- 
tropical oceans, the variation of the steady 
state vertical heat flux with depth and hence 
indirectly the meteorological conditions per- 
taining above, exerts a dominating influence 
on the thermal structure in the uppermost 
layers. 


2. The Absorption of Radiant Energy in the Sea 


Radiation from the sun and sky which 
penetrates the sea surface is mostly absorbed 
either directly or after multiple scattering. 
Only a small fraction of the incident energy 
is scattered back into the atmosphere. Both 
absorption and scattering vary with the wave- 
length. Pure ocean water is most transparent 


to blue light, it absorbs red light more rapidly 
and is practically opaque to infra-red radiation. 
The scattering is affected not only by water 
molecules but also by suspended particles, orga- 
nisms and dissolved coloured substances. The 
transparency of sea water in nature is therefore 
affected by its biological productivity. 
Although Beer’s law is not strictly applicable 
in these circumstances, it is closely approxi- 
mated below the top few metres, at least in 
the blue and green part of the spectrum. In 
the present study it will be assumed that the 
radiation flux in the sea can be represented by 
the function (Se-*), where S is the flux per 
unit area across the sea surface and « is the 
extinction coefficient. (The vertical coordinate 
z is throughout considered to be o at the 
sea surface and counted positive downwards.) 
A brief survey of radiation measurements 
up to the second world war can be found in 
SVERDRUP, JOHNSON and FLEMING (1942). Most 
of these measurements were carried out in com- 
paratively turbid and biologically productive 
waters of the northern temperate zone. Meas- 
urements carried out later in sub-tropical 
regions showed smaller extinction coefficients. 
With the sun at the zenith, and for ver 
clear ocean water, JERLOV (1951) found that 
ten per cent of the incident vertical beam 
penetrated to a depth of about 35 metres and 
one per cent to 85 metres. These figures apply 
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to the vertical component only and, according 
to Jerlov, have to be increased by about 
twenty per cent to obtain the total energy. 

Jerlov’s figures for clear ocean water may 
be compared with a series of twenty-seven 
measurements obtained in the Sargasso Sea 
15 miles S. E. of Bermuda at 32° 10’ N, 64° 
30’ W between 1957 and 1960, BERMUDA 
BIOLOGICAL STATION (1960). These meas- 
urements were carried out with a Weston 856 
RR photo-electric cell. Incident solar and sky 
radiation was measured simultaneously with an 
Epley pyrheliometer. The extinction coeffi- 
cients « varied in this series between 0.035 m=! 
and 0.068 mtl, with a mean of 0.048. This 
corresponds to an energy penetration of ten 
per cent to the 48 m level and of 1 per cent to 
about one hundred metres. Measurements 
described by CLARKE (1936) give even greater 
penetrations. 

An accurate computation would have to 
include the spectral variation in «. For the 
present, fairly simple, model « =0.05 m! will be 
assumed for the total extinction coefficient in 
the trade wind region. In biologically more 
productive and therefore more turbid tropical 
waters a value of 0.10 would be more appro- 
priate. In temperate oceanic water Jerlov’s 
figures suggest extinction coefficients approach- 
ing 0.2 m7}. 

Following Bupyxo (1956), the short wave 
radiation which penetrates the surface will be 
approximated by 

(1) 


where S, is the solar and short wave sky 
radiation which reaches the ground, the factor 
0.94 is due to an assumed reflection of 6 per 
cent (BupyKo 1956, NEIBURGER 1954) and # 
is the cloud amount in tenths. 


S=0.94 (T-0.68 n) S, cal cm? day-! 


3. The Heat Loss from the Sea Surface 


The sea surface loses heat by infra-red radia- 
tion, turbulent conduction and evaporation. 

Following BRUNT (1944) and DORSEY (1940) 
the mean infra-red radiation balance at the 
sea surface can be approximated by: 


Q.=0.985 0 Ty (0.39 - 5.04. 10-2 Vrew) (2) 


where o is Boltzman’s constant, Ty) absolute 
temperature of the sea surface, e, the corre- 
sponding saturation vapour pressure ın mbs; 
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Fig. 2. The rate of heat loss, B, at the sea surface as a 
function of surface water temperature T, and wind speed 
(n=0, r—08 R=0.1): 


the quantity r-the ratio of the vapour pressure 
in the air (at ship’s level) to e„- is closely 
related to the relative humidity. 

When clouds reduce the effective outgoing 
radiation, the expression (2) is multiplied by a 
correction factor 

(3) 


where c, in the sub-tropics, is assumed equal 
to 0.6. A correction factor of this type is 
given by Bupyko (1956), who also lists 
values of c, for other latitudes. 

The conductive and evaporative heat losses 


can be expressed by 
©,+ Q.=(1+R) LE=(1+R) LK* 4 (i-n)e 


(4) 


with R denoting Bowen’s ratio, L the latent 
heat of evaporation (L=585 cal g-1) and u 
the wind velocity. The mean value of the pro- 
portionality constant 

K* =1.5 x 10-9 cm? sec?; in broad agreement 
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with the finding of Jacoss (1951), MARCIANO 
and HARBEK (1954), BupyKo (1956), Kraus 
(1959) and other investigators. 

From (2), (3) and (4) with u in m/sec: 


B=Q.+Qi,+Q.= (5) 
0.985 Ty* (0.39 —0.05 rex) (I 70.6 n?) + (1 +R) 
(1-r) 5.26 x 10-5 u e, 
(cal cm-? min-1) 

The value of e, is fully determined by Ti. 
The heat loss B is therefore a function of T, 
the velocity u and the relative humidity r 
(relative to ew). It has been plotted in Figure 2 
for the special case n=o, R=0.1, r=0.8. 
It should be noted that variations in u and r 
tend to affect B more strongly than the varia- 
tion in Ty likely to be encountered in the sub- 
tropical sea surface. 


4. A steady state model; general discussion 


To demonstrate the effects of the energy 
fluxes discussed above, the following simple 
model is considered. 

A water volume is subject to warming in 
depth and cooling at the surface by radiation, 
convection and evaporation. At some depth D, 
not at the bottom but much deeper than the 
characteristic penetration depth «=! of the 
visible light, the temperature T and its vertical 
gradient are prescribed. Effects of horizontal 
advection are not considered, except for the 
inclusion of a divergence in the horizontal 
flow at the surface, compensated tor, together 
with the evaporation, by a prescribed vertical 
velocity w at depth D. It is assumed that this 
divergence is confined to the well mixed 
surface layer, which we anticipate to find. 
Hence, the temperature of the outflowing 
water is equal to the surface temperature Ty 
and w is constant below the surface layer at 
least to the depth D. Variations in salinity are 
not aerate” and the surface boundary layer 
described by Ewing is neglected. 

Our problem is to determine the structure 
of the temperature field from the surface to 
the depth D, and its dependence upon the 
boundary conditions above and below. 

The surface temperature Ty is readily ob- 
tained from a consideration of the energy 
balance in the column between the surface 
and the depth D. In the notation of the previous 
sections we have: 


S(1-e-*>) =B (Ts) +cpw (T,- Tp) +Kpy (6) 
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Fig. 3. Surface temperature according to equation (6), 
with Kw-1=250 m and other parameters as indicated 
on the diagram. 


In this relation exp. (-&D) is negligibly 
small according to our basic assumptions. 
Some evidence, discussed below, suggests 
that the ratio K/w is a scale length which 
tends to be constant in large parts of the 
tropical oceans with a value of approximately 
250 m. Figure 3 illustrates the relation between 
T, and the wind speed u for some values of 


K 
w and 2 D was taken as 500 m and values 


for T, and y were chosen characteristic of 
data for low latitudes in the Atlantic ocean 
(FUGLISTER, 1960). 

We shall now proceed to consider the 
temperature distribution for o < z< D. Our 
equation (6) implies an upward transport of 
heat in some layer of depth of order «at. 
In these layers any motions induced by wind 
driven turbulence will tend to be amplified, 
and a convective regime with nearly isother- 
mal conditions may be expected. Dependent 
upon the intensity of the convective and wind 
driven turbulence, this convective regime may 
penetrate more or less deeply beyond the level 
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h*, where balance is struck between the heat 
loss at the surface, and the total radiation 
energy absorbed in the layer above. 

Since a treatment of the dynamics of this 
convective layer lies outside the scope of the 
present study, the following approximation 
is introduced: 

An isothermal layer of temperature Ty 
according to (6) corresponding to the entire 
convective layer described above, reaches 
down to some depth h > h* where exp (-«h*) 
=(S—B)/S. For z > ha constant coefficient K 
of vertical eddy transfer of heat is assumed to 
dT À 
qe Ze. 
accordance with the conditions applied to 
equation (6). 

With these assumptions, together with the 
previously stated conditions of constant w 
below the isothermal layer the thermal energy 
equation can be integrated upwards from z= 
D, and h is determined by the requirement of 
temperature continuity: T(h) = Ti. 

The appropriate equation is: 


apply. At. 2=D, T=Tp and 


dT == PT 25 ape ( ) 
ne de oc 
and the solution: 
— So —az —aD 
rds ee Ba 


The heat conduction term K dT at h is 


dz 
balanced by the excess radiation absorbed in 


lg DT/3r 10 
CC / 00m) 


9 
8 
7 
6 
5 
4 


© 5° 44's | 20°35'wW 


42° 16'W 


x 16° 14'N 


meters — 


oT : 
Fig. 4. Variation of with depth at two oceanographic 


stations. 
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the mixed layer, S,[exp( -«h*) -exp (-ch)]. 
This En He an ja ul 
determination of T, from the total energy 
budget for o < z< D, equation (6). 

It is evident from equation (7) that since the 
short wave radiation term is always positive 


ae ; : ; 
and D outside the convective layer is generally 
2 
negative, za Can be positive only in the 


presence of a sufficiently strong upwelling 
(w < 0). Dependent upon the value of the 
nondimensional numbers N,=ah* and N,= 
«Kw-!, inflection points may or may not 
occur in the profile. The magnitude of N, 
indicates the proportion of the available 
radiation energy which is consumed for evap- 
oration and N, shows the relative importance 
of the radiation and the heat conduction in 
the lower layers. A large value of | N, | indi- 
cates that the radiation term is of little im- 
portance in the interior part of the region, 
but for any N, < 0 a sufficiently small N, will 
introduce an inflection point in the profile, 
and a layer where the last term in (7) is not 
negligible. 

It is also of interest to note, that if any 
single term in (7) is negligible, the solution 
for T according to the reduced equation is a 
simple exponential, with a characteristic scale 
length dependent upon which term is neg- 
ligible. This fact affords us an opportunity to 
use observations for guidance as to the 
pertinent values of the scale lengths by simply 


making plots on a logarithmic scale of — 


dz 
versus z on a linear scale. 

Figure 4 shows such a plot for two oceano- 
graphic stations in the North and South 
Atlantic. The values fall approximately on a 
straight line indicating that a reduced form 
of (7) would indeed apply. Furthermore, since 
&-! is at most about 30 m (cf. section 2 above), 
the scale length involved must be identified 
with Kw-!. Similar plots for a number of 
oceanographic stations along 16° N and 15° S 
(FUGLISTER 1960) suggest that a value of about 
250 m for this length is characteristic of about 
two thirds of the sub-tropical Atlantic. The 
adaptation of a constant Kw~? is not justifiable 
for data along the margins of the ocean; in 
particular it is not applicable for the surround- 
ings in figure (1). 
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5. Numerical Examples 


Equations (6) and (8) were used to show 
how the surface temperature T, and the 
depth h of the isothermal layer are influenced 
by the meteorological conditions. The follow- 
ing parameters are common to all the examples: 


D =soom, Tp=9° C,y=0.8 x 1074 C/cm. 


w=1.5x10-* cm/sec Kw-1=2.5 x 10*cm 


The values of w and of Kyw-1, (2°C), 
are seen to lie in between the parameters 
chosen for the curves in Fig. 3. The results 
are quite sensitive to the choice of parameters, 
a fact which will be further commented upon 
below. Tables 1—3 illustrated the effects of 
varying wind speed, relative humidity and 
cloudiness. 


Table 1. The surface temperature T, and convective 
layer depth h as functions of the mean wind velocity 
ce. n=0o,r= 0.3) 


U (m/sec) 3 4 5 6 7 8 Qo LO 
Dace) 2858) 25-9 23.4 20-5 19:9 18.5) 17.3) 00:2 
h (m) EONS / Cy nT OMNIA Ko (XD) 


Table 2. T, and h as functions of the mean ratio r 
between the vapour pressures in the air, ea, and at 
the sea surface, ew. (u = 5, n = 0) 


r 0.5 0.6 0.7 0.8 0.9 
To 15.9 18.8 23.4 (32) 
h (200) 135 57 


Table 3. T, and h as functions of the mean cloudi- 
ness n (in tenths). (u = 5, r = 0.8) 


n fo) 2 4 6 8 10 
To 23.4 20.2 16.9 (14) 
h 57 110 178 


It is evident that each of the parameters 
strongly influences the solution in this model. 
The same is true for the choice of w and Ty. 
The range of values of the various parameters, 
that produce reasonable results is quite limited, 
and the theory may therefore be said to have 
quite high information content within its 
range of validity. 


6. Transients 


We have limited our discussion to the 
steady state and our method of treatment 
cannot immediately be extended to the tran- 
sient case. 
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Fig. 5. Temperature variations in the surface layer of the 
sea, from Garstang (1958). 


A brief discussion of some cases of transient 
development will however be given here, as it 
is felt that they shed more light on the role of 
the vertical heat flux. 

We can distinguish between three major 
types of transients, according to the mechanisms 
and characteristic time scales involved. 

The seasonal warming or cooling will cause 
changes in the total heat storages which are 
appreciable even compared with the total 
seasonal insolation (BRYAN and SCHROEDER, 
1960). 

Weather disturbances of various time scales 
and dimensions may provide intense wind 
mixing as well as changes in evaporation 
conditions, etc. Finally, the diurnal changes in 
insolation and wind and cloud patterns even 
on undisturbed days will introduce fluctuations 
from the idealized steady state with which 
we have been concerned in our specific model. 

The diurnal change of the surface tempera- 
ture profile in the tropical Atlantic 11° 
11’ N, 52° 25’ W has been observed by Gar- 
STANG (1958). Series of hourly or three 
hourly bathythermograph soundings are avail- 
able also from Weathership station Echo (35° 
N, 48° W). Both series of data tend to show 
a slight increase in stability during day anda 
decrease during night. 

In explanation it should be considered that 
during the day, absorption of radiation in a 
relatively shallow layer will suffice to balance 
the heat loss from the surface. The lower part 
of the quasi-isothermal layer gains heat and 
may become slightly more stable during this 
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Fig. 6. Wind speed, u, rate of heat loss, S-B, and depth, h, of the “wind mixed 
layer’’ at weather ship station Echo. 


period. The gain of heat is drawn upon during 
the night when the continuing surface heat 
loss causes convection to extend through the 
whole depth of the layer. The diurnal rhythm 
of convection below the cooled sea surface 
is therefore opposite to the diurnal rhythm of 
convection in the air over heated land. 

In Garstang’s records, as shown in Fig. 5, 
the mean temperature amplitude at so feet is 
about 0.12° C. The diurnal change in convec- 
tion may conceivably affect the vertical move- 
ment of plankton in the tropics. In extra- 
tropical regions the diurnal change is likely 
to be masked by convection changes caused by 
synoptic disturbances. 

Changes on a larger time scale outside the 
tropics in the northern Sargasso Sea, are 
illustrated by Fig. 6 which is based also on 
observations from Weather Ship station Echo 
(34° N, 48° W). The analysed periods covered 
late summer and early autumn in 1958 and 
1959. 

In view of Namias’ (1959) findings in the 
Pacific, it is of some general interest that the 
sea temperature at this station during summer 
1958 was substantially higher than in 1959. 
This difference was characteristic for every 
calendar day between the first of July and the 
last of September. The mean value of T, 
was 76.8° F for August, 1959 against 80.5° F 
Tellus XIII (1961), 2 


for August 1958. The corresponding July 
figures were 73.7° F and 77.3° F. The associated 
difference in the heat storage, that is the 
enthalpy integral between the surface and 200 
metres amounted to about 30,000 cal./cm? 
equivalent to two months solar energy input. 

Weather and bathythermograph observa- 
tions were carried out during the observation 
periods usually at 3 hourly intervals. The heat 
loss B was computed from these observations 
by means of equation (5). The insolation S 
was estimated on the basis of table 135 in the 
Smithsonian Meteorological Tables (1951) 
with an assumed transmission coefficient of 0.9 
and with the corrections for albedo and 
cloudiness given by equation (1). 

All estimates were then averaged over ten 
day periods. 

The exact individual results of the computa- 
tions are doubtful because of unreliable and 
missing observations. However, the resulting 
uncertainties have less effect on the ten day 
means and figure (6) is believed to represent 
the character of the time change reasonably 
well. 

It can be seen that changes in the mean 
depth h of the isothermal layer reflect changes 
in the heat balance S- B. There is no obvious 
correlation with the mean wind velocity as 
such—in keeping with the present argument. 
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7. Concluding Remarks 


Within the framework of a very simple 
model we have endeavored to demonstrate 
that by way of affecting the heat losses from 
the ocean surface, in particular through changes 
in evaporation, the meteorological conditions 
over the ocean may excert a profound influence 
on the temperature T, and depth h of the 
so-called wind mixed surface layer. We realize 
that since a radiation excess or deficit of 100 
cal./cm? day would change the temperature 
of a so m layer by only .02° C/day, advective 
effects as well as seasonal changes in the total 
heat content of a water column may be 
extremely important. 

However, a greater challenge is offered by 
the lack of an adequate theory for the pene- 
tration of the convection beyond the depth 
h* where the vertical heat flux changes direc- 
tion. In a sense the classical treatment of the 
mixed boundary layer by RossBy and Mont- 
GOMERY (1935) represents a limiting case of 
negligible effects of the heating in depth. The 
same is true of a recent study by KITAIGOROD- 
SKY (1960) who considers a case of finite heat 
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supply =S,-B in our notation, completely 
concentrated at the surface, which makes his 
mixed layer a true layer of forced convection, 
the depth of which is determined by a kind 
of Richardson number. The Rossby-Montgo- 
mery theory is included as a special case in 
Kitaigorodsky’s work. Attempts at application 
of the formulae given by Kitaigorodsky did 
not seem to yield very satisfactory values of h 
for the cases tried. On the other hand, the proce- 
dure outlined in section 4, for finding h on the 
basis of Tp and y at D = soo m cannot possibly 
go far wrong if these values together with T, 
are reasonable. On these grounds it is felt 
that a true test of a model like this can be made 
only when it is complete in the sense of con- 
taining the dynamics of the combined forced 
and free convection associated with the mixed 
surface layer. 

Finally, we wish to acknowledge the con- 
structive criticism of our colleagues at the 
Woods Hole Oceanographic Institution, and 
the fact that one of us, C. Rooth, is supported 
under NSF grant No. G 7366. 
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Abstract 


A model of steady airflow past a three-dimensional mountain is considered. The fluid is 
inviscid and incompressible. The flow is under the influence of gravity, but for most of the 
work the earth’s rotation is neglected. Far upstream the flow is parallel and horizontal, the 
velocity U(z) and the density o(z) varying with height z. By use of conservation of density 
and head along streamlines, and thence of the dependence of density and head on one variable 
2 only, the equations of motion are simplified, z, (r) being the height far upstream of the 
streamline through the point with position vector r. The flow is considered first with small and 
then with large density variations far upstream. In the case when these variations are small, 
results of the known method of simple-shear secondary flows are rederived and extended. 

The chief consideration of this paper is the buoyancy effects of large variations of density 
in the oncoming stream. For simplicity, the shear far upstream is neglected. The primary and 
secondary velocities are found for large Richardson number (proportional to gdo/odz,). The 
method is time-symmetric and analogous to taking the first two terms of the Janzen-Rayleigh 
expansion, the inverse of the Richardson number being the analogue of the square of the 
Mach number. The primary velocity, for infinite buoyancy forces, is horizontal, the flow 
in each horizontal plane being the same as the potential flow about the section of the 
obstacle in that plane. In general there is shear between horizontal planes, with horizontal 
primary vorticity. The secondary flow is found explicitly for a circular cylinder with vertical 
axis and for a hemisphere resting in a horizontal plane. The secondary approximation is 
not uniformly valid near the horizontal plane at the height of the top (if any) of the obstacle. 
Near that plane there is an inviscid shear layer, and the velocity gradient cannot be neg- 
lected, however large the Richardson number. 


1. Introduction 


Theoretical work on airflow over mountains 
has been confined mainly to two types of 
steady inviscid flow of a parallel stream about 
an obstacle (cf. the review paper by Corby 
in 1954). In the first type, the fluid is slightly 
heterogeneous, i.e. the vertical density gradient 
of the oncoming stream do/dz is much less 
than the quotient p/h of the density and of 
the height of the mountain, so that the equa- 
tions may be linearised. In this way lee waves 
have been found by Lyra (1940) and others. 
Individual modes are two-dimensional, but 
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Fourier integrals of them have been used to 
give the flow over a three-dimensional isolated 
mountain as well as a two-dimensional ridge. 

The second type is two-dimensional channel 
flow. Such flows, both of one homogeneous 
fluid with a free surface and of homogeneous 
horizontal layers of fluids of different densities, 
first attracted interest last century. In 1953 
LONG went on to consider the flow of a 
heterogeneous fluid past a two-dimensional 
obstacle. He found a general equation of flow 
and solved it in some linear cases. VIH (1959) 
has given further solutions. 
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SHEPPARD (1956) remarked that there had 
been no attempt to find when winds flow 
over and when round mountains. In work on 
the above two types of flow, it is assumed 
that flow is entirely over the mountain. For 
the first type of flow, it is assumed that the 
height of the mountain is small in order to 
linearise the equations and obtain the lee- 
wave solutions; so the flow round the moun- 
tain is neglected. For the second type, the 
flow is two-dimensional; so the mountain 
has no sides round which the wind can flow, 
motion being in vertical planes. However, 
if there are very large buoyancy forces in 
flow about an isolated three-dimensional moun- 
tain, the flow is constrained so that the vertical 
velocity is zero and motion is in horizontal 
planes. Thus we have two limits whose order 
profoundly affects the flow: (a) when an 
isolated mountain tends to a long ridge across 
the stream, its width tends to infinity; (b) 
the buoyancy forces due to density variation 
tend to infinity. This non-uniformity is im- 
portant for large scale motions in the atmos- 
phere, in which the buoyancy forces are 
dominant. 


SHEPPARD (1956) estimated the kinetic 
energy of the oncoming wind necessary to 
supply the gravitational potential to lift a 
fluid particle to the top of the mountain. He 
supposed that the oncoming stream was in 
equilibrium and adiabatically cooled as it 
rose. With his characteristic values of wind 
speed and lapse rate, it appears that the flow 
about most mountains cannot be adequately 
described by either of the two extreme cases, 
flow entirely around or over. This is essentially 
equivalent to the assertion that the Richardson 
number, which is a characteristic ratio of the 
buoyancy forces due to the density variation 
to the inertial forces, is neither very small nor 
large in practice. To go further than Sheppard’s 
rough argument it will be necessary to find 
the three-dimensional flow of a heterogeneous 
fluid, a flow which has neither a potential nor a 
stream function. We present a little progress 
toward this aim below. 


To make the problem tractable we shall 
assume that the fluid is incompressible. This is a 
good approximation to adiabatic flow when 
the vertical motion is small (BATCHELOR 1953). 
Similarly, to reduce the problem to its bare 
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essentials, we shall neglect viscosity and all 
heat transfer. 

It is supposed that the flow far upstream is 
both parallel and horizontal, velocity and 
density varying with height alone. An equation 
is then deduced in section 2 by use of the 
conservation of density and of head along 
streamlines, this conservation implying that 
the density and head depend on only one 
variable, namely z,(r), the height far upstream 
of the streamline through r. In the case of 
two-dimensional flow, the equation reduces 
to that of Lone (1953), who first used the 
convenient auxiliary variable 24. 

In section 3 it is assumed that the shear, 
Richardson number and Froude number of 
the oncoming stream are small. This leads to 
the method of simple-shear secondary flow 
due to SQUIRE and WINTER (1951), Haw- 
THORNE and MARTIN (1955), LIGHTHILL (1956) 
and others. Their results are deduced simply 
and slightly extended. The primary flow in 
this case is the potential flow of a uniform 
stream about the obstacle. The secondary flow 
is found by neglecting products of the differ- 
ences of quantities from their primary values. 
This approximation requires that the height of 
the mountain is much less than the vertical 
length scale of density variation, as is so for 
Lyra waves. 

In section 4 it is assumed that the Richardson 
number is large, corresponding to neglect of 
flow over the mountain. In this case the 
primary flow is in horizontal planes, between 
which there: is shear though there is no ver- 
tical vorticity. This primary flow is irrota- 
tional only if the obstacle is a cylinder with 
vertical generators. Study of these two ex- 
tremes, large and small Richardson number, 
will indicate the comparative importance of 
flow round and over an obstacle for the finite 
values of Richardson number met in practice. 
The velocity is expanded as a power series in 
the inverse of the Richardson number, and 
successive approximations are taken from the 
equations of motion. These give the primary, 
secondary, tertiary flows efc. in turn. 

The secondary flows about two simple 
obstacles are found in this way. In section 5 a 
circular cylinder with vertical axis is taken as 
typical of a cylinder with vertical generators. 
The primary flow is the classical two-dimen- 
sional horizontal irrotational flow. The sec- 
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ondary flow is shown to be vertical, and is 
calculated. The second obstacle is a hemisphere 
resting on a horizontal plane. The primary 
flow is in horizontal planes with no vertical 
et of vorticity. The secondary flow 
is calculated in section 6, but found not to be 
a uniformly valid approximation near the 
level of the top of the hemisphere. In view 
of the limitations of ideal-flow theory for 
bodies that are not of streamlined shape, these 
cases should be regarded as illustrative examples. 

In the concluding section 7, the non-uni- 
formity of the convergence is discussed, and 
qualitative results are related to neglect of 
viscosity, to wave-motion, and to experiment. 


2. Equations of flow 


Consider the steady flow of a parallel hori- 
zontal stream of inviscid incompressible fluid 
of variable density about an obstacle. Suppose 
the flow is on a rotating earth and under the 
influence of gravity. Choose cartesian axes 
o (x, y, z) parallel to unit vectors i, j, k fixed 
to the surface of the earth. Let the z-axis be 
the upward vertical and the x-axis be directed 
downstream; then the y-axis makes up the 
orthogonal right-handed triad. Let z,(r) be 
the height far upstream of the streamline 
through the point r. Suppose the velocity u= 
U(z,)i and the density o=o(2,) far up- 
stream (where x—- © and zy > 2) are given. 
By a well-known approximation in meteor- 
ology for motion of a large horizontal scale, 
we take the earth’s angular velocity to be ver- 
tical and constant, and denote it by 4 fk. 

For steady flow of an incompressible fluid, 
density is constant on a streamline, i.e. 


YO =0; (2.1) 
or 


o(r) =0(Zo), 


the density far upstream. Thus the equation of 


continuity becomes 
V:-u=o. 


(2.2) 
A vector form of Euler’s equations of motion 
for an inviscid fluid under gravity referred 
to a frame fixed to the earth is 
I 
Saat 52 she 2 . 4 
(fk+o)xu=-07vp v (ee sut) (2.3) 
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where the (relative) vorticity © = v x u. There- 
fore 
(fk+o)xu=- vH-po-?ve, (2.4) 


where the head 


(2.5) 


The scalar product of u and equation (2.4) 
yields 


H(r) = p/e +ez +=u?. 


u-vH=o. (2.6) 


This is Bernoulli’s theorem that H is constant 
on a streamline, and therefore equals its value 
far upstream, i.e. 


I 
H=p(yo Zo) /@(Zo) +820 En U2(2,). (2.2) 
But 


fé -gfo (2) dz + Ü (Zo) @ (Zo) + constant 


there. We may choose the origin of pressure so 
that lim (p),2=5=0. Then 
X— — CO 


zo 


H=ge= | zdojdz dz + > U?+fyU (2.8) 
and . 


p= “a foie +20 (Z0—2) 4 


oO 


I 
„e(U’ u?) + fyoUe. 
Now substitution of o(z,) for o(r) and 


H(yo, Zo) for H(r) in equation (2.4) gives 


œ xu+ fk x (u - Ui) = - 


If f =o it follows that z, is constant on vortex- 
as well as streamlines. Therefore @ and H 
are also. 

The curl of equation (2.9) is 


0 > 
u-V@-@o- am (Us UL) = 
I 
=a 7 (ge+zut) » Viet 


dU 
es V Vey es (2.10) 
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If f = o and do/dz,= 0, this vorticity equation 
becomes the Helmholtz equation v x (@ xu) 
=0. 

Suppose the obstacle has _ characteristic 
length scale h and U(z,) has velocity scale V. 
We shall not distinguish between scales of 
height, width and length of the obstacle. For 
dynamical similarity it is sufficient that geo- 
metrically similar obstacles are considered for 
given values of the relevant dimensionless 
parameters. Special assumptions will be added 
later for a long mountain ridge (ie. for two- 
dimensional flow when the width is much 
greater than the length) or a vertical cylinder 
(with infinite height). 

We define the Richardson number 


gh? do 


as ee (2.11) 
a measure of the ratio of buoyancy to shear 
forces. We have chosen J as a function of Zo, 
but shall assume later that @ is such that J is 
effectively constant, as when o(z,) varies ex- 
ponentially or is nearly constant. The Froude 
number 


F= V2/¢h. 
In fact we shall use 


h do 


de 


(2.12) 
instead of F. It will be seen from the equation 
of motion that L represents the variation of 
inertia due to the heterogeneity. A parameter 
of shear, 


Uh dU 


Er 


(2.13) 


represents rotational inertia due to the shear 
far upstream (M is also a function of 29, but 
is constant when U varies as 29). The Rossby 
number, | 


Ro = V/hf, (2.14) 
measures the ratio of the inertial to the coriolis 
forces. 


On dividing out the dimensions of all 


quantities in equations (2.9) and (2.10) in 
the usual way, we get 
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nu (Ro) kee ue = 


je I L(U? -u?) +M+ (Ro) | 


v2, ~(Ro)1U VY yo (2.15) 
and 
0 2 
u-V@- o.vu- (Ro {TE MU | - 
| Oz 


- (Jk += L vu? - (Ro) MU 70) x ¥ 29. 
(2.16) 


Equation (2.15) gives the components of ® 
in the directions of vz, and ux V2, from 


co. 9 z9 (Ro)-#k: {ex (a Ui) 
Le -20 320° u) ++ (Ro MU] 


(2.17) 
and 


Guns va) —(22)*| Jez) 


- =L (U? - u?) +M + (Ro) ML - 


—(Ro)U Ÿ yo: Ÿ Zo — (Ro) tk: 
*{(u - Ui) x v 2} (2.18) 
Our chief aim is to study the influence of 
the buoyancy forces due to the heterogeneity 
of the fluid. These are measured by the Richard- 
son number, which is a maximum when the 
vertical scale of the motion is largest, if the 
other parameters do not vary. The vertical 
scale is a maximum when it is of the order of 
the height of the highest mountain, which is 
about the height of the troposphere and the 
scale height of the atmosphere’s density 
variation, say 7 km for our crude estimate 
here. Then, by use of metres and seconds, 
= — gh? V—*do/odzy<10- (7 x 10)?- (30)-2. 
(7 x 10%)-1& 100, if Vx 30m sec). Such a 
limit would be obtained in motion with a large 
horizontal scale only, such as flow round a 
continental mountain range. It is on such large 
scales that the Rossby number is small and the 
effects of the earth’s rotation are significant. 
In spite of this, we shall neglect the earth’s 
rotation hereafter in order to study the buoy- 
ancy forces more easily. Thus, putting fie 0 
we see that equation (2.15) becomes 
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which we shall solve for small and large J in 


succeeding sections. 


The rôle of the kinetic pressure is elucidated 
by the transformation 


w=otu, w =v xu’. (2.20) 
It leads to the dimensional equations 
u". vo=0, (2.1°) 
v.u’=o, (2.2°) 
5 I 
œ'xu=-v U?+g(2-2)ve (29) 


if f =o, where U’= gtU. If we define 
J (Zo) = @ (20) J/@,M' (zo) = (hU’ dU'/ dz) /eV? 
for some constant characteristic density 5, 
a dimensionless form of equation (2.9’) is 


@’ xu’ = —{]'(z-2 9) +M'} 7 2. (2.19’) 


Thus for each solution of equation (2.19) for 
given U(z,), o(z,) and given obstacle there 
corresponds a solution of equation (2.19’) 
and vice versa. Equation (2.19’) is simpler, 
especially when o(z,) or U’ is constant (and 
therefore J’ or M respectively vanishes). 
This transformation gathers the acceleration 
of a fluid particle and the buoyancy due to 
the variation of density in single terms in 
equation (2.9), leaving the remainder of the 
buoyancy and pressure forces equal to the 
gradient of the kinetic energy density far up- 
stream. YIH (1959) used the above transforma- 
tion for steady flow; others (cf. ECKART and 
FERRIS 1956) have applied it in special cases, 
such as wave-motions. 

Before using equation (2.19) for practical 
problems, let us relate it to the two-dimen- 
sional case, treated by LONG in 1953. For a 
velocity field independent of the cross-stream 
co-ordinate y and perpendicular to j, there 
“is a stream function y(z, x) such that u=j x vy. 
Then the vorticity @=(v ®y)j. Bothyandz, 
are constant on a streamline, so p(r) =y(Zo) 
with dy/dz,= U(z,). Working from the di- 
mensional form of the vorticity equation, 
Long (1953) found 
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v?2 oe en: je 
Me 0 dz, 2 
do 
a Be (Zo — 2) (2.21) 


This is the two-dimensional form of equation 
(2.9) when f =o. Its relative simplicity comes 
from the velocity’s being determined by one 
function (y or 29) in two- but not in three- 
dimensional flow. Lone (1953, 1958) and Yiu 
(1959) have found some simple exact solutions 
ps er (2.21) by use of the transformation 
2.20). 


3. The method of simple-shear secondary flows 


SQUIRE and WINTER (1951) considered the 
flow of a weakly-sheared stream (of velocity 
U(z)i) of homogeneous fluid about a cascade 
of aerofoils (with generators parallel to k). 
They used successive approximation in the 
Helmholtz vorticity equation. The primary 
flow was the two-dimensional potential flow 
of a uniform stream about the obstacle (the 
aerofoils in their example). The secondary 
vorticity was then found by retaining the 
shear dU/dz but neglecting its square. 

HAWTHORNE and MARTIN (1955) extended 
this method in two ways, making it of mete- 
orological interest. They took the obstacle as 
a hemisphere resting on a horizontal plane; 
so their primary flow is a three- instead of a 
two-dimensional potential flow. They also 
took a small vertical density gradient far 
upstream. Then they calculated the secondary 
vorticity. 

LIGHTHILL (1956) adopted a new co-ordinate, 
the ‘drift function’, to derive the basic results 
of Squire and Winter (1951). It helped him 
spot the secondary velocity without further 
calculation when the primary flow is two- 
dimensional. Lighthill’s method is also suitable 
for analytic estimations at infinity, for he 
showed that the secondary flow was smaller 
asymptotically than the tertiary flow far 
downstream. This means that the secondary 
approximation. is not uniformly valid there. 
He later (LIGHTHILL 1957) found an Oseen 
type of approximation, and suggested that a 
combination of the two solutions uniformly 
approximates the true solution, a damped 
wave in the lee of the obstacle. 
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We shall now derive the basic formulae of 
simple-shear secondary flow from equation 
(2.19) by neglecting products of the param- 
eters J, L, M, which are supposed to be small. 
For an approximation to this order we may 
suppose that the parameters are constant because 
the effect of their variation is of tertiary order. 
This will give the known formulae simply. 
À new result is the derivation of the rotational 
. component of the secondary velocity for a 
three-dimensional primary flow. This enables 
the complete secondary velocity to be found. 

If J=L=M=o, then equation (2.19) gives 
@xu=o. Thus there is a potential solution 
for the primary velocity, 


(3.1) 


To get the secondary velocity for small J, L, 
M, it is convenient to consider a small pertur- 
bation u, of U(z,) v &ı rather than of v 4j. 
(The primary flow in both cases is the same, 
because U(z,) v D, = v d, when M=o.) Thus 


put 
(3.2) 
(3-3) 


where w,= v xu,, because M/U(z,)=M to 
first order. Next substitute u and @ into 
equation (2.19). Then 


u, = V $4. 


Therefore ®=M v2,x vdı+@,, 


9x V b1= — G(2, Zo, 41) 20 - 


= M(9 20: V $1) V da (3.4) 


where 


an) = {le -20) + (mir) a} 


qi=|V 44]. (3.6) 


The difference of z, and z, is of secondar 
order. Therefore we can replace z, by z, in 
equation (3.4) and retain the same approxima- 
tion of the secondary flow. Thus we suppose 
that the secondary vorticity is distorted by the 
primary flow rather than by the exact flow, 
and thereby neglect tertiary effects only. So 
henceforth in this section we replace z, by 2,, 
the height far upstream of the streamline of 
the potential primary flow through r. We 
can find z, and thence z, by differentiating 
along a streamline. 
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u. Vz= ~ gaz 9/ds (3.7) 
gives 


2 ju ki (3.8) 


and therefore 
dy 
2217 Job: 0z1d8; 


if J=L=M=o. 


(3.9) 


v $, is directed along the streamlines of the 
primary flow, on which z, is constant. There- 
fore v#,:v21=0. Therefore equation (3.4) 
becomes 


2 X V d,= —G(Z, 2, 9) V 21. (3-40) 


Resolution of this equation in the directions 
z,= V2,/|Vz,| and n,=z,xvo6,/g, shows 


that 
(3.11) 
(3.12) 


It is in fact possible to choose orthogonal cur- 
vilinear coordinates with the respective direc- 
tions Si = u,/q,, n, and z,, because the primary 

ow is irrotational. In these coordinates u, = 
(q1, 0, 0) and vz, =(0, 0,|v2,|). The square of 
a line element is 


(ds)* = (dh:)?/q? + h3dn? + (dz,)?/(vz,)?, 


Wr, = @2°2Z,=0, 


Won, = O2: 0,=| V2,|G/q,- 


where h, may be arbitrarily chosen provided 
that 0/h, On, =(z, xs,)- v. These coordinates 
(known from the primary flow) can now be 
used to find @w,-s, and the rotational part uy, 
of the secondary velocity. 

As a vector identity, 


_ lV | [ A(@as he/| v 211) 


+ 9 (an/ | = 


on, 


Therefore 
Du qe a. 
2 


on, 


(3.13) 


on integrating along a streamline. The con- 
stant of integration is such that w,,—o far 
upstream. 


Tellus XIII (1961), 2 


FLUID FLOW PAST AN OBSTACLE 


The rotational part uy, of uy, ie. a vector 
with the same curl as u,, can be found from 
the equation 


ein O (hy tt2n,) = 
ha) dd 


This implies that there exists a function #, 
of $,, n, and 2, such that 


O0 = DZ 


0 (U25/q) | 


on, 


Uo= Ur + Va =QrZ1+ Va. (3.14) 
But 

j (qar/| V 24| 
Viz | Glam go gy | 
| (41 2 41 | 1 26, 
Therefore 


Us (Va) /Glqa de, 


Thus u, has been split into an irrotational 
part vd, and a rotational part u,,, which is 
parallel to vz,. To find 4, the continuity 
equation v-u,=0 must be used. This gives 
the Poisson equation 


(3-15) 


vale (he 
Ve a? — 1 ir Gi} (3.16) 


with known right-hand side. The complete 
secondary flow can now be found such that 
u, is tangential to the surface of the obstacle 
and vanishes far upstream. LIGHTHILL (1957) 
has formulated what is essentially this problem 
by use of Green’s functions. 

In general, 2/0n, =h,(z, xs) : v can be found 
from u, with auxiliary coordinates (e.g. sphe- 
rical polars if the obstacle is a sphere). However, 
n, can be taken as the stream function y, (x, y) 
(such that u,=vy,xk) if the obstacle is a 
cylinder with vertical generators. For then the 
primary flow is two-dimensional and z,=z, 
so that v&,, Vy, and vz, =k are an orthogonal 
right-handed triad. This is the case considered 
by Squire and Winter (1951) for a homo- 
geneous fluid. We can recover their general 
results for J=o by putting 


Ge (m-:1) (1-4) 


into equations (3.12) and (3.13). This gives 


Dam = (m- L) (t-4i)/q1, : (3:17) 
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I 
Oss, =41 (m- PL) fon 2lor.deı, (3.18) 


because h,=1/q, in this case. 
The same substitution in equation (3.15) gives 


= ~(M- EL) k fab (0) 


This is the formula seen by LiGHTHILL (1956) to 
satisfy equations (3.17) and (3.18). He also 
noted that uy, alone (with ¢.=0, i.e. with a 
secondary velocity with zero divergence) 
could satisfy the boundary conditions of zero 
normal velocity on the cylinder. Therefore 
the complete secondary velocity is u,, in this 
case. 

These integrals for &;: and u,, have been 
evaluated by many authors for flow of a 
homogeneous fluid about particular obstacles. 
To adapt their results to a heterogeneous fluid 


it is only necessary to replace M by ( M- | 2 


even if J is of the same order as L, M. This is 
because the buoyancy effect, being the product 
of the small departure of the streamlines from 
the horizontal, of the small variation of den- 
sity, and of gravity, is of tertiary order when 
the primary flow is two-dimensional. The 
similar effects of L and M in causing vorticity 
can be seen in making the transformation (2.20). 


4. Large Richardson number 

Here the contrary assumption, that J is 
large, is made. For simplicity, suppose that 
M=o, i.e. U(z,)=1. (If M #0 we need only 
replace L by (L-2M), as in section 3.) Then 
equation (2.19) becomes 


co xu= (je 2) = Lr w ozo, 


(4.1) 


We formally write 
Cay TU Re LC 
u=u,+) lu, +] ?u;+ eee 


(4.2) 
(4.3) 
(All considerations of convergence will be 
postponed till section 7.) Therefore 
O= OyptJ Wet 40, 

where @,=V XU, (n=T, 2, 3,...). 

Equation of coefficients of powers of J-! 
in the continuity equation gives 


VU, =O; (4.4) 
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and in equation (4.1) 


o=-(z-2,)72,, (4.5) 


au [a+ Lg) | ver 
"= (2-2:1)V20, (4.6) 
@,XUu,+@,xu,={z,—-Lu,-u,)}vz,+ 
art | ez (are, ete 


(4.7) 

Equation (4.5) shows that 
21=2, (4.8) 
i.e. that the vertical velocity of the primary 


flow is zero. Equation (4.6) shows further 
that w, is horizontal. Therefore 


u,= (#1, V1, 0), (4.9) 

where Ou Oy =dv:/0x. (4.10) 
Therefore there exists &,(r) such that 

= V9) (4.11) 


where v,= (9/9x, 0/dy, 0) is the horizontal 
gradient operator. Therefore 


@,= (-928,/9z 9y, 9261/92 9x, 0). (4.12) 
Now equation (4.4) gives 
vidı=0; (4.13) 


and equation (4.6) 
I I 
H=- 5 9/92 ze L(1-9). (4.14) 


Thus the primary flow is in horizontal 
planes, the flow in each horizontal plane 
being the same as in the two-dimensional 
potential flow round a cylinder whose cross- 
section is that cut in the plane by the real 
three-dimensional obstacle. In brief, the motion 
in each horizontal plane is independent of 
motion elsewhere. The vorticity is horizontal, 
because the flow is irrotational in each hori- 
zontal plane, but there is shear between hori- 
zontal planes. If the obstacle is a cylinder with 
vertical generators, the primary flow is the 
two-dimensional potential flow of a uniform 
stream about the cylinder. 


On differentiating along a streamline, we 
found 
w=u:k=g09(z-2,)/9s. (4.15) 
Therefore w, = 0, because z, =z. To secondary 
order 
Wa= — 41 922/05, = - 922/981 
2 


I 
=: gg RO +L (1 =} 


It should be noted that partial differentiation 
with respect to z is for constant x, y; whereas 
with respect to &, it is on a streamline, which 
n general will vary with z. 

The complete secondary flow can now be 
found from equation (4.7), which becomes 


(4.16) 


0,XU,+0,xu,=(2;-Lu,-u)k- 
- É 22) =; 


It is more revealing to resolve this equation in 
the directions of s=u,/q,, n=kxs, and k 
rather than of i, j, k. The right-handed triad s, 
n, k corresponds to orthogonal coordinates 
(61,91, 2) (where u, = Vy, x k), though the 


coordinates are not single-valued curvilinear 


(4.17) 


‘ones unless the primary flow is irrotational 


(and therefore two-dimensional). Resolution 
parallel to s merely verifies equation (4.16). 
For resolution parallel to n, we get 


(4.18) 


Note that @,, =0q,/0z. For k, we can get 2g. 


The definition of @,, and the continuity 
equation give the remaining unknown com- 
ponents #2, v2 of the secondary flow in terms 
of the known wy and w:,: 


Iv4/OX - du3/dy = oz, 


Iu/0x Ar av,/dy = — dw/0z . 


Therefore 
Villg= — 002 |dy - 0? wy/Axdz, (4.21) 
Vi Ve = 009 [0x -02w/dy0Z. (4.22) 
These are Poisson equations to find uy, va 


satisfying the boundary conditions on the 
obstacle and at infinity. 
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5. Flow about a vertical cylinder 


If the primary flow is the two-dimensional 
flow about a cylinder with vertical generators, 
the work of the previous section simplifies, 
because &, is independent of z. It follows that 


u,=V4,, (5.1) 
I 
Z5= => LG-), (5.2) 


I 
= = 74942/d 
Wo 5 Lai 11/9, , 


(5.3) 


(5.4) 


Do > =0, 


and 


(5.5) 


Equation (5.4) implies that there exists 
&,(r) such that u, = (96,/9x, A62/Ay, wy). 
Therefore vih:=v-u,=0. The unique solu- 
tion d,= 0 satisfies the boundary conditions 
of zero normal velocity on the cylinder and of 
zero velocity at infinity. Therefore 


Z3=Lu;:u;-q:00,. 


(5.6) 
(6-7) 


U;=wsk, 
Z3= - 910m =gmow;/dd, 


These quantities can be readily found for the 
circular cylinder r?=x?+y?=1. Then 
(5.8) 


$,=(r+1/r) cosO, y,=(r-1/r) sin © 
where @ =tan-!(y/x), and it can be show that 


2, = aE A? -2 cos 20), (5-9) 


w = —2 11-4 605309 -r7?(2=r72).c0s0}, 
(5.10) 
Das =6Lq, !r"*sin20{2 cos20 -r"?(3 -r")}, 
(5.11) 
Won = 2g, 11-4 {3-cos 40 -1-2 (9 = 81-2 + 
+314) cos2O-1-? (4-9r72 +41-4) } (5.12) 


Note that æ, is finite at r=1, 9 = o or x, where 


gı={1-2r”? cos2O+r-* }¥=0. 


6. Flow about a hemisphere resting on a 
horizontal plane 


The ideas of section 4 are applied here to a 
three-dimensional primary flow. To simplify 
the calculations, suppose L=o. (This is 
essentially the Boussinesq approximation. In 
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fact L is usually much less than J in meteoro- 
logical problems, L/J being the Froude num- 
ber.) Take the rigid obstacle to be the hemi- 
sphere x?+y?+z?=1 resting on the hori- 
zontal plane z=o. Then, for the primary 
flow, the hemisphere behaves like a cylinder 
of radius 6(z) = (1-22)? in each horizontal 
plane below the top T of the hemisphere, but 
does not disturb the uniform stream above T. 
Therefore 


| (r+02/r) cosO 
_ (rcos@ ; 
(r—6?/r) sinO (o<z< 1) 
U : (6.1) 
r sin © (eat 
where u,,= 96 ,/0r = dp,/rdO, u, = Ag, /1r0O = 
= — dy,/dr. 
Therefore 


(6.2) 


b=20' 477 cos 20+ 04r 7 (os 2<7) 
Ei 
T Zr) 


&,,= -22r ? sin @, Ge=È2z2r * cosO, 
Dire 229, 172 (c0520-0%/0),0,= 
(6.3) 


There is an interface z9(r) =z (T) between 
the two regions. To primary order, this inter- 
face is z=1. Above it the primary flow is 
uniform, and therefore z, and w, are zero. 
The horizontal secondary velocity must be 
made to satisfy a suitable boundary condition 
at the sloping interface, whose position should 
be found from the flow beneath. There 


2-41 17 “sit 20 (O= 2 < 1) 


I 
a D A - n= 


= - 22r7* (cos 20 - 62/17), (6.4) 
Wo= —-U,-VZ,= —42r $ { cos 3 0 + 
+ (—36?/1r? +264/r*) cos O} (6.5) 
Wax = G17) {@1; Weg +2, N+ V2_}= 
= - 82?r! sinO (1 +26?/r?). (6.6) 


The forms of equations (4.19), (4.20) in polar 
coordinates are 
0 ( 1120 ) 

or 


d(rus;) 


7 90 FF TO3z; 


(6.7) 
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d(ruar) . 2(rne) 


a Oi Ta, tOW,/ dz. 


(6.8) 


The unique solution of these equations satis- 
fying the boundary conditions of zero velocity 
and circulation at infinity and of zero normal 
velocity on the rigid hemisphere, i.e. the 
solution such that 


(6.9) 
(6.10) 


25 
Uy, /riod9 +0 asr>oco, 
Oo 


u,-r=o (r=9d), 
is in fact 
or = a cos O {27 — 752% —1007/r? + 
+ 542762] 1? — (17 +327) 177/62} + 


+ am: cos 39 {r1-(1-92?)/r°}, (6.11) 


No = 10 sin O{9 — 9 z? - 262/1? + 302262 /r2 — 
erly $3.2") 0710" } 4-2 sin 3 O{3 - 


— (1-92?)/r?}. (6.12) 
This gives the complete secondary flow for 
Zo(r) < Z9(T). However u, is infinite at the 
level of T where d= 0. This shows that the 
secondary approximation is not uniformly 
valid near T, and makes the choice of condition 
of continuity at the interface more difficult. 


7. Discussion 


Convergence of the power series in ]~! was 
not considered at all in section 4. In view of 
the difficulty of a proof of convergence of 
such a solution of a non-linear partial differen- 
tial equation, we shall not try to do more 
than make the convergence plausible. The 
primary flow is in accord with physical in- 
tuition. The strong variation of density inhibits 
all vertical motion and the flow is constrained 
in horizontal planes. The variation has a 
stabilising influence, so that a unique steady 
solution approximating the primary flow 
should exist for some range of large Richard- 
son numbers. Our method is analogous to 
the Janzen-Rayleigh method to find the 
subsonic flow of a uniform stream of com- 
pressible fluid about an obstacle, in which 
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method the velocity potential is expanded as a 
power series in the square of the Mach num- 
ber. Both methods are characteristic of an 
elliptic partial differential equation, and give 
time-reversible flows. 

The Janzen-Rayleigh expansion is thought to 
converge if the local Mach number is less 
than one, i.e. the flow is subsonic. Where 
the flow becomes sonic, a region in which 
the solution is of hyperbolic character may 
develop, if the solution of elliptic character is 
unstable or does not exist. Internal gravity 
waves, the analogue of sound waves, in an 


incompressible fluid of density 0 = 0, exp( - Bz) 


2 
, 


have phase-velocity c= {agit PES P| 


where the particle velocity u = U, Re 


{er | pe +i (kx + ly - ke) | te LAMB 1932, 


p- 379). These waves are dispersive, and the 
Richardson number based on the length 
and velocity scales of the wave-motion 


sale + P+ :#) c2 is of order one, however 


large g is. Thus however large the overall 
Richardson number is, there may exist motion 
for which the local Richardson number is of 
order one. (In the same way the overall 
Reynolds number of a flow may be large, 
while the local Reynolds number may be of 
order one in a boundary layer. The overall 
number acts a dimensionless ratio of scales: 
the local number is more properly à ratio 
of inertial to viscous forces.) This is an im- 
portant difference from the Janzen-Rayleigh 
flow, in which the speed of sound may vary 
from point to point, but is independent ot 
wave-length. Further differences in the analogy 
can be found by a direct study of our flow. 

The uniformity of the validity of the 
secondary approximation can be tested for 
consistency by showing that the secondary is 
not dominated by the tertiary or higher 
approximations anywhere in the field of flow. 
Regions of doubtful validity are zeros and 
singularities of the primary and secondary 
flows. 

In the examples of the cylinder and hemi- 
sphere in sections 5 and 6 respectively, we 
found =r cos ® +o(1/r) as ro. Therefore 
u, =1+0(1/1*), 2.=0(a/r*), .u,=o(r/r), 
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2%3=0(1/r*), us=o(r/r5), etc. below the top 
of the obstacle. Thus at infinity below the 
top of the obstacle the secondary flow is 
greater in magnitude than higher flows. This 
verifies the uniformity of convergence far 
from a vertical cylinder, which has no top. 

The singularity of the solution for the 
hemisphere at z= 1 (i.e. ö= 0) needs investiga- 
tion. At this height the primary vorticity is 
discontinuous. Also, at the top T' of the hemi- 
sphere, where ö=ı and r=o, the primary 
vorticity is infinite. The image system of the 
uniform stream of the primary flow includes a 
line of dipoles inside the obstacle. This line 
cuts the obstacle at its top, if any, where there 
results a singularity of the primary and secon- 
dary flows. A cylinder, having no top, seems 
to have a well-behaved secondary as well as 
primary flow. Modifications of the secondary 
approximation to flow about the hemisphere 
are needed, for the discontinuity of the 
primary vorticity near z=1, and for the in- 
finity of the primary vorticity at the top of 
the hemisphere. 

The nature of the shear layer at the level 
of the top of the obstacle can be seen by use 


of order of magnitudes. Take u, v & V; 
weW; 9/0x, 9/dyR1/h; 9/9z ~1/H; 


x, Oy~V/H or W/h; wz2~V/h in the layer 
for large J. Then the thickness of the layer is of 
order H, and the slope of order |v,z,|[+ W/V. 
The equation of continuity (2.2) gives W< 
VH/h. Now the vorticity equation at zero 
Froude number, 


32 
0? 


u-V@O-@:Vu— Keys 

gives H>=hJ-}. Thus these crude arguments 
indicate that there is a shear layer of thickness 
hJ-* at the level of the top of the obstacle, 
and in that layer the vorticity gradient cannot 
be neglected, however large the Richardson 
number. 

To find more rigorously the behaviour of 
the shear layer, the methods of singular pertur- 
bation theory with ‘strained’ coordinates etc. 
must be used. Thus the transformed vertical 
coordinate in the layer might be &=J!z, the 
layer thickness being of order J~*, just as in 
viscous boundary layer theory the transverse 
coordinate is replaced by n=Rty, the 
boundary layer thickness being of the order 
of the inverse square-root of the Reynolds 
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number R. The nature of the flow in the shear 
layer would be clarified by removal of the 
geometry imposed by the hemisphere, and 
seems better considered first apart from the 
flow as a whole. 

In this meteorological study, let us consider 
the steady flow as J increases from zero to 
infinity. When J=o there is the classical 
potential flow. As J increases from zero, lee- 
waves behind the shoulder of the mountain 
develop. For each value of J we suppose there 
is a continuously-varying velocity field. So it 
may be conjectured that, as J becomes large, 
the lee-waves are confined to a layer of de- 
creasing thickness at the level of the top of the 
obstacle. In this layer there are rapid changes 
of shear, which enable the inertial forces to 
balance the buoyancy forces. (It must be 
admitted that the vorticity field is conceivably 
discontinuous for some range of values of J. 
This discontinuity could be associated with a 
characteristic surface bounding a region in 
which the solution is of hyperbolic nature. 
However there seems no evidence against 
our supposition that the velocity field varies 
continuously.) 

The singularity of the secondary flow for the 
hemisphere could be due to some behaviour 
near z=z,(T) such as 


Nie cuenta eal ets 
(This is an illustration of the kind of singular 


perturbation to be anticipated, and not an 
assertion about the actual solution.) Now 


fe 2 (TI sin (2-2 (D) = 
=]! |z+2z,(T)|4- le DEE... 


It is clearly impossible to approximate the series 
near z=2,(T) for large J by taking the first 
term only, for that term is infinite at z=2z,(T), 
where the left-hand side is zero. Nonetheless, 
the series converges for allnon-zeroJ[z -2,(T)], 
however small. This example indicates how 
the solutions for large J, above and below 
the shear layer, may be joined across it, thereby 
giving an approximation to the flow, uni- 
formly valid for large J. As it stands, the 
solution below the shear-layer seems valid at 
any given point for large J. 

As well as the problem of the proper solution 
of the equation of motion for an inviscid fluid, 
there is that of the correct inviscid limit of 
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the equations of motion of a viscous fluid. 
The solutions in sections 5 and 6 are spatially 
symmetric about the obstacles and the direction 
of flow may be reversed. This is because the 
solution found in section 4 is time-reversible. 
There can be no drag on the mountain, and 
we are presented with no more than D’Alem- 
bert’s paradox. Solutions in classical hydro- 
dynamics cannot give drag due to real wakes 
and are not valid downstream of bluff ob- 
stacles. However we used the cylinder and 
sphere to investigate the nature of the flow 
rather than for practical purposes. A better 
limit for small viscosity could be got by use 
of a Kirchoff free-streamline or a Rankine 
body to model a real wake. This problem is 
discussed at length in the literature and is 
ancillary to the problem due to density varia- 
tion. 

The Reynolds number R = Vh/v, where vis 
the kinematic viscosity, is very large in the at- 
mosphere. For if we take Va30 m sec”1, 
h = 7 x 10% m, » + 1075 m? sec-1, then R~2 x 
x 101°. To account for atmospheric turbulence, 
the kinematic viscosity may be replaced by an 
eddy viscosity K. Because of the stabilisation 
of the density variation and of the earth’s 
rotation, the eddies are not too large, and 
K = 105». Then Re = Vh/K = 2x 10° is still 
large. In the laboratory, scales are different, it 
being difficult to model J and R together. 

To show that viscosity is negligible in the 
shear layer described above, it is necessary to 
show that its thickness (h]—":) is much greater 
than that (AR) of a ‘viscous’ shear layer. 

Now Rip /J'l: = | V3} ( So a) en 

@ dz, 
for the magnitudes of scales chosen above. This 
indicates that the viscous effects are subsidiary. 

We may now describe the solutions found 
in sections 5 and 6. For the vertical cylinder, 


Zon 245 JL H(t —2 cos 26) +0 (7). 


There is symmetry about the vertical planes 


O = > (x=0) and@=o(y= o). The secondary 


velocity is vertical. This gives the general 
pattern of the rise and fall of streamlines. Far 
downstream (where x=r cos @>- co), par- 
ticles rise from their initial levels z,. For given 


PHILIP G. DRAZIN 


r and z,, there is a minimum height of the 
I : 
streamlines at © = >” and maxima atO=0,r. 


Thus streamlines rise from z, to a maxi- 
mum height near the cylinder, fallto a mini- 


I : 
mum at @ + -x as they pass round the side, 
2 


rise again, and finally fall back far downstream 
to their original level zo. This is due to the 
Bernoulli effect of conservation of head on 
streamlines. 

For the hemisphere, 


z=2,=2] !zr2 (cos 20-67 /17) =0 (Jr): 


The symmetry is the same as for the cylinder, 
but the secondary velocity has a horizontal 
as well as a vertical component. In this case 
the secondary flow is a buoyancy, not a 
Bernoulli, effect. 

There are few experiments to compare these 
results with. To accompany their calculations 
of the secondary vorticity for flow past a 
hemisphere of a stream at small Richardson 
number, HAWTHORNE and MARTIN (1955) did 
some experiments on a hemisphere, with a 
tapered fairing to prevent turbulence in its 
lee. Their experiments showed that increasing 
the Richardson number increases vorticity at 
the base, and, more markedly, at the shoulder 
in the same sense (with a component of vor- 
ticity parallel to the primary velocity). These 
might be explained as tendencies towards the 
primary flow for large J, but it is not possible 
to confirm a theory valid for large J with 
experiments at small values of J. 
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Abstract 


Adhesion of ice, or ice-bonding phenomenon, at temperatures below 0° C was studied from 
the viewpoint of sintering. The growth rate of necks between ice spheres having radii R < 1004 
was measured in both saturated air and kerosene environments. The results showed that ice- 
bonding, or adhesion, takes place as a result of solid diffusion. Many photomicrographs of ice- 
bonds were taken by making use of thin-section technique. 


1. Introduction 


Snow crystals deposited as a loose cover 
gradually change their shapes and join together 
to form a mantle of coherent structure. Such a 
phenomenon takes place in the snow cover 
even if air temperature is below 0° C. In polar 
regions, the deposited snow turns into firn 
without ever being subjected to thawing and 
finally into ice after the lapse of a long time. 
It has been an important problem for glaciol- 
ogists and snow-engineers to know the mech- 
anism of ice-bonding between snow particles. 
The fact that two ice pieces when brought into 
contact tend to stick to each other has been 
demonstrated by a number of investigators 
since the times of Faraday and Tyndall, who 
made experiments concerning the “regelation” 
of ice, as they called it. In order to explain the 
phenomenon of adhesion of ice, Faraday and 
Tyndall suggested the hypothesis that, while a 
thin layer of water bounded by ice only on one 
side does not freeze, it would freeze if bounded 
by ice on both sides. J. Thomson and W. 
Thomson, on the other hand, interpreted the 
phenomenon as due to surface melting of ice 
when pressure is applied (melting point lower- 
ing of ice with pressure) and resolidification 
upon removal of pressure. NAKAYA and MAT- 
SUMOTO (1950) conducted experiments on the 
adhesion of ice in the temperature range of 
0° C = —16.0° C, and measured the force re- 
quired to separate two ice spheres brought into 


contact. They observed that the adhesive force 
of ice increases with increasing temperature 
and found that two ice spheres suspended by 
thin filaments are caused to rotate before sepa- 
ration as the inclination of the filaments from 
vertical is increased. From these facts, they 
attributed the adhesion of ice to a liquid-water 
film assumed to be existent on the ice surface 
even at temperatures below 0° C. Hoster et al. 
(1956) conducted another experiment on the 
adhesion of ice spheres after Nakaya and Mat- 
sumoto’s method and obtained similar results, 


‚supporting the liquid film hypothesis. They 


also found that the adhesive force of ice is 
strongly dependent on ambient vapor pressure; 
for instance, in the case of ice saturation no 
adhesion took place at temperatures below 
—25.0° C, while when the vapor pressure was 
less than ice saturation no adhesion was ob- 
served below — 4.0°C. H. H. G. JELLINEK (1956) 
measured adhesive force between ice and 
various kinds of material such as metals, quartz, 
and high-polymeric substances, and he ex- 
plained the adhesive phenomenon of ice in 
terms of “‘liquid-like film” at the surface. It is 
noticed that the pressure melting theory is 
incapable of explaining the adhesion of ice- 
bonding which is actually observed when no 


pressure is applied, and that the liquid-film 


* Now CRREL, Corps of Engineers, U.S. Army, Wil- 
mette, Ill. USA. 
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hypothesis at the temperature below 0° C has 
no rigorous thermodynamical justification. 

Recently W. D. KINGERY (1960) treated this 
problem from the viewpoint of sintering, well 
known in powder metallurgy. He observed 
the growth rate of the ice-bond between ice 
spheres having radii R > 100 u as a function 
of temperature and analyzed the ice-bonding 
mechanism. by means of determining the sort 
of sintering process involved. He concluded, 
in contrast to the liquid-film hypothesis, that 
ice-bonding or ice-adhesion takes place as a 
result of mass transfer to the contact area 
arising from surface diffusion. The author has 
performed another experiment on ice spheres 
having radii R < 100 u in environments of 
kerosene and of air saturated with respect to 
ice, making combined use of thin-section tech- 
nique with the aim of observing the internal 
structure of sintered ice-bonds. 


2. The Sintering Process 


When a compacted powder is heated to a 
temperature near the melting point, its hard- 
ness and density increase. This is the so-called 
sintering process. It is known that every metal 
shows appreciable sintering at a temperature 
roughly three fourths of its melting point on 
the absolute temperature scale. Therefore, seem- 
ingly “low” temperatures of 0° C ~ -20° C 
in a natural environment may be considered 
as sufficiently “high” temperatures for ice, so 
that whenever ice particles are brought together 
they will show a tendency to stick to one 
another, forming necks (ice-bonds) which 
grow as time elapses. The growth of necks is 
accompanied by a decrease in surface area, 
therefore sintering may thus be defined as a 
process of decreasing surface area of a porous 
solid at a temperature near the melting point. 
The question is now to inquire into the 
mechanism of sintering which gives rise to 
the neck growth. 

Consider that two spherical particles are 
brought into contact (as illustrated in Fig. 1), 
then the rate of neck-growth (x/R) is, in 
general, given by the formula : 


© 


x R'—-" 


where x is the radius of neck, R the radius of 
sphere, f sintering time, n and m constants 
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Fig. 1. Scheme of sintered ice spheres. 


peculiar to a given sintering mechanism, F(T) 
function of the surface energy and tempera- 
ture. There are four types of sintering mecha- 
nism; namely, viscous flow, evaporation-con- 
densation, volume diffusion, and surface dif- 
fusion. The characteristic constants n and m 
have been discussed by various authors for a 
long time, with the result that their numerical 
values are: 

(I )n = 2, m = 1 for viscous flow, 

II = 3,m = I » evaporation- 
condensation, (2) 
volume-diffusion, 


(I)n 
(Il) n =5,m=2 » 
(IV) n surface-diffusion. 


IV)n=7,m=3» 


254 


Viscous flow (I) implies that the neck growth 
is accomplished by a shrinkage between parti- 
cles in contact under an applied stress or a driv- 
ing force arising from surface tension. The 
chemical potential gradient coming from dif- 
ferences in curvature of the surfaces causes a 
continuous material flow into the neck area. 
The evaporation-condensation mechanism (I) 
describes the neck growth as being achieved 
by the transport of molecules through the 
vapor phase. Mechanisms (III) and (IV) mean 
that the continuous mass flow into the neck is 
caused by the flow of vacancies (vacancy dif- 
fusion) moving in a direction opposite to the 
mass flow. According to the theory, the vacan- 
cies are generated continually at the neck 
(source), and are diffused into sinks located with- 
in or at the surface of the particles influenced by 
the chemical potential gradient. The mecha- 
nism (II) means the vacancy diffusion from 
the neck to the internal-sink, and (IV) the 
diffusion from the neck to the surface-sink. 

Using the above-mentioned relationship, we 
are now to determine which type of mecha- 
nism. plays the predominat role during sinter- 
ing, since the numerical value of n which 
characterizes the time dependence of (x/R) 
varies from 2 to 7, and particle-size depend- 
ence (n-m) varies from 1 to 4, depending on 
the mechanism taking place. Kingery made 
experiments with ice spheres having radii 0.1 
mm ~ 3 mm in the temperature range 0° C ~ 
-25.0° C, and obtained n = 6.1 ~ 7.1 (mean 
=~ 6.9), and (n-m) = 4. He concluded that ice 
sintering occurs as the result of surface diffu- 
sion. 


3. Experimental Procedure and Results 


Experiments were carried out in a large cold 
room. The small ice spheres were made by 
spraying pure water into liquid oxygen filling 
a shallow dish. The pure water was prepared 
by a purification device making use of ion- 
exchanging resins. The liquid oxygen evapo- 
rated rapidly leaving small ice spheres at the 
bottom of dish. Then several tens of the small 
ice spheres were transfered with a clean brush 
to a metallic slide with a 1 cm in diameter 
aperture at its center, sealed at the base by an 
attached cover glass (Fig. 2). After the ice 
spheres were placed in the hole, the top was 
covered with a cover glass and sealed completely 
with ice so that the air inside might be kept at 
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Fig. 2. Microscope slide made of brass plate for sintering 
test. 


saturation vapor pressure with respect to ice. 
All surfaces which would come into contact 
with the spheres, the slide and the cover glass- 
es, had previously been thoroughly cleaned by 
hard rubbing with clean cotton gauze. A slight 
shock was given to the slide in order to bring 
the spheres into contact with each other. The 
slide was then placed on the stage of a micro- 
scope located in a constant temperature box 
regulated to a latitude of + 0.1° C. The metallic 
slide minimized the time required for the 
sample to reach a stationary temperature. A 
pair of ice spheres which contacted each other 
were chosen for observation, and photomi- 
crographs of the ice-bonding process were 
taken at definite time intervals. 

The successive stages of sintering obtained 
in saturated air (at — 5.0° C) are shown in Fig. 
3. (A) shows the initial stage of the ice spheres 
brought into contact, (B) the development 
after 33 minutes, and (C) after 64 minutes. 
Some typical results as to the time dependence 
of neck growth are illustrated in Figs. 4, 5 and 
6. Sphere radii, sintering temperatures, and 
numerical values for n calcultaed from the 
slope of the curve are indicated for each curve. 
As will be seen from Figs. 4 — 5, the values of 
n are scattered in the range between 4 and 
7.7. Curve (1) in Fig. 4 is considered to be a 
special case, because at temperatures above 
—2.0° C quick ice-bonding takes place due to 
surface melting and will not be discussed here. 
It appeares that at higher temperatures volume 
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SES … 

Fig. 3. The successive ice-bonding between ice spheres 
in air saturated with respect to ice (at -5.0° C). 

(A) initial stage (B) after 33 minutes (C) after 64 minutes 


diffusion plays the main role, while as the 
temperature becomes lower, surface diffusion 
becomes more predominant; the saturated 
vapor around ice spheres adding no appreci- 
able contribution in either case. In order to 
obtain further evidence for support of this 
statement, an experiment was carried out in a 
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Fig. 4. Neck growth between spheres at different tem- 
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Fig. 5. Neck growth between spheres at different tem- 
peratures. 


kerosene environment where the vapor phase 
was completely excluded. 

Fig. 7 shows the successive stages of the ice 
sintering taking place in kerosene at —3.5° C. 
(A) is the photograph taken 35 minutes after 
the specimen was immersed in kerosene, (B) 
the photograph taken after 279 minutes, and 
(C) that taken after 1,369 minutes. Fig. 8 
represents the time dependence of the neck 
growth observed in kerosene environment at 
different temperatures. As can be seen from 
this figure, n takes various numerical values 
ranging from 5 to 7, which means that the ice 
sintering in kerosene is achieved by volume 
diffusion or surface diffusion or by both. 

Fig. 9 shows the particle-size dependence of 
the growth rate of an ice-bond in air (at — 5.0°C) 
and kerosene (at -3.5° C). Here the time re- 
quired for x/R to attain the value 0.2 is plotted 
against R. The values of (n-m), as calculated 
from the slope of each curve, are found to be 
roughly equal to 3, which implies that the 
sintering process in one of volume diffusion. It 
is to be remarked that the determination of the 
sintering mechanism always involves some 
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Fig. 6. Neck growth between spheres at different temperatures. 


ambiguity, inasmuch as the characteristic con- 
stants # and (n-m) are obtained from the in- 
clination of the curve on logarithmic scales. 
Apart from the sintering mechanism of ice, 
we must emphasize that ice-bonding takes 
place even in the medium of kerosene where 
no vapor phase is present and no stress is 


ee 


Fig. 7. Successive ice-bonding between ice spheres in kerosene (at —3.5° C). 
(A) after 35 minutes, (B) after 279 minutes, (C) after 1,369 minutes 


applied. The situation is very similar to the 
case of saturated air: although in kerosene the 
growth velocity of the neck is lower. The 
lowering of growth velocity in kerosene may 
well be accounted for by the decrease in inter- 
facial energy (F(T) in Eq. (1)) between the ice 
surface and kerosene. 
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Fig. 8. Neck growth between ice spheres in kerosene. 


4. The fine Structure of an Ice-Bond 


In order to obtain further information as to 
the sintering mechanism of ice, a thin section 
of ice-bond was prepared by making use of 
aniline and was carefully observed under the 
microscope. A sintered specimen was put into 
liquid aniline cooled down to -5.0°C ~ 
-10.0° C. A short time after, the temperature 
was lowered below - 20° C, where aniline solid- 
ified. The block of solid aniline including the 
sintered specimen was cut and planed suffi- 
ciently thin for taking photomicrographs. When 
this thin section was warmed up to -5.0° C, 
the solid aniline melted and became trans- 
parent, Krnosira and WAKAHAMA (1959). 

i) The structure of the neck and the displace- 
ment of the neck boundary. 

If the mass transfer into the neck occurs at 
the same rate from both sides, a straight 
boundary is to be located at the middle of 
the neck. A typical example, which was ob- 
served in the case of natural snow particles 
sintered at — 3.0° C for 6 days, is shown in Fig. 
10. Fig. 11 gives a photograph of the boundary 
displaced from the neck into the interior of ice 
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Fig. 9. Effect of sphere radius on time required to reach 
a specific geometry x/R = 0.2. 
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sphere during sintering. This was the case of 
two pure ice spheres sintered at — 4.0° C for 41 
hours. Inference can be drawn from this picture 
that the boundary a-b-c was straight at initial 
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Fig. 10. A thin section of ice-bond between snow 
particles sintered at -3.0° C for 6 days. 
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Fig. 11. A thin section of ice-bond between pure ice 
spheres sintered at —4.0° C for 41 hours. a-c-b shows a 
grain boundary displaced during the sintering process. 
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stage of contact, but it moved into the sphere 
on the left in order to minimize the excess of 
free energy arising from intersection with the 
grain boundary c-d, which happened to exist 
in the ice sphere. Each angle of intersection is 
found equal to 120°. The dispersed spots found 
in ice spheres are small air voids originally 
occluded when the water droplet was frozen 
in liquid oxygen. Fig. 12 shows an example of 
a curved boundary within the neck. 

ii) Ice sintering onto an ice plane. 

Fig. 13 represents a thin section of a pure ice 
sphere sintered onto a plane distilled water ice 
surface at —4.0° C for > hours. There is a 
mound of ice on the plane surface built of the 
mass which flowed from the lower part of the 
ice sphere. In the case of sintering between an 
ice sphere and a plane surface, the material 
flow takes place from sphere to plane due to 
the difference in curvature of the surfaces. 

The volume of flowing mass was reduced 
by addition of some chemical impurity to the 


thin section illustrating a curved grain 
boundary within a neck. 
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Fig. 13. À thin section of pure ice sphere sintered to pure 
plane ice surface at —4.0°C for 3 hours. 
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Fig. 14. A thin section of impure ice sphere containing 
1 % NH,fF sintered to pure plane ice surface at —4.0° C 
for 19 hours and 30 minutes. 


to a plane pure ice surface at — 4.0° C for 19 
hours and 30 minutes. NH,F is known to be a 
chemical compound which makes a solid solu- 
tion with ice. This photograph was taken 
with the sample between crossed polaroids. No 
mound of ice is formed on the plane surface, 
and the crystallographic orientation of the 
lower part of the impure ice sphere is found to 
have changed into that of the plane ice. 

Fig. 15 (A) shows the case of a pure ice 
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Fig. 15. (A) A thin section of pure ice sphere sintered to 
impure ice plane containing 0.05 M NH,F (-4.0° C, 45 
hours). 

(B) Photograph taken with crossed polaroid. 
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sphere sintered to an impure ice plane 0.05 M 
NH,F) at -4.0° C for 45 hours, where con- 
spicuous flow of mass with minute air voids 
has taken place from the sphere forming a 
mound of ice on the plane surface. a-b repre- 
sents the front of the ice mass which flowed. 
Many air voids crowded together near the neck 
seem to indicate significant mass transfer. Fig. 
15 (B) is a photograph of the same section as 
(A) taken with crossed polaroids. The crystallo- 
graphic orientation of the mound of ice (the 
portion enclosed with white broken curve) is 
identical to that of the plane ice. 


5. Summary 


The process of sintering of small ice spheres 
was examined at various temperatures and in 
different environments by microscopic obser- 
vation of thin sections. Inference as to the 
sintering mechanism of small ice spheres was 
drawn by employing the conventional method 
used in powder metallurgy. The results ob- 
tained indicate that in air saturated with 
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respect to ice, sintering of ice spheres having 
radii R < 100 w is mainly due to volume 
diffusion (a few specimens showed the surface 
diffusion). The sintering was also observed in 
a kerosene environment, where the vapor 
phase was completely excluded; there the 
growth rate of an ice-bond was much lower 
than in air. Further evidence for the occur- 
rence of material flow due to solid diffusion 
was obtained from the photomicrographs of 
thin sections of ice-bonds. The phenomena 
known as regelation, adhesion of ice, and ice- 
bonding of snow may then all be explained 
reasonably in terms of sintering. 
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Abstract 


An account is given of about 250 impactions made on ten flights to sample chloride particles. 
The particles are captured on small perspex slides coated with a gelatin-silver nitrate solution 
and become manifest as circular discs. The calibration of the method is described and the lower 
limit of detection is found to be about 10-1? gm. NaCl. 

The results show that, in the main, chloride particles originate from the sea surface but there 
is a possibility that the land or the coast produce some in the range 1074 to 10718 g. Particle 
concentrations are found up to about 2,000 litre! and total chloride contents up to 230 ug m*. 
The variations of these particle concentrations with height, wind speed, state of sea and the 
three-day history of the sampled air are discussed. 

Data are also presented on the concentrations of dust particles which were inadvertently 
sampled simultaneously with the chloride particles. 


I. Introduction 


The coalescence theory of rainfall requires 
the presence in clouds of a comparatively 
small number of droplets'which are appreciably 
larger in size than the rest and which are 
usually assumed to have formed on atmos- 
pheric chloride particles. For any numerical 
study of coalescence it is necessary to have 
information not only on total concentrations 
of chloride particles but also on the propor- 
tions which lie within different mass ranges. 
Previous studies are available giving data of 
this type obtained near the ground, viz. 
FOURNIER D’ALBE (1949), MOORE and Mason 
(1954), Twomey (1955). Woopcock and 
GIFFORD (1949) have obtained a large amount 
of similar data using an aeroplane. The object of 
the present report is to describe and present 
the results of a series of observations made 
mainly over southern England to investigate 
the distribution of chloride particles at heights 
up to 10,000 ft in different weather situations. 


2. Method of Sampling 
a. General Description 


The method of sampling the chloride parti- 
cles was essentially the same as that described 
by Virrort (1956) and is based on a chemical 
reaction first discovered by Liesegang. The 
particles are collected on a slide coated with 
a mixture of gelatin, silver nitrate and glycerol. 
The precise chemical reaction is not fully 
understood but it is thought that the chloride 
particles react with the silver nitrate to form 
silver chloride and subsequent exposure of the 
slide to sunlight or a bright artificial light 
for several hours reduces the silver chloride to 
metallic silver. The chloride particles become 
manifest as brown circular discs if viewed in a 
microscope by transmitted light but as white 
or greyish discs if viewed by reflected light. The 
diameters of the discs depend on the masses of 
chloride contained in the original particles. For 
the gelatin-silver nitrate mixture used in this 
work the ratio of disc diameter to the diameter 
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of the dry particle if the latter be assumed 
spherical, was between s and 15. 


b. Calibration Procedure 


Virror (1956) found that the relationship 
between the mass of the salt particle and the 
diameter of the disc depended on several 
factors of which the pH of the gelatin and the 
concentration of silver nitrate were the most 
important. In practice it is necessary to carry 
out a separate calibration for each batch of 
gelatin-silver nitrate material and the method 
used was as follows: a cubic chamber having 
a side of about 10 cm and a removable lid was 
constructed out of perspex. With the lid sealed 
the humidity inside the chamber could be 
controlled by varying the strength of sodium 
chloride solution within it. A period of not 
less than 15 minutes was allowed for equilibrium 
vapour pressure conditions to be reached 
within the chamber after it had been sealed. 

An artificial “spider’s web” was made by 
placing a minute amount of a viscous solution 
of perspex in aniline on one end of a cork, 
bringing the flat end of another cork into 
contact with it and then drawing the corks 
apart. By this method, threads having diam- 
eters of a fraction of a micron were made. 
The webs were then stretched across a thin 
metal ring, about 12 mm in diameter, which 
was supported inside the chamber by four 
thin rods. When the chamber was placed ona 
stand of a microscope fitted with a 35 mm 
camera, the web could clearly be seen and 
photographed. 

A hole was made through the side of the 
chamber to enable a slide about 6 mm square to 
be inserted. The slide was fitted to a thin 
handle which protruded outside the chamber 
and arrangements were made for it to move 
vertically to touch the web, the chamber 
being kept airtight while this procedure was 
carried out. Drops of a solution of sodium 
chloride were sprayed on the web, allowed 
to evaporate and crystallise. Photographs 
(Fig. 1) were then taken of a selection of the 
crystals, the droplets that formed on them 
under conditions of known humidity and the 
discs obtained when a slide coated with the 
gelatin-silver nitrate substance made contact 
with the droplets. The diameters of the discs 
formed at various humidities were then com- 
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Photographs showing calibration of gelatin 
technique for sampling chloride particles 

(a) Sodium chloride crystals on web (b) Drops of sodium 
chloride over 20 % sodium chloride solution (c) Gelatin 
stains just after impaction (d) Stains after a few hours 
exposure to light. 


produced them. Repeated experiments were 
made at chamber relative humidities between 
75 per cent and 99.5 per cent (corresponding to 
solution strengths of 35 per cent and 1 per 
cent respectively) and also for the case when 
the crystals were impacted dry. 

The results of the calibration are shown in 
Fig. 2 in which mass of sodium chloride is 
plotted against disc diameter. The calibration 
lines, which are classified for convenience of 
use in terms of relative humidity, are almost 
parallel and are closest together for relative 
humidities approaching 75 per cent. Below 
75 per cent it is assumed that all chlorides in the 
atmosphere exist as crystals. 

Throughout this paper masses of particles 
are computed on the assumption that all 
chloride present is sodium chloride. Errors in 
the calibration arise principally from the 
scatter of points about individual experimen- 
tally obtained lines and from small differences 
between calibration lines obtained under the 
same experimental conditions. The resulting 
uncertainty factor decreases with decreasing 
relative humidity and increasing chloride mass 
and for masses of 10-18 g impacted at over 95 
per cent relative humidity, the factor is not 
thought to be greater than 2. A subsequent 
experiment was also performed with an 
aspirated psychrometer to check whether the 
chamber humidity throughout was always in 
accordance with the theoretical vapour pres- 
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Fig. 2. Calibration graph of mass against stain diameter of chloride particles with varying 
relative humidity. 


sure over the given salt solution. It was found 
that at the higher humidities there was a 
discrepancy of a few per cent, the chamber 
humidity being the higher. The great majority 
of the measurements in the air were, however, 
made with humidities below 90 per cent and 
hence the error in the calibration has only a 
small effect on the results. 

To test whether the sampling technique 
was specific to chlorides the calibration experi- 
ments were repeated with drops of other 
chemical solutions on the web. The following 
substances were tested : — 


Na,CO, NaNO, Na,SO, Na,SO, H,SO, 
H,SO,; HNO, Kl and HgCl, 


No reaction discs were obtained with HNO, 
and NaNO,. Discs were obtained with the 
other substances but they were noticeably 
different in colour or quality from those 
obtained with drops of sodium chloride solu- 
tion. Furthermore, none of these discs devel- 
oped after being exposed to a bright light for 
several hours and it was concluded that there 
was little likelihood of confusion arising 
between impressions due to particles of 
chlorides (assumed to be BEN, and other 
chemicals. 


3. Practical Details 
a. Preparation of the slide coating 


(i) 1 g of sheet gelatin was soaked in 10 ml 
of distilled water for 3 to 4 hours and the 
excess water poured off. 


(ii) 0.3 g silver nitrate was dissolved in ı ml 
of distilled water and to it were added ı drop 
N/so nitric acid and 3 ml glycerol. 

(iii) The silver nitrate solution was heated 
to about 80° C (not higher), the soaked gelatin 
was added in subdued light and the solution 
was stirred until the gelatin had dissolved. 

The final product which is jelly-like at 
ordinary temperature was stored in a dark 
bottle away from the light. To coat the slides 
it was gently warmed to a temperature of 
60—70° C and applied with a glass rod. 


b. Sampling apparatus 


Each sampling slide consisted of a rectangu- 
lar piece of perspex, about 25 mm long and 
2.5 mm wide, fitted with a cylindrical handle 
for clamping it into an aircraft impactor. The 
impactor, which has been fully described 
elsewhere (DURBIN, 1958) consisted essentially 
of a metal pole with a shutter arrangement 
at one end. The shutter was operated from the 
other end of the pole and the slide, which 
was clamped behind the shutter, could be 


exposed for any desired period. 


c. Flight procedure 


The first series of flights was aimed at finding 
the concentrations of chloride particles of 
varying sizes at different levels over land and 
sea. Samples over the sea were taken at about 
twenty levels from near sea level up to 10,000 
ft, the vertical sampling interval varying from 
100 ft at the lowest levels to 1,000 ft at the 
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highest levels. Over the land only ten samples 
were taken at 1,000 ft intervals to 10,000 ft. 

All samples were taken in clear air for 
periods varying from 10 seconds to 1 minute, 
the shorter periods being at the lower levels. 
Readings of temperature, frost point, height 
and airspeed were taken during each sampling 
period and details of clouds and haze layers 
were noted throughout the flights. The infor- 
mation available for analysis is listed in Table 1. 

After each flight the slides were placed in a 
closed perspex box and exposed to sunlight 
for a few hours to develop the reaction discs. 
One or two photographs of representative 
portions of each slide were then taken using 
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either reflected or transmitted light and a 35 
mm camera fitted to a microscope. For 
purposes of analysis prints having a magnifica- 
tion of X 500 were found to be satisfactory. 


4. Inspection of the photographs 


For the majority of samples the reaction 
discs were well defined, easily measurable and 
countable. Fig. 3 shows a selection of the 
samples taken at heights up to 3,000 ft on 14th 
March, 1957. These were photographed using 
reflected light and the discs appeared white. 
Some discs (e.g. those obtained at 200, 400 
and 1,200 ft but which are not illustrated) 


Table 1. List of sampling flights. 


Flight Samples | Samples Highest 
Ke Date taken over|taken over level Remarks 
=) i land sea sampled (ft) 

I 27.157 — I—26 15,000 Continental polar air, little or no cloud at 
all heights. 

2 14.3.57 — 27—A41 3,000 Long Atlantic Sea track. No clouds over 
sea, 6/8 cu and sc, base 2,400 ft over land, 

3 26.3.57 — 42—59 10,000 Weak ridge behind occlusion, cloud base 
1,200 ft, top 2,000 ft, thin cloud layer at 
6,500 ft. 

4 29.3.57 77—81 60— 76 10,000 Anticyclone. Over sea st, top 1,600 ft near 
coast, base of developing cu 2,300 ft, 7/8 ac 
and as above 10,000 ft. Over land st base 

| 450 ft, top 2,000 ft, haze top 4,500 ft. 

5 1.4-57 105—II3 82— 104 10,000 Anticyclone. Over sea no clouds, thick haze, 
top 4,000 ft, secondary haze layer 6,000 — 
7,500 ft. Over land 3/8 cu, top 4,700 ft, 
thin sc layers about 5,000 and 7,000 ft. 

6 4-4.57 134—143 | 114—133 10,000 Anticyclone. Over sea patches of wave 
cloud, top 600 ft, haze layer 3,000—4,000 ft. 
Over land 2/8 cu base 3,700 ft, top 4,300 ft. 

7 12.4.57 162—168 | 144—161 9,000 Ridge. Over sea no clouds. Over land 1/8 
cu, base 3,700 ft, top below 7,000 ft. 
Patches thin ac 9,000 ft. 

8 16.4.57 187—196 | 169—186 10,000 Weak ridge. Over sea no low clouds. Over 
land shallow haze layer, top 4 000 ft, 4/8 cu 
and sc, base 5,500 ft, top 6,500 ft, 

9 25.4.57 213—221 | 197—212 10,000 Anticyclone. Over sea 7/8 cu, base 3,100 ft, 


top 5,900 ft, local rain observed at 4,500 ft. 
Over land 7/8 cu, base 2,700 ft, top 4,700 
ft, 2/8 thin sc about 7,000 ft, haze top 
10,000 ft. 


RE ee 


10 20.6.57 | 242—251 | 222—241 


10,000 


Anticyclone. Over sea no clouds, haze top 
2,700 ft. Over land haze, top 4,000 ft, 
traces of shallow cu at 4,000 ft. 


(Pa I ee ee ee ee ee en 
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ER LE 
Fig. 3. A selection of reaction discs 
(a) at 100 feet (b) 1,000 feet (c) 2,000 feet (d) 3,000 feet, 
obtained over the sea on March 14th 1957. (a) and (b) 
were 15 second exposures and (c) and (d) 30 seconds. 


were not as well defined as the others and 
exhibited single rings around greyish interiors. 
The reason for this is not known since all the 
slides were coated at the same time and ex- 
posed to light for the same period. 

Samples obtained in precipitation usually 
exhibited very high chloride coverages and 
were frequently uncountable. Fig. 4a illustrates 
one such sample. 

Particles other than chlorides were collected 
on the slides but usually in much smaller con- 
centrations. The most common of these were 
dust particles which appear on photographs 
obtained using reflected light as black ir- 
_ regularly shaped spots. Occasionally larger 
particles of vegetable and mineral matter were 
caught and examples of both these and dust 
particles are shown in Fig. 4b, 4c and 4d. 


ae 


Mm Arte 

Fig. 4. Miscellaneous samples. (a) during precipitation 

23/11/56 (b) chloride and dust particles at 500 ft. 25/4/57 

(c) Large mineral aerosol at 7,000 ft. 1/4/57 (d) Fern-like 
aerosol 5,500 ft. 19/6/57. 
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A small number of discs were manifest as 
concentric coloured rings. It is likely that the 
particles which caused them are each composed 
of several chemical constituents, but the true 
natures of these particles are not known. 


5. Analysis of the photographs 
For the flight of 17th January, 1957 the 


chloride discs were counted in size ranges 
which were multiples of 5 microns but for the 
remaining flights multiples of 2 microns were 
used. On most of the photographs it was not 
possible to distinguish accurately between discs 
having diameters of less than 5 u so that the 
smallest ranges considered were o—$ u for 
the flight of 17th January, 1957 and o—6 u. for 
the rest. 

The object of the analysis was to investigate 
how the size spectrum of chloride particles 
varied with height, frost point, state of sea, 
past history of the air, wind speed and direc- 
tion, and proximity to cloud and haze layers. 
The results represent actual counts of the 
number of chloride stains on the photographs 
if the efficiency of catch of the impactor is 
taken as unity. 

It has been calculated that in the present work 
the efficiency of catch increases with airspeed 
from about 30 per cent at 150 kt to about 
45 per cent at 200 kt for chloride particles of 
mass 10-1? g impacted at 75 per cent relative 
humidity. For masses of 1074 g the correspond- 
ing value is about 80 per cent and varies 
little with airspeed. For chloride particles of 
given mass impacted in solution the efficiency 
of catch is higher the greater the humidity at 
which it is impacted. 


6. Results 


The complete results for each sample are 
given in Table 2. In columns 1, 2 and 3 are 
listed details of height, temperature and relative 
humidity respectively at the sampling level. 
The numbers of nuclei counted are given in 
column 4 and the computed concentrations of 
particles which gave stains having diameters 
greater than (a) the smallest identifiable, (b) 
10 u, (c) 20 wand (d) 36 u are given in column 
5. These sizes correspon approximately to 
sodium chloride masses of 1—2 x 10-13 g 
I—2 x 10-119, 12x 10-10g and 1—2 x 1079 
respectively. The masses of the largest chloride 
nuclei in units of 10-° g are given in column 6 


Tellus XIII (1961), 2 


> 


VERTICAL DISTRIBUTION OF CHLORIDE PARTICLES 265 


Table 2. Summary of sampling data 


Sample 
Ne. | z | 7 | 3 5a 5b AC 5d 


Bheht a1. 177.157 


I 100] 0.25] 52 310 501 31.2] 1060| 81:9 52018260) Mrs0; 725 
2 200| 0.25 2 113 24:24 12:2 3.9| 0.4 320870) 1770235 
3 300[— 0.3| 51 148 27.0) suet Ord. 212 020.0 3.7 32590202102 840 
4 400|— 0.25) 48 128 23.5 16.2 5.0] 0.6 3.7 4.98] 31.7| 42 
5 500 — 0.7| 47 42 26.3 17-5 6.9| 0.0 1.9 5.00] 54.2| 16 
6 750i — 1.1|. 46 173 23.2 16.5 8.1 0.5 6.6 7.16 36.5| 35 
7 1,000|[— 1.9] 46 316 33-410 27.7 6.7| 0.6 6.6 7.22| 69.8] 20 
8 1,250 — 2.1| 47 239 28.3] 16.5 44| 0.4 | 3.7 | 4.34) 88.8) 35 
9 1,500 — 3.2| 48 337 27 TR, L.A} 2.0.3 6.6 2.7710.,89.8°25 
Io 1,750|— 3.4| 48 492 30.6] 15.8 1-51,2.0:41.1932:0) 3.321 75.2 023 
Il 2,000|— 3.4| 49 193 11.9 13 0.9] 0.4 6.6 2.15| 64.1] 35 
12 2,500[— 2.2| 51 155 9,7 6.2 0.7 0:0 387, 0.86| 25.4| 22 
13 3,000[— 1.4] 53 38 3.0 0.9 0.0) 0.0 0.2210 20:07 S21 7.711522 
14 3,500|— 2.5| 55 63 4.3 Tey 0.0] 0.0 022 M0 718 1055 5,70 
15 4,000[— 3.2] 57 42 31 1.8 On| 6 10.0 0.45| 0.17 9.5| 21 
16 4,500/— 4.6| 58 33 2.9 ET 0:0|M0:0 0.22] 0.09 15.2} 38 
17 5,000|— 5.2] 59 39 2.4 1.4 CORA Oxo) 0.45} 0.17 5-4| 20 
18 6,000]— 6.9] 50 4 O.I 0.1 0.0| 0.0 0.09| 0.01 2.5| 40 
19 7,000[-— 9.4] 26 8 0.6 0.2 0.0 0.0 0.22 0.02 1.0| 40 
20 8,000/— 10.0| 20 96 5.9 0.3 0.0] 0.0 0.09] 0.18 I.0] 30 
21 9,000|— 10.9] 18 (o] 0.0 0.0 0.0| 0.0 — 0.00 2.0| 20 
22 10,000|— 12.6] 16 o 0.0 0.0 0.0] 0.0 — 0.00 5.1| 40 
2 11,000|— 14.8 = o 0.0 0.0 0.0) 0.0 — 0.00 17.0023 
24 12,000|— 16.9] o 8 fe) 0.0 0.0 0:0 00 — 0.00 0.3| 25 
2 13,000|— 19.3| 4 3 (6) 0.0 0.0 0.0) 0.0 — 0.00 3.8| 20 
26 14,000|— 21.5 is | fo) 0.0 0.0 9.0| 00| — 0.00 1.0| 15 
Flight 2. 14.3.57 
27 100| + 8.7| 80 638 | 2,320 702 235 7 1.10} 126.92| IL 24 
28 200| + 8.6| 72 289 | 1,070 372 38 o 1.15| 52.20| 18 19 
29 300| + 8.8] 71 341 1,268 467 94 o 1.15| 80.28| 11 13 
30 400| + 8.9} 69 280 | 1,052 301 37 fo) 0.50] 45.08 19 38 
31 500] + 8.3| 72 239 | 1,436 474 42 o Te BEES die Gat o — 
32 750| + 7.6) 74 333 | 1200| 439 83 fo) 2.U81,73-88 4 14 
33 1,000] + 7.1] 70 131 | 1,2517 335 Io o 0.30] 38.42 o — 
34 1,250| + 6.8) 75 247 918 329 67 fo) 0.77| 51.20 4 10 
35 2,000] + 4.6| 85 453 849 231 21 fo) 0.27| 9.55 fo) _- 
36 2,500| + 3.4] 80 280 52 174 24 o 0.52| 15.14 6 12 
37 2,600] + 4.0| 66 29I 519 126 15 fo) 0.50] 16.82 4 10 
38 2,700| + 4-3) 59 173 395 95 7 ® 0.30| 9.32 5 22 
39 2,800] + 4.0] 58 191 335 49 o (6) 0.16| 4.85 4 Io 
40 2,900] + 3.4] 52 107 192 13 o o 0.06} 1.49 7 12 
4I 3,000] + 3.7| 51 164 292 32 fo) o 0.10| 3.49] 10 10 
Flight 3. 26.3.57 
42 50|+ 10.0| 79 558 | 2,230 608 124 r2 2470100092 4 14 
43 100|+ 10.8| 80 479 | 1,950 854 68 36 6.2 | 149.28 4 40 
44 200|+ 10.0] 75 409 | 1,636 776 40 fo) 1.1 | 96.85 fe) _ 
45 300] + 9.5] 74 380 | 1,520 492 12 8 3.8 | 46.25 fo) — 
46 400] + 9.2| 76 374 1,545 8 fo) fe) 0.1 | 5.66 fe) — 
Key to table 2. 
Column Column 
I. Height in feet. 5c. Numbers per litre having mass 1—2 x 10-19 g. 
2. Temperature (degrees C). 5d. Numbers per litre having mass I—2 X Io7* g. 
3. Relative humidity (%). 6. Mass of largest particle (g x 10°). 


4. Total No. nuclei counted. 7. Total chloride content ug/M?®. 
5a. Numbers per litre having mass > 1—2X10-g. 8. Number of dust particles per litre. 
5b. Numbers per litre having mass > ı—2xıo-!!g. 9. Largest dust particle (x). 

* estimated values 

— sample unreliable for dust counts. 
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an I 2 3 7 5a 5b 5c 5d 6 7 8 9 
ee ee Re RE EP NEE | | ar oe onde |] Se EEE RE | ee se 
47 500|+ 9.1] 80 434 | 1,736 516 4 4 4.5 | 40.01 fo) — 
48 750] + 8.3] 79 287 | 1,205 29 4 4 2.0 | 9.37 Des 
49 1,000|+ 8.3} 73 234 945 226 16 (6) 0.3 | 22.38 fo) — 
50 1,500) + 6.8] 81 306 584 318 172 4 2361, 51208 fo) == 
51 2,500 + 5.8) 72 45 87 66 28 827 76:08 791.44 fo) — 
52 3,000[+ 4.8] 77 2 92 52 40 14 | 20.0 | 47.89 (6) — 
53 4,000|+ 2.8] 74 I 7 2 fo) O | 0.01 0.02 fo) — 
54 5,0000+ 0.7| 78 Io 18 20 12 fo) 0112| 0.72 fo) — 
55 6,000|— 2.5| gı 257 514 122 32 4 0.4 6.36 fo) = 
56 7,000]/— 1.8] 54 o (6) o fo) fe) — |) | 10:00 fe) — 
57 8,000[— 3.4] 42 fo) o fo) (6) fo) —| 0.00 fe) = 
58 9,000/— 4.5] 38 o fo) o fe) o —| 0.00 fo) — 
59 10,000[— 6.3] 28 fe) o fo) fo) fo) ——| 70.00 o = 
Flight 4. 29.3.57 
60 50olt+ 85| 75* AI 246 168 78 (6) .15| 51.73 24 10 
61 20014 8.2) 75* 67 395 gt fe) o 0.09} II.49 29 10 
62 300/-+ 8.1] 75* 48 295 164 64 6 4.0 | 80.25 62 10 
63 400] + 8.3] 75* fo) fe) fo) o fo) —| 0.00 — — 
64 50014 8.4| 75* 17 107 fo) fo) o 0.02) 0.60 19 70 
65 750|+ 8.9) 74 75 154 17 (9 ° 0.04, 1.59) 64 | — 
66 1,000|+ 9.0] 76 87 179 68 10 fe) T.I 12.64| 138 22 
67 1,500[+ 7.5| 81 70 156 42 o fo) 0.05} 1.74] 140 13 
68 2,000/+ 7.2} 86 25 55 22 o fo) 0.02] 0.46 24 2 
69 3.000|+ 5.8| 78 39 78 14 2 o 0.22 1.36 35 20 
70 4,000|+ 4.7| 52 6 12 4 o o 0.06] 0.24 10 24 
Fa 5,000|+ 4.6| 37 fe) o (6) fe) o 10 0:00 — 
72 6,000|+ 4.8] 53 o o o o o —| 0.00 — — 
73 7,000 + 4.7| 68 fo) fo) o fe) fe) — 1220.00 oo — 
74 8,000|+ 3.0] 71 o o o fo) o —| 0.00 — _ 
75 9,000| + 0.6] 70 o fo) o o o —| 0.00 4 48 
76 10,000). 207 67, fo) (6) fe) fe) fe) ——| 10:00 2 22 
TER 1,000|+ 9.2| 75 97 206 17 fe) fe} 0.04 E67) 113 II 
78 2,000|+ 7.2| 86 139 278 98 18 fo) 0.2 Ge ce à 29 
79 3,000|+ 5.8] 78 30 61 o fo) o O.0I| 0.17 — — 
80 4,000|+ 4.7) 52 fe) o fe) fe) fe) | OOO — — 
81 5,000[+ 4.6] 37 o o o o o —| 0.00| — — 
Flight 5. 1.4.5.7 
82 100|+ 10.2)<75%| 193 322 97 10 fo) 0.30) 10.89 3 Io 
83 200|+ 10.3)<75%| 120 200 38 7 fe) 0.49] 5.87 5 14 
84 300|+ 10.3)< 75%] ıo1 172 2 13 2 1.90| 12.64 2 18 
85 400|+ 10.4/< 75%] 155 273 37 fe) o 0164 a 6 10 
86 500|+ 10.6| 63 119 230 28 2 fe) 0.30} 3.15 6 19 
87 750|+ 10.6] 63 120 222 25 fe) fe) 0.101 2.33 8 16 
88 1,000|+ 10.1] 64 TUE 208 45 8 (6) 0.30] 5.94 4 23) 
89 125022077105 121 320 35 15 fe) 0.49] 9.62 10 15 
90 1,500 + 8,8! 66 147 282 37 6 fo) 0.30] 5.10 8 12 
91 2,000|+ 7.6| 70 176 306 40 2 (6) 0.30| 4.02 7 15 
92 2,500 7 6.41 73 209 342 31 3 o 0.30| 3.78 fe) — 
93 2,750|+ 5.6| 74 160 262 5 fe) fe) 0.06} 0.88 2 14 
94 3,000|+ 5.0] 79 88 148 7 2 o 0.36] 1.51 7 20 
95 3,250|+ 4.5} 80 132 222 34 o fo) 0.1201 2.33 5 30 
96 3,500|+ 4.51 81 147 250 5 fe) fe) 0.05 0.66 (6) — 
97 3,750|+ 4.2| 79° 43 75 5 ce) fe) 0,071. 0.27 — — 
98 3,950] + 3.9] 75 61 54 4 fo) o 0.09| 0.29 fo) == 
99 4,900|+ 3.8] 39 12 Io 3 fo) o 0.06| 0.20 — — 
100 59300 1 2h vi 14 12 fe) o O | 0.005) 0.01 — — 
IOI 6,950|+ 0.7] 29 o fo) fo) Oo fo} — 0.00 — os 
102 POSTS 8 7 o fe) O | 0.005] 0.004 = — 
103 8,950|— 2.7| 36 16 14 oO fe) fo) 0.10] 0.08 — — 
m re rn 
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Sample 
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Flight 6. 4.4.57 


114 
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138 
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Flight 7. 12.4.57 


144 
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149 
150 
151 
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159 
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9,950|— 4.0| 40 6 
1,200|+ 8.1] 64 595 
2,200) 0 7.1 70 100 
3,300|+ 4.8] 80 216 
4,250|+ 3.6] 63 172 
2007 201002 7 
,200 0.0| 30 30 
8,150|— 2.0] 33 14 
9,2001 3.0} 37 fe) 
10,100[— 5.0] 39 6 
200|+ 12.3/< 75% 19 
300|+ 13.1|<75%| 32 
400|+ 13.5|<75%| 36 
500|+ 13.1 69 30 
75014 12.5) 67 31 
1,000|+ 12.1| 65 AI 
1,250|+ 11.7| 67 30 
1,500| + II.2 Fat 27 
2,000|+ IO.I 75 FE? 
2,500/+ 8.8] 75 65 
3,000/+ 8.7 2 45 
3,500/+ 9.1] 63 au 
4,000 8.7| 54 15 
4,500 Sal 35 14 
5,000/+ 8.1] 19 2 
6,000|+ 6.8} 14 9 
7,000| + 4.9] 47 £2 
8,000 + 3.2] 51 3 
9,000 TON 553 3 
10,000|[+ 0.2] 59 o 
1,000! + 14.3] 66 56 
2,000|+ 11.2] 75 39 
3,000|+ 8.6] 71 36 
4,000|+ 6.4| 54 20 
5,000! + 8.7) 19 I4 
6,000|+ 6.3| 14 1022 
ee T7 ui) 
8,000[+ 3.0] 51 Io 
9,000[+ 1.2| 55 I 
10,000|— 0.5) 59 2 
200|+ 7.0! 36 65 
300/+ 6.7] 40 120 
400|+ 6.8] 36 154 
500|+ 6.7] 37 136 
71590 5:00 37 1234 
1,000|+ 4.9| 44 193 
1,250|+ 3.9| 50 214 
1,500|+ 3.5| 48 158 
2,000|+ 2.1| 46 209 
2,5000 — 0.7| 57 2077, 
3,000 1.0) 54 229 
3,500|— 2.1| 56 219 
4,000/— 3.3| 59 260 
4,500/— 5.0] 68 193 
5,000/— 6.0] 60 69 
6,000/— 8.2] 54 35 
7,000|— 10.5| 70 48 
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Or 
o 
n 
a 


Sample 
No. | I fee [ele lslilalolelals[ilele 2 


161 8,000 — 13.0| 79 IOI IOL 9 I 021%. 0.222 70.73 42 30 
162 I,000]+ 3.7| 57 359 695 48 15 On|)" 0,7521°9.09 58 12 
163 2,000|+ 0.8] 67 245 459 67 13 020.751 272.60 — — 
164 3,000 2 17.010774 400 736 74 17 22\#1.60210.177.09 33 15 
165 4,000[— 3.4| 50 35 70 12 fo) O2 BETON 5 EZO 2 6 
166 5,000/— 5.8] 58 ME ig7X0) || SS) o 0820.07 1.04 fe) — 
167 7,000/— 10.7| 78 59 59 9 I On| 0,220]7.0:63 36 17 
168 9,000|[— 15.4] 90 64 63 4 it OV |* Gr06R|) 20:25 63 17 


Flight 8. 16.4.57 


169 100|+ 10.2 5 o fo) 
170 200|+ 10.2 4 fo} o 
HE 300|+ 10.5 5 o fo) 
172 400|+ 10.8 5 o o 
173 500|+ 10.5 fo) o 
174 1,000|+ 9.9 o oO 
175 1,500|+ 8.9 fo) o 
176 2,000|+ 7.4 fe) 02 | 0.078 80.78 82 24 
177 2,500/+ 7.0 (6) Oo | 0.07 | 0.45 58 16 
178 3,000|+ 5.6 o Oo | 0.07 | 0.95 103 15 
179 3,500|+ 4.2 fe} o 0.03 0.32 66 20 
180 4,000|+ 3. fo) © | 0.02. 150.05 44 20 
181 4,500/+ 2 fo) © | 0.008] 0.02 18 36 
182 5,000|+ I. o O | 0.003} 0.001 12 6 
183 6,000/+ © o o | 0.005} 0.003 22 9 
184 7,000[— I fe) o-| 0.005] 0.001 13 17 
185 8,000/— 2. fe) o —| 0.00 i 8 
186 9,000|— 3. o © | 0.003| 0.002 23 48 
187 1,000| + 11.6 o fe} 0.07 1.33 64 10 
188 2,000|+ 8.0 fe) OQ | 0.077 | 22.94 52 20 
189 3,000|+ 5.8 fo) OP 0.021234 26 13 
190 4,000|-- 2.8 2 0’ 0.30 | 6.64 63 2 
191 à 2 o | 0.30 | 6.99 50 12 
192 6,000|— 1.6 5 I 1.90 | 5.59 42 16 
193 7,000|— 1.1 (6) Oo | 0.02 | 0.06 23 12 
194 8,000|[— o © | 0.008] 0.03 46 8 
195 9,000|— fe) O | 0.005} 0.002 31 10 
o o 


196 10,000|— 


Flight 9. 25.4.57 


197 100] + 


216 A, 7O0|==" 2.1) 77 
217 5,000J— 2.1| 77 


9.0 29 174 48 18 © 13 
198 200|+ 8.7| 63 35 210 18 fe) OV] 0:07, 1.2.09 330 24 
199 300|+ 8.2] 62 79 306 19 II o | 0.50 | 7.80 476 46 
200 400|+ 7.7| 66 30 122 8 8 O | 0.50 | 4.24 227 30 
201 500/-+ 8.0] 66 63 244 28 8 Oo | 0.50 | 6.30 500 46 
202 750\-- 7.1) 65 63 189 39 9 o | 0.50 | 6.00 —— 
203 1,000|+ 6.3} 69 44 136 28 3 3 | 2-400) 97.78 238 20 
204 1,2507 5.7| 72 76 236 44 3 O7 ST 233 56 
205 1,500|+ 5.0] 74 100 200 26 4 070,057 74.17 184 32 
206 2,000|+ 2.7| 84 130 263 32 4 DE EOTON ENTE 277 50 
207 2,500|+ 2.0| 82 IOI 202 64 8 OF |) 0.3907] 527% 164 28 
208 3,000|+ 1.0] 90 61 122 36 Io I 0.30 | 1.98 92 24 
209 6,000/— 4.8| 78 I I o fe) O | 0.006] 0.007 19 12 
210 7,000/— 7.7| 83 6 6 o fe) © | 0.008] 0.02 5 8 
ZUR 8,000[— 9.0| 77 13 13 fo) o O0 | 0.02 | 0.03 45 8 
212 10,000|— 11.5) 52 20 20 fo) o O | 0.02 | 0.05 90 12 
213 1,000 + 5.8| 69 290 145 7 5 OF | OL7 5m 783.62 46 34 
214 2,000|+ 3.2] 84 89 178 38 4 201075010202 116 25 
215 2,700|+ 1.8] 96 147 298 92 42 42 0.0.289 02.76 148 32 

fo) o 
o o 


0.13 | 1.57 49 
AN ANE DR chil SERN 0770, 26 P SORA eS 


0.008] 0.16 = — 
0.008] 0.06 78 16 
0.02 | 0.08 — — 
0.02 | 0.09 15 14 
0.03 | 0.26 6 17 
0.07 | 0.48 38 16 
0.07 | 0.84 37 12 
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VERTICAL DISTRIBUTION OF CHLORIDE PARTICLES 269 
Ne Ayo nen 7, 
Sample 
No. | I 2 3 4 5a 5b 5¢ 5d 6 7 8 9 
218 6,000]— 3.8] 67 50 50 9 o fo) 0.22 0.69 68 12 
219 7,000/— 6.6| 70 36 37 6 o o 0.03 | 0.36 31 10 
220 8,000[— 8.8| 85 24 25 4 © o 0.01 | 0.09 30 6 
221 9,000|— 11.0| 89 6 6 I oO fe) 0.02 0.03 — — 
Flight 10. 20.6.57 
222 200|+ 13.3] 59 805 | 1,586 586 253 42 7.0 |229.5 — — 
223 300|+ 12.8) 57 |1,443 | 1,443 559 243 39 |13.3 |154.5 2; — 
224 400|+ 12.6| 57 939 | 1,780 508 126 10 8.0 [129.9 — — 
225 500/+ 12.6] 53 745 | 1,380 500 94 19 5.8 |157.0 o — 
226 750|+ 12.3| 56 897 | 1,768 347 132 6 2.4 ‚| 105.0 fo) — 
22 1,000|+ 12.9| 57 609 | 1,240 209 22 o 1.35 | 39.32 2 20 
228 1,250|+ 12.1| 59 432 864 174 34 4 1070 134272 Io 32 
229 1,500|+ 12.0| 60 601 | 1,175 229 2 10 2.18 PATES 4 24 
230 2,000|+ 11.6| 64 529 | 1,060 146 34 2 5714728 6 24 
231 2,500|+ 11.3} 66 401 784 150 24 8 1.9. 185.10 18 24 
232 3,000|+ 12.5} 62 fo) o o o o —| 0.00 12 9 
233 3,500|+ 13.4| 39 o o fo) o fe) —| 0.00 10 7 
234 4,000|+ 12.6} 21 o o o o o —| 0.00 4 13 
235 4,500|+ II.4| 12 fe) fo) fe} fe) fe} 10:00 (6) — 
236 5,000|+ II.I| 13 fo) fo) o fe) fo) —| 0.00 8 6 
237 6,000|+ 9.2] 19 fo) o fo) o fo) —| 0.00 32 8 
238 7,000|+ 7.2} 26 fe) o fo) o o —| 0.00 16 9 
239 8,000[+ 5.8] 37 15 28 fe) o o 5.20 | 0.02 o = 
240 9,000|+ 2.9] 50 57 109 fo) o fo) 0.02 | 0.25 o — 
241 10,000|+ 1.3] 47 180 343 o fe) o 0.06 | 0.46 fe) — 
242 1,000|+ 17.0| 57 423 871 6 fo) fo) 0.04 | 3.59 o = 
243 2,000|+ 13.6] 64 476 885 15 2 o 0.45 | 4.13 fe) — 
244 3,000|+ 10.8| 62 404 811 12 fo) (6) 0.04 | 4.83 fe) — 
245 4,000|+ 9.I| 21 250 484 4 (6) fe) 0.04 | 1.70 o — 
246 5,000! + 9.8] 13 Tol II fo) o fe) 0.005| 0.007 2 20 
247 6,000|[+ 8.9} 19 o fo) o o o —| 0.00 64 15 
248 7,000|+ 7.0| 26 122 234 fo) o (6) 0.02 | 0.24 — — 
249 8,000! + 4.9] 37 o fe) o o o —| 0.00 14 7 
250 9,000|+ 2.7| 50 o o o fo) 0 —| 0.00 22 24 
251 10,000|[+ 1.5] 47 72 22 fe) o fe) 0.008] 0.03 — — 


and total chloride contents in units of micro- It was found that there are very much larger 


grams per cubic metre are given in column 
7. Dust particle concentrations and the masses 
of the largest dust particles are given in columns 
8 and 9. Details of cloud and haze layers are 
appended in Table I after the data for each flight. 


a. Vertical Distribution of Chloride Particles 


Typical vertical distributions are shown 
graphically in Fig. sa, sb. Profiles are given 
for the concentrations of particles sampled on 
Flights 1 and 2 from data given in column 5 
(a—d) of Table 2. Also plotted are temperature 
and, where obtained in flight, frost point curves 
together with remarks about cloud and haze 
layers. Similar distributions were plotted for 
the remaining flights but are not reproduced 
in this report. 

Tellus XIII (1961), 2 


numbers of chloride particles in all the size 
ranges below 5,000 ft than above. Furthermore, 
the concentration profiles usually, though not 
always, strongly resemble each other and this 
might suggest that the particles in all size 
ranges originate from the same source and are 
distributed by the same means at all the levels 
investigated. 

For most flights, the concentrations decreased 
from the surface upwards over both land and 
sea but flights 5, 7 and 8 were exceptions, maxi- 
mum concentrations being found at 2,500, 
3,000 and 1,500 ft respectively. For flights 5 
and 7, however, comparable concentrations 
were found near the sea surface and for 
flight 8 concentrations decreased upwards in 
the lowest 500 ft. 


270 


TEMPERATURE © 
-20 -1S -10 -5 [e] +S 


Er) 


15,000 


res 


LITTLE OR NO 
CLOUD AT ALL 
HEIGHTS 


PARTICLES/LITRE (OVER SEA) 


FLIGHT | 17/1/57 


(NW. MEDITERRANEAN AREA) 


Fig. sa and sb. Typical vertical distributions plotted with 
temperature, and (in sb) frost points 


smallest identifiable impressions 
© — — — © impressions > 10 u diameter 
X———X impressions > 20 u diameter 
- Temperature 


x ——— x Frost Points 


Further inspection of the vertical distribution 
curves for all the flights showed that there is 
often a similarity between the frost point and 
particle concentration profiles. Thin dry layers 
are often associated with noticeable decreases 
in particle concentration. However, a direct 
relationship between the absolute values of 
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TEMPERATURE °C 


cs fe} +5 +10 
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NO LOW 
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OVER 
SEA 


2,000 


1,000 


[e) 1,000 2,000 3,000 
PARTICLES/LITRE (OVER SEA) 


FLIGHT 2 14/3/57 


Fig. sb. 


water vapour content and chloride particle 
concentration was not found, a given value of 
the former being associated with values of the 
latter varying from a few hundred to a few 
thousand litre-!. This difference is presumably 
because the mechanisms of production are 
different, evaporation being the dominant 
mechanism in the case of water vapour and 
sea spray in the case of chloride particles. 

Particularly noticeable from the data given 
in columns $ and 8 of Table 2 is the sudden 
sharp decrease in particle concentration just 
above the tops of a cloud or haze layer. In 
addition, there is often an increase in concentra- 
tion towards the bases of these layers. These 
changes occur for particles in all size ranges 
and it is likely that the poor visibilities associ- 
ated with haze layers are due, to some extent, 
to the presence of chloride particles. 


b. Variations in concentration 


It will also be seen from Table 2 that maxi- 
mum particle concentrations vary from a few 
hundred litre-1 to a few thousand litre-1. Such 
large variations were not found to be obviously 
related to differences in lapse rate, height of 
waves or surface wind speed and the evidence 
of this is shown in Fig. 6 in which these pa- 
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6. Relations between concentrations of chloride particles at low levels and 


(a) lapse rate between 100 and soo ft. 
(b) height and period of waves (wave periods shown below plotted points) 
(c) wind speed and direction 
(d) distances travelled over sea (x) and land (-) in the 3 days before each flight. 


rameters are plotted against the mean particle 
concentration at the levels investigated up to 
500 ft. 

It will be seen from Fig. 6 (a) that whereas the 
highest temperature lapse rate was associated 
with the highest particle concentration and 
that in thermally stable conditions concentra- 
tions were small, for lapse rates between about 
t and 2.5° C per 1,000 ft concentrations varied 
from less than 100 to about 1,500 litre-!, 

Fig. 6 (b) shows that particle concentrations 
as high as about 1,800 litre? and as low 
as 100 litre! can occur with waves up to 5 ft 
high. On the only occasion on which waves 
12 ft high were reported, the particle concentra- 
tion was quite high but this is insufficient 
evidence to assert that this would always be so. 

A feature of Fig. 6 (c)is that there were no cases 
of concentrations greater than about 250 litre-1 
for wind speeds up to 5 kt. For speeds between 
about 5 and 20 kt concentrations varied between 
about 20 and 1,800 litre-1. 

Fig. 7 shows air trajectories during the three 
days preceding the flights. They were drawn 
using geostropic winds obtained from sea 
level charts. 

Table 3, given below lists the concentrations 
of chloride particles having masses greater 
than 4 sizes found at the levels 200 ft and 2,000 
ft for each flight. Table 3 and Fig. 7 may 
usefully be considered together. 

The highest concentration of 1,636 litre-1 
was found on flight 3 in air which had traversed 
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Fig. 7. Air trajectories during the three days preceding 
each flight. 


a long sea track and the smallest-but-one 
concentration of 74 litre-! was found on 
flight 8, in air which had travelled the shortest 
distance over the sea. The smallest concentra- 
tion of 24 litre-1 was found on flight 1 in air 
which had apparently travelled mainly along a 
Mediterranean track. This low concentration 
might be due to the loss of chloride particles 
to the land since the air sampled had crossed 
Italy a few hours previously. A more likely 
explanation, however, is that the track of the 
air was more northerly than suggested by the 
trajectory and that it was, in fact, really 
Continental air. The samples taken during this 
flight did not exhibit large numbers of very 
small discs (less than 10 u diameter) and this 
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Table 3. 
AT nn ee ih SR SS eee eee 


Nos. of particles per litre having masses greater than 


ee ee ee ee 


(a) 


(b) (c) (d) 


aueh: Date = 
No. I—2 X Io-1?g I—2 x 10-lg I—2 X 10719 „I—2 X 107°g 
200 ft | 2,000 ft} 200 ft | 2,000 ft} 200 ft | 2,000 ft | 200 ft | 2,000 ft 
2 0 De CR a | ue le RE ee ee 
I 17.1.57 24 12 12 7 A I 0.4 0.4 
2 14.3.57 1,070 849 372 231 38 21 0.0 0.0 
3 26.3.57 1,636 87 776 66 40 28 0.0 8 
4 29.3.57 395 55 7 22 o o 0.0 o 
5 1.4.57 200 306 38 40 7 2 0.0 o 
6 4.4.57 126 25 73 Io 26 fe) 0.0 o 
7 12.4.57 413 429 13 51 o 4 0.0 o 
8 16.4.57 74 86 fe) 6 o o 0.0 fo) 
9 25.4.57 210 203 10 32 o 4 0.0 o 
Io 20.6.57 1,586 I,060 586 146 253 34 42.0 2 


is not typical of samples taken over the 
English Channel. 

The distances travelled by the air over the 
land and over the sea were obtained from 
Fig. 7 and are plotted against chloride particle 
concentrations at 200 ft in Fig. 6. There is some 
evidence, as shown by the curves of Fig. 6, 
that the further the air has travelled over the 
sea the greater its concentration, indicating 
clearly that the sea is a source of low level 
chloride particles. Also Fig. 6 shows that the 
farther the air has travelled over the land the 
smaller is the concentration. This could occur 
either because the land acts as a sink for low 
level particles, or alternatively, it could be due 
to increased convection over land. No such 
relationship was found for the particle con- 
centration at 2,000 ft. 


c. Comparison over land and sea 


Fig. 8 shows comparisons of the mean 
values from seven flights of concentrations 


HT. 


) 


KT 


(FT) 


computed from samples taken successively over 
land and sea. The profiles compare concentra- 
tions of particles having masses greater than 
(a) the smallest detectable (about 10-15 g), (b) 
ror!lg, (ec) 10106 "and ‘(d) "16>? & Ein 
(b), (c) and (d) reveal no significant difference 
between the land and sea concentrations at 
heights up to 10,000 ft but Fig. 8a shows that 
in the mean, at 1,000 ft and above, the total 
number of particles sampled was greater over 
the land than over the sea. These additional 
particles are in the range 1013 to 10711 8. It is 
not obvious whether this is a true increase 
produced on the coast or inland or alternatively 
an effect due to increased convection over the 
land compared with the sea. 


d. Variation with height 


5 


“= 


In column 7 of Table total chloride 
contents are given in units of ug m°#. It will 
be seen that on occasion the highest value can 
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Fig. 8. Vertical distributions of chloride particles over land and sea. 
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be as low as about 1.0 (Flight 8) but in general, 
values varied up to about 230 (Flight ro). Usu- 
ally the highest values found occurred within 
the lowest few hundred feet but there are 
some instances where they occur at heights of 
the order of a few thousand feet. The general 
tendency, despite fluctuations within the low- 
est 5,000 ft is for a fall off in total chloride 
content with height and above some level in 
the range 2,000 to 5,000 ft the total chloride 


content usually falls to less than r.o ain: 
* 


. Im 
The mean particle mass —— cannot be 
n 


determined since n, the total number of par- 
ticles in the atmosphere is unknown due to the 
uncertainty in efficiency of catch for the small 
particles. Hence it was considered more realistic 
to investigate the variations of median particle 
mass, a parameter which is largely determined 
by the concentration of larger particles and is 
therefore relatively insensitive to errors in the 
concentration of particles at the smaller sizes. 
It was found that the median mass varied 
between ı0-1° and 10° g in the lowest layers 
and usually fell to ıo-!!g above about 
5,000 ft. 

Maximum particle masses (column 6 of Table 
2) also exhibited large fluctuations in the lowest 
5,000 ft and a general decrease in value above 
this level. The largest particle found on any 
flight usually occurred in the lowest few 
hundred feet and the maximum for all flights 
was 7x 10-8 g. This was found at 2,000 ft on 
Flight 3. Values above 5,000 ft never exceeded 
Zo 10", 


e. Atmospheric Dust 


Particles other than chlorides caught on the 
slides in the main resembled specks of soot and 
remained on the surface of the gelatin. There 
were also a small number of larger crystalline 
particles which penetrated the gelatin. 

Dust particle concentrations are given in 
column 8 of Table 2. These were found in 
concentrations of up to 500 litre-1 on Flight 9 
but on six of the flights the highest concentra- 
tion was less than 30 litre-!. Concentrations 
in the lowest 5,000 ft were always greater than 
at higher levels but there was a tendency on 
several flights for concentrations of a more 
crystalline type of particle to increase as 10,000 
ft was approached. 
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7. Discussion and Conclusions 


The results of chloride particle sampling by 
other workers have been adequately summa- 
rised by Mason (1957) and it is convenient at 
this stage to compare them with the data 
contained in this report. Fig. 9 shows maxi- 
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Fig. 9. The variation with altitude of the mean and maxi- 
mum concentrations having masses greater than the 
indicated values. 


mum and mean concentration profiles at 200, 
1,000, 2,000 and 5,000 ft for particles having 
masses greater than the indicated values. It 
will be seen that: 

(i) There is a fall off in concentration with 
increasing mass and height. 

(ii) The profiles exhibit steeper slopes be- 
tween 107$ or 10° g and 10711 g than between 
10711 and 10-13 g. This phenomenon has been 
noted by other workers and Mason has 
distinguished between nuclei whose concentra- 
tion profile has a constant slope (Type II) 
and a discontinuity in slope (Type I). The 
nuclei sampled in the present work are of the 
Type I variety, the discontinuity in slope having 
been suggested by Mason to arise from the loss 
of the larger nuclei by sedimentation. To some 
extent, however, the increased slope at the 
smaller sizes is due to reduced efficiency of 
catch. 

(iii) The results of other workers [taken from 
Fig. 36 of Mason (1957)] have been superim- 
posed on Fig. 9 for purposes of comparison. 
Except for the smallest sizes, about 10715 g, 
there is good agreement. For the smallest sizes 
the M.R.F. concentrations are lower and this 
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is largely due to the efficiency of catch having 
been taken to be unity. If one assumes that the 
efficiency of catch for these particles be the 
same as that for a water droplet having the 
same size, the theory of LANGMUIR and 
BLODGETT (1946) gives a value of between 
0.3 and 4.0 per cent for the efficiency of catch 
of particles around 10-18 ¢ by anaircraftimpac- 
tor using slides 2.5 mm wide at airspeeds be- 
tween 150 and 200 kt. The true concentrations 
of dry chloride particles having masses of 10-1 g 
may therefore be 2 orders of magnitude greater 
than the values given in Fig. 9. 

Total chloride contents are not appreciably 
affected by efficiency of catch considerations 
and the values of between 1 and 230 ug m? 
found in this work compare reasonably well 
with Woodcock and Gifford’s values up to 
Asie ih 

(iv) In the field of cloud physics one of the 
most important questions regarding chloride 
particles concerns the extent to which they 
serve as condensation nuclei for the growth of 
cloud droplets. D'URBIN (1959), in common 
with other workers, has reported droplet 
concentrations between a few hundred and a 
few thousand cm 3. These concentrations are 
about three orders of magnitude greater than 
the chloride particle concentrations given in 
this report. The work of Howe (1949) 
suggests that it will be necessary to obtain 
measurements of concentrations of all types of 
condensation nuclei, including chloride parti- 
cles down to at least 10-15 ¢ before it will be 
possible completely to relate observed droplet 
spectra and nuclei measurements. It should be 
possible to adapt the gelatin technique for use in 
clouds to check what proportion of cloud drop- 
lets originate on chloride particles, at least on 
nuclei of 10-13 g or greater. Cloud droplets 
corresponding to a given nucleus mass will be 
easier to sample than the dry crystal because 
the efficiency of catch is greater for the drop- 
lets. A few exploratory attempts to expose 
chloride-sensitive slides in clouds have not 
indicated chloride particle concentrations com- 
parable with cloud droplets but about 2 orders 
of magnitude less. This suggests that other 
nuclei may be largely responsible for cloud 
droplet growth but the question is by no 
means settled and improved experiments of 
this type capable of sampling down to 10-15 g 
or so are badly needed. 
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Another important question concerning the 
role of chloride particles in cloud physics is in 
relation to the comparatively large droplets 
(about 100 u in diameter) which have been 
found to occur both in thin layer clouds and in 
small cumulus clouds at temperatures entirely 
above 0° C and which, it has been suggested, 
serve to form the cores of coalescence-type 
raindrops. GARROD (1957) has reported pre- 
cipitation elements of 100 u diameter in concen- 
trations of up to about 1 litre-1 in clouds of 
these types. Chloride particles which occur 
in this concentration have masses between 10-10 
and 10~°g. Such particles, on reaching the cloud 
base, would have diameters between 20 and 
40 w (diameter being almost independent of 
the rate of rise— KEITH and Arons, 1954) and 
could grow further in a slightly supersaturated 
atmosphere largely by collision with other 
droplets to account for Garrod’s concentra- 
tions. In this respect, the results of this paper 
support the suggestion that droplets formed on 
the larger salt particles ultimately may produce 
coalescence rainfall but before the theory 
can be authenticated, the presence of these 
large chloride nuclei in precipitation particles 
must be established. 

The following conclusions may be drawn 
from this report: 

1. Chloride particles having masses between 
about 10-18 g and 7x 10-8 g occur in concen- 
trations of up to at least 1,800 litre-1 and have 
a total mass concentration of up to at least 
230 ug m %. These values are unlikely to be in 
error by a factor of more than two even when 
efficiency of catch is considered. The median 
masses of these particles are up to 10° g. 

2. In the main these particles originate at the 
sea surface though it is possible that the land 
or the coast is responsible for the production 
of a number of particles having masses between 
To Hand ros!%s. 

3. Over the sea, highest concentrations of 
these particles are usually in the lowest levels 
but occasional concentrations as high as or 
even greater than those found near the surface 
occur at levels a few thousand feet up. 

4. Above cloud tops and haze tops concen- 
trations of salt particles with mass of 10-13 gor 
more are always small, and in particular above 
about 5,000 ft there are rarely more than about 
so litre}. 

5. The concentration of chloride particles at 
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a given height on any particular occasion 
depends partly on the nature of the surface 
over which the air has travelled in the preceding 
few days and partly on the prevailing degree 
of stability. Other unknown factors are in- 
volved but there is evidence that wind speeds 
less than 18 kt (approx. 9 m/sec) and waves 
less than about 5 ft high do not appear to be 
significantly correlated with particle concentra- 
tion. 

6. Dust particles having masses greater than 
about 10-15 g can occur in concentrations of the 
order of soo litre-1 but are usually less than 
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about 30 litre. Two main types of dust 
particle were found, one being soot-like in 
nature and the other crystalline. 
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Ozone Measurements during Solar Eclipse 


By D. STRANZ, Congo Belge, Centre Géophysique, Bunia 


(Manuscript received June 22, 1960) 


Abstract 


Ozone measurements during a solar eclipse at Bunia Observatory, Belgian Congo, showed 
an increase by about 4 % of total amount from 20 minutes before the maximum phase with 


its highest value shortly after it. 


The variations of ozone amount from day 
to day in the equatorial regions are very small 
so that it seems to be promising to carry out 
investigations which aim at finding variations 
of a regular or specific kind. Therefore measure- 
ments at short intervals were carried out at 
Bunia, Geophysical Observatory of the Meteo- 
rological Service of the Belgian Congo, on 
October 2nd, 1959, where the solar eclipse was 
partial, as well as on the days before and after- 
wards. 

The results obtained with the Dobson spec- 
trophotometer are presented in the following. 
The first contact of the moon occurred at 14.50 
hours apparent time, while the maximum 
phase of the eclipse was about 80 % at 16.03 
hours. The measurements could not be exten- 
ded until the last contact which occurred at 
17.12, only half an hour before sunset. 

During the major part of the observation 
period the sky was rather clear. Only thin 
cirrus clouds appeared from about 15.20. 
Direct sun measurements could be made from 
14.24 hours apparent time until 17.11 hours, 
except for an interval between 16.38 and 17.07 
hours when a stratocumulus layer covered the 
sun and part of the sky. Additional measure- 
ments of the zenith sky were made in a close 
sequence from 06.48 hours in the morning 
until 13.42 in the afternoon, in the morning 
on altocumulus and towards noon on altocu- 
mulus and/or cumulus. 


Likewise frequent measurements were taken 
on October Ist, mainly on the direct sun, 
and on October 3rd, mostly on the zenith sky, 
in order to get a mean curve of non-affected 
ozone values. Further ozone results of Sep- 
tember 28th—3oth, and October 4th, sth, 
and 7th were used to form a mean curve for u = 
3 and 2 in the morning and afternoon, as well 
as at noon (Fig. 1). Its level is about 6.10”? cm 
O; above the single curve for October 2nd. 
If this systematic displacement is taken into 


X, [em 0,) 


Apporent time (hours) 


Fig. 1. Variation of ozone amount. 


—_ Means of 8 days 


------ Means of 8 days diminished by 6. 107? 
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account, the following deviations of ozone 
amount against its daily mean value are found 
for AAAD and AC during the period of 
eclipse. (Table 1.) 


Table ı 
han | 
14.54 —1.10 % cm O,| rst contact 
15.04 —2 
15.13 —ıI 
15.24 —4 ci 
15,34 | ci 
15.42 —6 ci 
15.52 —2 ci 
15.55 —3 ci 
15.59 Set cl 
16.03 +1 max.phase ci 
16.08 +8 ci 
16.13 +12 ci 
16.18 ETO ci 
16.25 +10 cl 
16.30 +5 cl 
16.35 +9 ci 


— sc 
17.11 measurement unreliable because of low 
sun and clouds. 


The greatest positive deviation about Io mi- 
nutes after the maximum phase is Ax = + 12.10 3 
cm O,, almost reaching 30. It can be regarded as 
significant and a possible explanation may be 
the diminution of ultraviolet radiation J; 
responsible for the disintegration of ozone. 
The formation of ozone by triple collision will 
still go on during the eclipse, since the quantity 
of oxygen atoms will certainly not change 
considerably. The ratio of energies absorbed 


by O, and O, will have decreased (1). 


ECLIPSE 
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%. Phose 
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x 
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Apparent time (hours) 
Fig. 2. Turbidity effect on ozone results. 
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The surplus of ozone during the second 
half of the eclipse of about 4 % of the total 
against its mean value may thus represent a 
real increase due to the disturbed conditions of 
photochemical equilibrium in that part of 
the layer where the time of returning to equili- 
brium state is of the order of 10—20 minutes, 
i.e., in the very high level well above the 
maximum of ozone concentration. A change 
of 4 % of total ozone means, however, quite a 
considerable portion of this uppermost region 
of the ozone layer involved in the disturbance. 
The stabilizing effect of increased heating will 
soon reduce the ozone concentration to its 


earlier level. 


The ozone values expressed in xa of one 
wavelength pair only (A=A and C) show a 
similar behaviour as those obtained from the 
differences of measurements of two wave- 
length pairs (AA=AD and AC) (Fig. 1). The 
increase begins about 20 minutes before the 
maximum phase of the eclipse. The variation 
is most pronounced on AA, the random varia- 
tions always being greater on AC. No evident 
minimum is found on AA in the first phase of 
the eclipse. It can be assumed that the minimum 
found for x4p is due to the increase of the AD 
values starting already 25 minutes after the 
first contact, which must be attributed to the 
appearance of thin cirrus clouds. It is known 
that AD is rather sensitive to atmospheric tur- 
bidity, the ratio of dust effect to ozone effect 
being greatest for this wavelength pair (Fig. 
2). À non significant dip is thus only found for 
xac which begins to rise as x4 and xc at 15.40 
hours. If one reduces the peak of xp between 
15.24 and 16.05 hours the variation of x4p 
would be similar to that of x4c. 

The series of ozone values on October 2nd 
are as Seen in Table 2. 

In figure 3 we now see the various results 
of ozone observations during solar eclipses 
which have been published earlier. The 
uppermost curve gives the results from an 
eclipse in Russia in 1952 (BEZVERKHNII ET AL.). 
These measurements have been carried out 
with an electrophotometer and silver filters, 
probably of interferential type. A considerable 
rise of ozone values is recorded, starting shortly 
before maximum phase. The minimum still 
earlier has not been explained by the authors, 
they supposed it to be due to meteorological 
effects. Underneath are represented two of 
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Table 2 

(ee a eee Ee See ee eee 

Ap- we 
ae Type RI AC XAD Kae #C *D #A=#ja #C=#14 *D-FM 
time 

FD ER ee TE En 

06.49 ZC 4.44] 0.260 0.263 0.262 

07.21 LC 2.84| 0.262 0.261 0.262 

07.56 ZC 2.05| 0.266 0.260 0.263 

08.24 LG 1.69| 0.266 0.263 0.265 

08.58 ZC 14210272 M0 2/71 0.272 

09.35 LE 1.24| 0.265 0.268 0.267 

10.20 LE DL1I0 2700208 0.272 

10.46 ZC MOGIIO 27208272 0.272 

11.57 ZC 1.00| 0.266 0.263 0.265 

13.10 74e 1.05| 0.266 0.272 0.269 

1227 Le 1.10| 0.269 0.269 0.269 

13.41 LE 1.11|0269 0.268 0.269 

T4255), (SE) 1.241(0.298) (0.283) (0.291) | (0.290) (0.285) (0.320) |(—0.001) (— 0.006) (0.029) 
14.30 SE 120027280207 0.270 0.278 0.293 0.320 0.008 0.023 0.050 
14.45 SF 1.33| 0.273 0.269 On 27k 0.280 0.287 0.322 0.009 0.016 0.051 
14.55 SF 1.39] 0.271 0.268 0.270 0.279 0.289 0.322 0.009 0.0I9 0.052 
15.05 SE 1.45| 0.270 0.267 0.269 0.278 0.294 0.318 0.009 0.025 0.049 
15.14 SF 1.51| 0.270 0.269 0.270 0.279 0.289 0.315 0.009 0.0I9 0.045 
1325, SE 1.60| 0.270 0.264 0.267 0.278 0.286 0.329 O.OII 0.019 0.062 
15.35 SE 1.69| 0.267 0.260 0.264 0.277 0.285 0.340 0.013 0.019 0.076 
15.43 SF 1.77| 0.268 0.261 0.265 0.277 0.289 0.338 0.012 0.024 0.073 
15.53 SF 1.90| 0.272 0.264 0.268 0.283 0.295 0.346 0.015 0.027 0.078 
15.502 SE 103027100205 0.267 0.283 0.297 0.348 0.016 0.030 0.081 
16.00 SF I.99| 0.272 0.269 0.271 0.285 0.299 0.346 0.014 0.028 0.075 
10.04 SE ZO5 O27 2) 802270 0.271 0.285 0.299 0.341 0.014 0.028 0.070 
16.09 SF 2.13| 0.281 0.275 0.278 0.288 0.206 0.334 0.010 0.018 0.056 
16.14 SF 2.22] 0.284 0.280 0.282 0.290 0.297 0.325 0.008 0.015 0.043 
TO TOME SE 2.32| 0.2832 0.275 0.279 0.288 0.294 0.336 0.009 0.015 0.057 
102058, SE; 2.48| 0.281 0.277 0.279 0.286 0.291 0.318 0.007 0.012 0.039 
16.31 SF 2.60] 0.282 0.266 0.274 0.286 0.290 0.340 0.012 0.016 0.066 
LOROMASE 2.7 4| 0 20300 272 0.278 0.284 0.287 0.331 0.006 0.009 0.053 
1000178 4.30|(0.241 0.256) (0.249) - = 
172120, (SE) 4.52|(0.284) (0.278) (0.281) | (0.298) 0.287 0.315 (0.017) 0.006 0.034 
1 Cloudy. 


Svensson’s curves after correction for the limb- 
darkening effect on Lo of June 1954 in Sweden 
(SVENSSON, 1958). There is scarcely any devia- 
tion of x for the difference of wavelength 
pairs A and D during the eclipse, whilst there 
is a slight surplus of ozone against the mean 
trend for AA after the maximum phase of the 
eclipse. As nothing is mentioned in Svensson’s 
paper about the kind of observations, it must 
be assumed that the usual routine measurements 
of Dobson spectrophotometer with the ground 
quartz plate were made, thus amplifying the 
effect of L, change in the course of the eclipse. 
This effect symmetric to the maximum phase 
is evident from his uncorrected curves, (his 
figures 8a—c). Next comes the eclipse observa- 
tions on the same day as achieved by FOURNIER 
D'ALBE and RASOOL (1956) in Pakistan. Here 


the sun was already very low, so that they 
could only use the D-wavelength pair which 
prevented any significant deviation of Og, 
to be obtained. Finally three of the represen- 
tative curves (AAC; AAD and AA) of the 
Congo observations in 1959 are repeated for 
comparison. These measurements were made 
with the focussed image of the sun which 
gave approximately the same shape of the 
curves as those drawn by Svensson after 
correcting for the limb-darkening effect. 
JERLOV, O1sson and ScHürpp (1954) have 
also published the results of their observations 
obtained in the Chappuis bands. They believe 
to have found a decrease of ozone during the 
eclipse in 1945, but a private communication 
by Dr. Schiiepp later says that the decrease 
cannot be regarded as well established and 
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Fig. 3. Ozone observations during solar eclipses. 
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might rather have been due to other atmos- 
pheric effects, may be haze. 

It remains still questionable whether the 
corrections by Svensson to eliminate the 
remaining slight increase of ozone after phase 
maximum which he tends to attribute to at- 
mospheric effects, are justified or not. Because 
the effect of cirrus on xp observed in Bunia is 
evidently a different one occurring on Ap 
already before the maximum phase, than that 
showing the increase, particularly on AA, 
shortly after the maximum phase. It could well 
prove justified that somewhat more weight 
ought to be put to this maximum which 
appears in several of the ozone observations 
during solar eclipses independent of the type 
and kind of measurement or instrument. It 
should, of course, be most pronounced where 
the total ozone is least, and where there is 
little or no ozone in the lower part of the ozone 
region underneath it’s maximum concentra- 
tion, i.e., in low latitudes. 


Summary 


Ozone measurements with the Dobson 
spectrophotometer on direct sunlight during 
the solar eclipse of October and, 1959, show a 
rise of total ozone by about 4 % above the 
mean level before the eclipse. The increase 
begins about 45 minutes after the first contact 
of the moon, or 20 minutes before the maxi- 
mum phase when 80 % of the sun’s disk were 
covered by the moon. This higher level of 
total ozone appears to have persisted with a 
slight decrease during the second half of the 
eclipse. The return to the original level could 
unfortunately not be followed because of 
clouds and the approach to sunset. 
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Abstract 


Cosmic ray data and upper air data recorded at Murchison Bay during the IGY have been 
used to estimate the atmospheric effects on the sea level meson intensity recorded by the standard 
cube. The pressure corrected nucleonic intensity has been used to eliminate variations due to 
fluctuations in the primary intensity. It is shown that the regression equations proposed by Dupe- 
rier and Dorman lead to practically identical corrections for the atmospheric effects. 


1. Introduction 


The IGY plans for the cosmic ray investiga- 
tions included a recommendation to use cubical 
telescopes with 10 cm lead as standard instru- 
ments for recording of the meson intensity at 
sea level. The plans have now been realized: 
meson data recorded by standard cubes are 
available for a net-work of stations covering 
all the world. To simplify comparisons between 
the results based on these data and presented by 
different authors, it is desirable that the record- 
ed data should be corrected for atmospheric 
influences in the same way. Many theoretical 
and experimental investigations of the atmos- 
pheric effects on the sea level meson intensity 
have been published, especially during the last 
ten years. A general survey with detailed refer- 
ences is given e.g. by BACHELET and Con- 
FORTO (1956). 

The work carried out by the Swedish-Finn- 
ish-Swiss research expedition at Murchison 
Bay during the IGY (LizJeQuiIST, 1959) has 
made it possible for us to present this contri- 
bution to the problem of adequate corrections. 
We are dealing exclusively with the meson 
component recorded by the standard cube at 
Murchison Bay (geographical coordinates: 
80°03’ N, 18°18’ E). In a following paper we 
will treat cosmic ray recorders with other 


characteristics as well as data from the two 
cosmic ray stations in Sweden (Uppsala and 
Kiruna). 

The cosmic ray data on which the present 
investigation is based, were recorded by a 
duplex cubical meson telescope with an iron 
shield equivalent to 10 cm lead (normal 
counting rate: 96,000 counts/hour) and a 
duplex neutron monitor of the Simpson type 
(normal counting rate: 25,000 counts/hour). 
The ground pressure was measured contin- 
ually with a barograph and every third hour 
with a mercury barometer. The aerological 
measurements were made with the Väisälä 
sounding system. 


2. Details of the Analysis 
The period for which both cosmic ray data 


and aerological data are available, starts with 
September 1957 and covers eleven full months, 
as the radiosonde flights ceased in the middle 
of August 1958. Only the first seven months 
have been used to determine the atmospheric 
coefficients presented in the following sections. 
The reasons are that the ground pressure was 
unusually stable in the following two months, 
April and May 1958, and that some months 
had to be reserved for tests of the calculated 
coefficients. 
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Only the results from the ordinary radio- 
sonde flights at oo and 12 GMT have been used. 
In the tabulated results from 390 flights it has 
been necessary to interpolate fourteen 200 mb 
values and fifty-three 100 mb values. The 
interpolations were made on the assumption 
that the temperature gradient of an atmospher- 
ic layer between two fixed pressure surfaces, 
changes linearly with time. 


The above-mentioned period, 1 September 
1957 to 31 March 1958, has been analysed 
month by month. The number of days avail- 
able for analysis in each month, varies between 
23 and 29 (Table 11). Lacking aerological and 
cosmic ray data have caused the exclusion of 
24 days from a total of 212 days. 

Daily means of the following variables 
have been used: 


Z=recorded meson intensity 
N, =nucleonic intensity corrected for pres- 
sure changes with - 0.737 per cent/mb 
N;=nucleonic intensity corrected with 
— 0.700 per cent/ mb 
P=ground pressure 
H00=height of the 200 mb level 
Hyo9=height of the 100 mb level 
T'200 temperature at the 200 mb level 
Ti50=temperature at the 150 mb level 
AH =thickness of the layer between 100 mb 
and 200 mb 


Three more variables U, V, and W are in- 
troduced in Section 5. They are essentially 
linear combinations of simple height and 
temperature variables. 

The quantities contained in the definitions 
of N, and N, require some remarks. The 
coefficient — 0.737 per cent/mb is the pressure 
coefficient adopted for the nucleonic compo- 
nent by the Cosmic Ray Group at Uppsala. 
Unpublished investigations by one of the 
authors seem to indicate that this should 
be considered as an upper limit and that the 
true value is somewhat smaller (LINDGREN, 1961). 
The coefficient — 0.700 per cent/mb has there- 
fore been introduced as a plausible lower limit. 

Conversions between height and tempera- 
ture changes have been made according to the 
relation 


bh = in Bt gr (1) 
STE 
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where h is the height and T the mean tem- 
perature of a layer between the surfaces 
defined by the pressures p, and ps, p > po. 
Rg is the specific gas constant of air and g the 
acceleration due to gravity. Equation (r) is 
easily deduced from the ideal gas law and the 
relation 


— dp = ogöh (2) 
where o=o(p, T) is the density of air. 

The dependence of Z on different linear 
combinations of the variables described above 
has been studied by least squares regression anal- 
ysis (WILLIAMS, 1959). We have thus cal- 
culated the coefficients «; in a series of regres- 
sion equations, all of the same type: 


5Z =a; OX; (3) 


Most of the calculations have been carried out 
on BESK, an electronic computer in Stockholm. 
The regression coefficients are presented in 
Tables 1—11 and Fig. 1. The errors listed 
together with the regression coefficients are 
standard errors calculated by conventional 
methods (WicciaMs, 1959). The errors of the 
mean values, listed in the last row of each 
table, are the standard deviations of the 
monthly means. R denotes the multiple corre- 
lation coefficient. 


3. Consideration of the Primary Variations 


The period studied is characterized by 
strong solar activity and large fluctuations of 
the primary intensity. At the end of 1957 the 
solar activity as revealed by the relative sun- 
spot numbers was in fact higher than ever 
since 1750. Under such conditions it is not 
advisable to estimate the atmospheric effects 
without considering the primary intensity 
variations, especially if the periods analysed 
are short as in this investigation. If no variable 
representing the primary variations is included 
in the regression equations, these variations are 
interpreted as atmospheric. The consequence 
is an incorrect estimation of especially the 
smaller atmospheric effects. This can be seen 
in Table 1, which is based on a regression 
relation of the Duperier type 


6Z = 11 OP +042 OHg99+%13 OT 200 (4) 


Two of the height coefficients listed are 
positive and the mean value is as small as — 1.13 
per cent/km and not significantly different 
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Table 1. Regression coefficients calculated according to Equation (4) 
Re ae AP ie ee ee ee eS  — 


Cr Oe . %ıs 
Pernod partial pressure partial height partial temperature R 
coefficient coefficient coefficient 
% [mb %o [km %|°C 
RS ee SE RM Oe ee ee 
September 1957 — 0.072 +0.030 — 5.02 +5.86 — 0.102.+0.105 0.563 
October 1957 — 0.151 40.033 0.96 + 1.96 .0.006 +0.076 0.827 
November 1957 — 0.142 +0.044 — 0.22 +2.67 0.202 +0.170 0.811 
December 1957 — 0.130 +0.015 — 2.19 +2.00 — 0.026 +0.034 0.887 
January 1958 — 0.135 +0.010 — 3.66 +0.62 — 0.083 +0.026 0.968 
February 1958 — 0.122 +0.0II — 0.42 +0.74 — 0.114 +0.040 0.955 
March 1958 — 0.155 +0.023 2.61 +2.58 0.147 +0.096 0.855 
Mean values — 0.130 +0.028 | — 1.13 +2.66 | 0.030 0.128 | 0.838 


from zero. The pressure coefficient for 
September 1957 is abnormally low. The in- 
clusion of the variable N, in the regression 
equation 


OZ =» ON, + O99 OP +930 Ho 99 +%240T 209 (s) 


makes the height coefficients and their mean 
value, — 4.81 per cent/km, agree better with 
expected values (Table 2). 

Reasonable objections could be made against 


the use of the corrected nucleonic intensity to 
reflect the variations of the primary radiation 
associated with the meson component. An 
alternative in this case would be the assumption 
of a constant primary radiation but the con- 
sequences just demonstrated in Table 1 make 
this alternative unacceptable. 

It is however important that the variable 
chosen to represent the primary variations, is 
as true as possible. Table 3 which is based on 


Table 2. Regression coefficients calculated according to Equation (5). 


Ope ce Ber 
pened partial pressure partial height partial temperature R 
5 coefficient coefficient coefficient 
% [mb % /km % |°C 
| 

September 1957 — 0.128 +0.005 — 4.98+0.99 0.026 +0.018 0.991 
October 1957 — 0.133 +O.OII — 3.68 +0.69 — 0.049 40.024 0.985 
November 1957 — 0.14I +0.020 — 6.07 +1.38 — 0.043 +0.082 0.966 
December 1957 — 0.145 +0.007 — 4.71 40.92 — 0.087 +0.016 0.980 
January 1958 — 0.123 40.006 — 4.19 +0.35 — 0.077 40.015 0.991 
February 1958 — 0.154 40.007 — 1.87 40.44 — 0.016 40.025 0.988 
March 1958 — 0.134 40.011 — 8.20+1.75 — 0.072 +0.052 0.970 
Mean values — 0.137 +0.0II — 4.81 +1.98 — 0.045 40.040 0.982 


Table 3. Regression coefficients calculated according to Equation (6) 


ee ee eee eee ee Se ee 


ni: X33 X34 
Pond partial pressure partial height partial temperature 
coefficient coefficient coefficient iN 
% mb % /km 96 [°C 


a eee GE 


September 1957 — 0.113 +0.005 — 4.97 40.99 0.026 40.018 0.991 
October 1957 — 0.116 40.011 — 3.67 40.69 — 0.049 40.024 0.985 
November 1957 — 0.123 40.020 — 6.09 +1.38 — 0.045 +0.082 0.966 
December 1957 — 0.129 40.006 — 4.72 £0.92 — 0.087 +0.016 0.980 
January 1958 — 0.106 + 0.007 — 4.18 +0.35 — 0.078 +0.015 0.991 
February 1958 — 0.142 +0.006 — 1.87 40.44 — 0.016 +0.025 0.988 
March 1958 — 0,118 +0.012 — 8.17 41.75 — 0.071 +0.052 0.970 
Mean values — 0.121 -+0.012 — 4.81 41.97 — 0.046 40.040 0.982 
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the regression equation 


shows, compared with Table 2, that the 
pressure coefficient calculated for the meson 
component is very sensitive to changes in the 
pressure coefficient used to correct the recorded 
nucleonic intensity. The height and tempera- 
ture coefficients are not affected. The question 
which pressure coefficient should be used to 
correct the nucleonic component will be 
treated by one of the authors in a follow- 
ing paper (LINDGREN, 1961). 


4. A Comparison between Two Models of the 
Duperier Type 
Two models of the simple Duperier type 
(DUPERIER, 1949) are compared in Tables 2 
and 4. The first model, represented by Equa- 
tion (5), takes no account of the atmosphere 
above the 200 mb level, the second correspond- 
ing to 
OZ = ON, + O40 OP + O43 OF + X44 OAH (7) 


includes the 100 mb level. 
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The mean values obtained for the 100 mb 
model are compared with other experimental 
results and Trefall’s theoretical coefficients 
(TREFALL, 1956) in Table 5. Our pressure 
coeflicient is recalculated for the case of a 
nucleonic pressure coefficient = - 0.720 per 
cent/mb, a generally adopted value. The 
agreement between the listed coefficients is 
good with one exception: the theoretical 
height coefficient is so per cent larger than 
the experimental values. 

The 200 mb model gives the same pressure 
coefficient as the 100 mb model. The height 
coefficient is somewhat larger, which could 
be expected. A negative value of the temper- 
ature coefficient is not unreasonable as the ref- 
erence level is lower than the mean level of 
meson production (TREFALL, 1955). 

A critical examination of the errors and the 
multiple correlation coefficients seems to in- 
dicate that it is indifferent which of the two 
models is used. The 100 mb model has also 
been examined with another temperature 
variable. In Table 4 we have used the thickness 
of the layer between 100 mb and 200 mb as a 


Table 4. Regression coefficients calculated according to Equation (7) 


so Ras 3 X44 
Period partial pressure partial height partial temperature R 
coefficient coefficient coefficient 
% /mb % /km % /km % [°C 
September 1957 — 0.127 +0.005 — 5.19 +1.03 7.26 42.02 0.145 40.040 0.991 
October 1957 — 0.135 +0.010 — 3.29 +0.69 0.98 + 1.99 0.020 + 0.040 0.986 
November 1957 — 0.136 0.020 — 5.78 +1.30 5.18 +4.74 0.104 + 0.095 0.966 
December 1957 — 0.147 40.006 — 4.47 +£0.85 0.73 £0.97 0.015 0.019 0.982 
January 1958 — 0.124 +0.004 — 3.69 +0.29 0.97 £0.76 0.019 +0.015 0.995 
February 1958 — 0.153 0.007 — 1.79 +0.43 0.39 41.19 0.008 +0.024 0.989 
March 1958 — 0.133 40.011 — 7.90 41.56 3.48 -+2.13 0.070 +0.043 0.970 
Mean values — 0.136+0.010 — 4.59 1.96 1.95 +3.36 0.039 40.067 0.983 


Table 5. Regression coefficients for the 100 mb Duperier model. Meson telescopes with 10 cm lead. 


| Partial Partial Partial 
Recording Opening pressure height temperature 
Hé te period angle coefficient coefficient coefficient 
% [mb % [km CEE 
Experimental results: 
Trumpy-Trefall 1953 1950—1952 59°x+71° 0.127 40.008 | — 4.45 +0.53 | 0.036 +0.021 
Dawton-Elliot 1953 IQ5I—1952 58°x +58° 0.125 +0.012 | — 4.00 +0.43 | 0.056+0.018 
Lindgren-Lindholm 1960 | 1957—1958 | +45°x+45° | — 0.129 40.010 | — 4.59+1.96 | 0.039 +0.067 
Theoretical values: 
Trefall 1956 zenith — 0.12 — 6.7 0.06 
direction 
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measure of the mean temperature of that layer. 
In Table 6 the temperature at the 150 mb 
level is used instead according to 


6 Z = ON] +059 OP +053 OH 99 + %54 Ô T 150 (8) 


The mean values of the atmospheric coefficients 
are not affected. 

If we now take into account that the aero- 
logical data referring to the 200 mb model 
are more reliable from a statistical point of 
view than those of the 100 mb level (TREFALL 
and NoRDÔ, 1959) and further that information 
about the lower level is obtained in many 
cases where data are lacking for higher levels, 
then we have to decide upon the 200 mb 
model as the more satisfactory. 

As the temperature coefficient is of less im- 
portance than the pressure and height coeffi- 
cients, as far as the magnitude of the correspond- 
ing corrections are concerned, we have tried a 
200 mb model without temperature variable 
(Table 7) according to the relation 


OZ = ON, + Xgo oP + Leg DES (9) 
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A comparison with Table 2 shows no remark- 
able change of the pressure coefficient but the 
height coefficient has been reduced by more 
than 10 per cent in qualitative agreement with 
theoretical expectance (TREFALL, 1956). The 
scattering of the monthly values is about the 
same in both cases. 


5. An Examination of the Dorman Model 


According to Dorman’s theory the varia- 
tions in the meson intensity at some level of 
recording x, may be represented by the rela- 
ton 


(10) 


where ÔT(x) represents the temperature varia- 
tion at the atmospheric depth x and Wr (x) is a 
function describing the contribution from the 
various layers of air to the production of the 
temperature effect (DoRMAN, 1957). The 
function W(x), usually referred to as the 
density of the temperature coefficient, can 


5Z=aöP + JWr(x)ô T(x)dx 


Table 6. Regression coefficients calculated according to Equation (8) 


. 2 . 53 Xa 
Period partial pressure partial height partial temperature R 
coefficient coefficient coefficient 

% mb % [km PRES 
September 1957 — 0.126 40.006 — 4.55+I.10 0.104 +0.040 0.989 
October 1957 — 0.130 40.010 — 3.57 +0.69 0.007 +0.039 0.986 
November 1957 — 0.135 + 0.020 — 5.74 +1.30 0.106 0.096 0.966 
December 1957 — 0,147 +0.006 — 4.53 +0.85 — 0.012 +0.019 0.982 
January 1958 — 0.123 +0.004 — 3.75 +0.25 — 0.016 +0.0II 0.995 
February 1958 — 0.155 40.007 — 1.90 40.44 0.025 +0.036 0.989 
March 1958 — 0.133 40.012 — 7.98 +1.67 0.059 +0.047 0.969 
Mean values — 0.136 --0.012 — 4.57 41.91 0.039 +0.052 0.982 


Table 7. Regression coefficients calculated according to Equation (9) 


. Xez Les 
Period partial pressure partial height 
coefficient coefficient R 
% /mb % /km 


a ee 


September 1957 
October 1957 
November 1957 
December 1957 
January 1958 
February 1958 
March 1958 


Mean values 


— 0.126+0.005 
— 0.12I +0.009 
— 0.134+0.014 
— 0.137 40.009 
— 0.125 40.008 
— 0.155 +0.007 
— 0.I14I +0.0I0 


— 0.134 40.012 


— 4.73 £9.99 0.990 
— 3.84 40.72 0.982 
— 7382.19 0.966 
— 2.54 41.21 0.954 
— 4.85 40.48 0.979 
— 1.92 40.42 0.988 
— 6.15 +0.95 0.968 
— 4.25 41.58 0.975 
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be read from a series of curves. One of them 
applies to the international cube at sea level 
and is reproduced in Fig. 1 as curve A. It is 
however very difficult to make an experi- 
mental test of it by means of regression anal- 
ysis, as it would be necessary to include a 
large number of temperature variables, which 
furthermore display a considerable intercorre- 
lation. 

In order to make a test we divided the at- 
mosphere between ground and the 100 mb 
level into seven layers using the surfaces of 
~850 mb, 700 mb, soo mb, 400 mb, 300 mb, 
and 200 mb as separating levels. In a first 
calculation we started from Dorman’s curve 
of the density of the temperature coefficient 
and formed a variable W (not to be confused 
with Wr) which except for an arbitrary 
constant is defined by 


öW= c,d T; Xj (rr) 


where c;=the mean value for the ith layer 
of the density of the temperature coefficient, 
x;= the difference in atmospheric depth 
between the lower and upper boundaries of 
the ith layer and 6T;=the deviation of the 
daily mean temperature of the ith layer from 
some standard temperature. A calculation of 
the coefficients in the equation 


OZ =n, ON, +099 OP +07, OW 


(12) 
ought to give a regression coefficient «73 not 
differing very much from 1. Table 8 shows 


that the resulting mean value, «73 =0.65 + 0.24, 
is significantly smaller than 1. The correspond- 
ing pressure coefficient is about 25 per cent 
larger than the coefficients obtained from the 
Duperier models (Tables 2 and 4). 
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x, atm 


Fig. 1. Curve A gives the density of the temperature 

coefficient according to Fig. 41 in DorMAN 1957. The 

plotted points are experimentally determined in the 

present investigation (Section 5). Curve B is drawn to 

fit the experimental points in the region between ground 
and the 100 mb level. 


For comparison the 100 mb Duperier model 
has been analysed in a similar way. The vari- 
ables Hy) and AH were transformed into a 
new variable U defined by 

(13) 


sib Hake be ode 
The mean values of Table 4 CRE — 4.59 


Table 8. Regression coefficients calculated according to Equation (12) 


Xe 
€ partial pressure 
Feriod coefficient 9 2 
% [mb 
October 1957 — 0.155 +0.007 0.66 40.14 0.980 
November 1957 — 0.179 +0.020 0.86 +0.21 0.959 
December 1957 — 0.159 +0.012 0.44 40.20 0.955 
January 1958 — 0.168 +0.008 0.83 +0.09 0.977 
February 1958 — 0.171 +0.007 0.28 +0.06 0.988 
March 1958 — 0.185 +0.010 0.83 +0.12 0.971 
Mean values — 0.170 +0.0II 0.65 40.24 0.972 
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per cent/km and O%44=1.95 per cent/km) were 
used as weighting factors, b, and by. According 
to Table 9, thus based on 


6 Z =Og, ON, tag OP +ags OU (14) 


the scattering of the monthly values is about 
the same as in the Dorman analysis above. 
R is somewhat larger. 


The value &3=0.65 means that perfect 


agreement with the experimental results (&73 = 
1.00) would be obtained in the case examine 

here if a new temperature curve were con- 
structed from the original by multiplying 
each ordinate by 0.65. That would of course 
not affect the pressure coefficients or the 
multiple correlation coefficients. It is quite 
clear that a curve of arbitrary shape could be 


changed in a similar way to give an «3 value 
=1.00. In the selection of the most reasonable 
shape one should take into consideration the 
sample to sample scattering of the calculated 
coefficients and the agreement with existing 
physical theories. 

To get an indication of another physically 
justified temperature curve we treated a 
regression equation with seven variables T:, 
T2,..., T, to represent the mean temperatures 
of the layers mentioned above. As three more 
variables, Z, N, and P, were necessary we 
had to deal with ten variables in the regression 
equation: 

ÔZ = BP; ON, + Be OP + 8,61, + Ba dT, + 

MSC OTe (15) 
The resulting mean value of the pressure 
coefficients was -0.170 40.016 per cent/mb 
in good agreement with the first calculation 
(Table 8). The mean values of the temperature 
coefficients obtained are plotted in Fig. 1 
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together with Dorman’s curve of the density 
of the temperature coefficient. As could be 
expected most of the points have very large 
errors, the points referring to Iso m and 
250 mb being exceptions. 
Assuming curve B in Fig. 1 (essentially a 
straight line drawn to fit the experimental 
temperature coefficients) to be an acceptable 
representation ‘of the temperature effects, we 
now formed a variable V in the same way as 
W but using curve B instead of curve A to 
obtain the weighting factors c; in Equation 

(11). Table 10, based on 
(16) 


6Z =; ON, +99 OP + As OV 


reveals, compared with Table 8, a somewhat 
larger scattering of the month to month 
values of the pressure coefficient but also larger 
values of R. The mean value of «3 implies 
perfect agreement between curve B and the 
experimental results. 

The deviation of the points for 150 mb and 
250 mb from the Dorman curve might partly 
be explained by the exclusion of the air layer 
above 100 mb from the calculations. 

The differential spectrum of z-meson gener- 
ation can be represented by 

FalE, x, p)=AE~C9(x, q) (17) 
where E= the energy of the 7-meson, x= 
the atmospheric depth, p=the zenith angle 
and A= constant (DORMAN, 1957). y is expect- 
ed to lie between o and 1. Dorman’s tempera- 
ture curve seems to be drawn for y=0.5. A 
higher value of y would make the curve agree 
better with our points for 150 mb and 250 mb 
(DorMaN, 1957). Also the pressure effect is 
strongly dependent on y. A sensitivity curve 
for the cubical telescope (e.g. Fig 21 in DORMAN 
1957) shows that the effective zenith angle is 


Table 9. Regression coefficients calculated according to Equation (14) 


Xgo 


Period aie 
coefficient 


ees mb 


partial pressure 


Xs R 


ee ESS | dd 


October 1957 
November 1957 
December 1957 
January 1958 
February 1958 
March 1958 


Mean values 


— 0.127 0.008 
— 0.143 40.015 
— 0.140 40.007 
— 0.123 +0.005 
— 0.153 +0.007 
— 0.133 40.010 


— 0.137 40.011 


0.82 +0.13 0.985 
1.29 £0.27 0.965 
1.07 40.21 0.974 
0.96 +0.06 0.991 
0.40 £0.08 0.989 
1.73 40.25 0.971 
1.04 40.45 0.979 
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about 20°. The pressure coefficient correspond- oon oe Nie 
ing to that angle is -0.185 per cent/mb for ee er 
y = 1 and-0.095 per cent/mb for y = o ‘5 ONE) : 
(Fig. 43 in Dorman 1957). The depend- S Se aaR SES 

: ‘ . © 

ence on y is linear. The results presented in BNO Sut oO Sie 
S = o oO te) teh toy Cy fe) i) (©) 

Tables 8 and 10 would then indicate a y value BO | 
>0.8. Now it is possible that the nucleonic in- ss ~ >> usa, OE 

. . oS 
tensity data represented by the variable N, are a de 6.8 6 ole ie 
4 > 28000 

overcorrected (Section 2), which would mean § oo ‘ ; ° © 
that the pressure coefficients calculated for the = Ba 
= St MO N N M HO + 
meson component are too large (Section 3). A LS | 
recalculation of the coefficients in Table 8 & 8 | 666 666 ollis 

based on nucleonic intensity data corrected | | 
with -0.720 per cent/mb, does not affect S So he Cie 
the «3 values but gives for the pressure effect . & S| +mo + ; ol + 

ss n an» + 
the mean value &,5= -0.163 per cent/mb. = 3 | | 
That corresponds to y =0.7. ior S ee 

ss: < Pl vs Oo +Rmns+a ml] H 
3 Ê S = 8 (e] H N 
6. Effects of Random Errors in the Aero- Srey Le he 
BS Sea = = = 
logical Data CAS cee ce CE ES 
s = : s Ÿ = i pee a WMO + +H + wo 
TREFALL and NorDö have examined the E E ag = 
influence of random errors of measurement § ee ie eee 
on the coefficients obtained in correlation oe ie a, a 
: = u de — 
and regression analyses (TREFALL and Norp6é, Shin ceeaeae s | « = 
1959). They propose that observed discrep- # E 5 
. . Lens = 
ancies between theoretical and experimental 3 € 3 ARESSTESS 
A = 7 = = = — . . . . . 
results in the estimation of atmospheric effects "5 5 A & ae: USS Sole 
& 5 ) CE) 
might be due to random errors in the upper 2 8 82 & 
3 3 = ne ® Re BIER = 
Ss SES 8 ame 
We have examined the influence on the & = SS 5 D = See +R 
results obtained for the 200 mb Duperier 8 à dass | i 22 | 
model (Table 2) with the following assump- , SgS8s 9288| 8 a= ZOOS ORS| a 
© oa 
HO et athe, errors of, He, Land 1,5, are 3 SS 58,233 £ lee CR 
random with respect to the true values of the ES SEE a eas = | 
variables; 2) the errors are not correlated with 2 Eas Bune & 3 = eK 
1 L Le) nm 
each other; 3) the error variances of Hog) . EEE: ee 
R 2 S@\2 HIS ee à d'd bo © he CCC @©| © 
and Tyo. are 2,500 m? and 4.00 (°C)? respec- * DEERE ESS 
tively. According to TREFALL and NorDö the SEIU fe 
mn DES Hın Le) 
random errors of measurement would then À CS sOSRS00 ee ni a 
= = „ 
disturb the calculations only by increased - _ 
2 noma 5 
values of the square sums 2(0H:59)? and J oe 
= = 7 HH 
Z(ÔT 500)” if the samples considered were in- S 
finitely large. In spite of the small samples . Q 1% OO © 
considered here, containing from 23 to 29 
members, we assume that the influence of 
the random errors can be eliminated simply jean Pt Jos 
5 Le) 
by a correction of the two square sums = 358882 |. 
. 8 o 
mentioned above. The corrections have been > a ala 
: 5 = 
introduced in three steps: a) only 2(0H:60)° ay 2s À F > ae 5 
a 
has been corrected, b) only Z{(ôT:60)? has Er FETE 
© a © 
been corrected, c) both square sums have been 28282888 & 


corrected. The results are given in Table 11 
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Table 10. Regression coefficients calculated according to Equation (16) 


Xoo 
; partial pressure R 
Bones coefficient Co 
% /mb 
October 1957 — 0.154 +0.006 0.78 +O.13 0.985 
November 1957 — 0.185 +0.019 1.22 40.25 0.967 
December 1957 — 0.178 +0.0I1I 1.04 40.23, 0.971 
January 1958 — 0.157 40.005 0.94 +0.06 0.991 
February 1958 — 0.167 +0.007 0.42 0.09 . 0.989 
March 1958 — 0.194 +0.012 1.53 40.28 0.960 
Mean values | — 0.173 +0.016 | 0.99 £0.38 | 0.977 


together with the uncorrected coefficients. 
The height coefficients are certainly larger in 
case a) than in the uncorrected case but the 
changes have also increased the scattering of 
the monthly values considerably. The small 
value of February 1958 has not been affected 
very much, whereas the large value of March 
1958 has been doubled. The result when both 
variables have been corrected, is even more 
confusing. The coefficients of March 1958 
have assumed quite abnormal values and the 
influence on the other six months has not been 
such as to reduce the month to month scatter- 
ing. 

The influence of the random errors is no 
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doubt considerable but in the case just ex- 
amined it can not explain the deviations of 
individual values from those expected. 


7. Application of the Calculated Regression 
Coefficients 


On the basis of the coefficients determined 
for the two Duperier models (Tables 2 and 4) 
and the Dorman model (Table 10, curve B 
in Fig. 1) we have calculated the corrections 
for the monthly mean values of the meson 
intensity from October 1957 to July 1958. The 
corrections are plotted on a percentage scale 
in Fig. 2. The partial corrections are seen to 
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Fig. 2. Corrections for changes in the atmospheric conditions to be added to the 
recorded monthly mean intensities of the meson component for the period 
October 1957—July 1958. The corrections are calculated according to the mean values 
of the regression coefficients given in Tables 4, 2 and ro. Partial corrections (due 
to changes in pressure, height and temperature) are given as well as total corrections. 
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differ appreciably from model to model. Nev- 
ertheless the total corrections are practically 
identical. The differences between the Dorman 
model and the two Duperior models are 
of the order of 0.1 per cent (mean difference 
=0.05 per cent) for the ten months treated, 
although the monthly values have not been 
used in the determination of the coefficients. 
These differences have to be compared with 
the standard error of the daily meson intensity 
which is 0.066 per cent for a counting rate of 
96,000 counts per hour (Section 1). 

Curves A1—Aq4 in Fig. 3 show the day to 
day corrections for June 1958, which month 
has been chosen quite arbitrarily among the 
months April—July 1958 not already used in 
the calculation of the regression coefficients. 
Curves A1—A3, corresponding to the two 
Duperier models and the Dorman model 
(curve B in Fig. 1), are essentially identical. 
The differences between them are of the order 
of 0.1 per cent. Curve A4 shows the correc- 
tions predicted by Dorman for y=o.5 (curve 
A in Fig. 1) with one exception: no account 
has been taken of the atmosphere above 100 
mb. This curve deviates somewhat from the 
other three. The corrections plotted in curves 
AI and A4 are now added to the recorded 
meson data: Br and B2 are the resulting 
curves. For comparison the nucleonic inten- 
sity corrected with -0.737 per cent/mb 
(curve B3) is shown together with the corrected 
meson curves. The three curves agree quite 
well. If the degree of consistency with the 
nucleonic intensity curve could be used as a 
criterion on the reliability of the corrections 
used, it would nevertheless be very difficult 
to decide between the two alternatives repre- 
sented by curves Br and Bz. The simple 
correlation coefficient calculated for curves 
Br and B3 on the basis of the deviations from 
the means, is 0.870. About the same value, 
0.865, is obtained for the correlation between 
curves B2 and B3. 


8. Summary and Conclusions 


It is possible to found reliable determinations 
of the atmospheric coefficients on data record- 
ed under geomagnetically unfavourable con- 
ditions, if a variable representing the primary 
intensity variations is included in the calcula- 
tions. Reasonable results are obtained for the 
two Duperier models examined. The month 
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Fig. 3. Ar—A4: corrections to be added to the recorded 
daily mean intensities of the meson component for June 
1958 according to the mean values of the regression 
coefficients given in Table 4 (Duperier 100 mb), Table 2 
(Duperier 200 mb), Table 10 (Dorman, curve B in Fig. 1) 
and Table 8 (Dorman, curve A in Fig. 1). 
B1—Bz2: Daily mean intensities of the meson component 
corrected according to Tables 4 and 8. 
B3: Daily mean intensities of the nucleonic component 
corrected for pressure changes with —0.737 per cent/mb. 
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troduced as a result of topography, / hop,/otdo, 
5 


which we henceforth denote by H, can be 
thought of as the rate of conversion of kinetic 
energy into potential and internal energy associ- 
ated with the transfer of mass from the less ele- 
vated regions of the globe to the more elevated 
regions. A negative value indicates a release of 
kinetic energy as mass is removed from the 
more elevated regions. To the extent that the 
total mass of the atmosphere is constant and 


measured by fpodo, we have fdp,/dtdo =o. 
5 5 


Hence, for the whole earth, H depends on the 
correlation between the surface elevation h and 
the local rate of pressure change at the surface, 
Ap /at. In principle, even hills and smaller local 
irregularities are included in h, but in all proba- 
bility effects due to these are small compared to 
those due to the large mountains ranges. 

The terms representing the rate of change of 
kinetic and potential plus internal energy, on 
the left hand sides of (3) and of (4) respectively, 
as well as H, all vanish in the long time average 
if we exclude climatic changes from considera- 
tion. At any instant, however, all these terms 
generally have non-zero values. Munk and 
MILLER (1950) estimate, for example, that from 
July to January the average increase of surface 
pressure over land (which occupies about three 
tenths of the surface of the earth) is 0.183 mb. 
This value is probably low, perhaps by an order 
of magnitude, judging from the more recent 
results of the SrarF MEMBERS, ACADEMIA SI- 
NICA (1957). If we take 1 mb as our estimate, 
and if we assume, further, that the mean height 
above sea level of the land areas experiencing 
this pressure change is 3 km (most of the mass 
change is concentrated over the Asiatic main- 


BARRY SALTZMAN 


land, cf. Starr MEMBERS, ACADEMIA SINICA, 
1957) we obtain as a rough estimate of H, 
applicable between July and January, the val- 
ue 3 x 101% ergs/sec. This is two to three orders 
of magnitude less than the rate of release of 
kinetic energy due to baroclinic processes, 
measured by /wadm (cf., SALTZMAN and 
M 


FLEISHER, 1959 and Wun-NIEIsEN, 1959), but 
may be of the same order as the actual rate of 
change of the total kinetic energy of the entire 
atmosphere between these two months. For 
elevated open regions (such as the Tibetan Pla- 
teau) the mountain term can have a larger value 
at any time reflecting temporary or seasonal lo- 
cal mass changes, but in this case it can no long- 
er be considered as a measure of an energy 
“conversion” within the region, being related, 
instead, to simultaneous transports of energy 
across the lateral boundaries. 

Additional considerations: If we allow that the 
elevation of the surface of the earth can vary 
with time, as in the case of ocean tidal oscilla- 
tions and wave motions of ocean and sand, for 
example, an additional term, + fp,2h/0tdo, 

$ 


appears on the right hand side of (4). This term 
represents the creation of potential energy in 
the atmosphere through the work done by ver- 
tical motions of the earth’s surface. Along with 
the work done by frictional stresses, this proc- 
ess can be viewed as a possible mode of energy 
transfer between the atmosphere and the litho- 
sphere and hydrosphere. We note that the ef- 
fects of water vapor have not been considered 
in this development. This and other general 
considerations concerning the energy budget 
are discussed by STARR (1948, 1951). 
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The Meridional Eddy Transport of Kinetic Energy at 500 Mb 


By BARRY SALTZMAN, ROBERT M. GOTTUSO! and AARON FLEISHER?, 
Massachusetts Institute of Technology 


(Manuscript received March 6, 1961) 


The meridional transport of kinetic energy x’=x-|x], T, can be resolved into compo- 
across latitude & per unit time and per unit nents as follows: 


pressure difference is given by Te Pere aT (2) 
= O I 2 
2 ye 2 
Tx (, p, t) = ZM E gi )] | (1) Tee 274 cos b Lo] [v2] + [v?] + [w*] 
8 a g 2 
where u is the zonal wind speed, v is the merid- ana cos & s 
ional wind speed, a is the radius of the earth, le ES [u] [uv] 


g is the acceleration of gravity and the brackets 3 Fe 
denote an average with respect to longitude, | ee d E u2+v? | 
(cf, STARR 1948, and Kao 1954). If we let = £ 2 
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Fig. 1. Average rate of poleward eddy transport of kinetic energy at 500 mb. The so- 


lid line denotes (Ge - m) and the dashed line T,,,, the difference being T,,. W, 


S, and A denote the winter, summer, and annual averages,respectively. 


1 Nowat Wright Air Development Division, Wright 2 Department of City and Regional Planning. 
Patterson Air Force Base. 
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“The Influence of Carbon Dioxide Variations 
on the Atmospheric Heat Balance”, by L. D. 
Kaplan, Tellus 12, pp. 204—208 (1960). 


Dear Sir, 


In a recent article with the above title, Ka- 
plan (1960) describes the results of his carbon 
dioxide calculations, which according to his 
own evaluation can “be accepted as definitive”. 
On the other hand his article criticizes my 
carlier treatment of this problem which Ka- 
plan describes as “inadequate”, “approximate”, 
and “too subjective to be reproducible”. In 
addition in his abstract Kaplan writes that 
“Plass” estimate of a temperature drop of 
3.8°C due to a halving of the carbon dioxide 
concentration appears to be too high by a 
factor of two or three.” This statement would 
seem to be somewhat misleading since Kaplan 
compares two entirely different quantities: 
my result for clear skies with his result for 
cloudy skies! Actually, when our results for the 
temperature drop are compared under approxi- 
mately the same conditions, there is only a 
22 % difference between them. This question 
is discussed in more detail later in this letter. 

Kaplan has made a number of approxima- 
tions in his calculations, none of which are 
adequately discussed in his article in Tellus 
nor in the Rossby Memorial Volume (KAPLAN, 
1959). Some of these approximations introduce 
significant errors in his final results which are 
tabulated to five significant figures. Thus the 
reader naturally presumes that these results 
are also accurate to five significant figures. 
Unfortunately this is not the case since errors 
in the first two significant figures have been 
introduced into his calculations by the trunca- 
tion of the atmosphere at 100 millibars. 
Somewhat smaller errors have been introduced 
by the use of the Curtis-Godson approxima- 


tion. Furthermore the absolute accuracy of 


theoretical calculations is limited by the experi- 
mental errors in the determination of the 


integrated band intensities which are at least 
of the order of 5 percent. 


Before I discuss the differences between our 
calculations, I should like to emphasize that 
climatic changes which occur over time 
intervals of geological significance can be ex- 
plained by the carbon dioxide theory regard- 
less of whether the temperature decreases by 
3.8° C (Prass, 1956b) or by 1.8° C (KAPLAN, 
1960) when the CO, amount is halved. Our 
present knowledge of the relative importance 
and the magnitude of the various factors which 
have entered into the carbon dioxide cycle 
during past geologic eras is very limited. 
Many of the climatic changes which have 
occurred over the past several billion years 
of the earth’s history can readily be explained 
by variations of the atmospheric CO, amount. 
Sufficiently large variations are entirely con- 
sistent with the known facts even if Kaplan’s 
value is adopted for the temperature change. 
On the other hand, the difference between our 
two values for the temperature change is 
significant for the explanation of the world- 
wide temperature increase which has occurred 
in the twentieth century. If Kaplan’s value 
is correct, this recent temperature increase 
cannot be explained entirely by the CO, 
theory. If my value is correct, the CO, theory 
offers a possible explanation. 


I would like to discuss the following points 
about Kaplan’s calculation and his comparison 
of our results: 


(1) In my opinion the most serious defect 
of Kaplan’s calculations is the truncation of the 
atmosphere at 100 mb. Kaplan must have 
assumed (although he does not state this) 
that the downward flux is zero at 100 mb 
since the flux above this level cannot be 


obtained by the method as described. 


KAPLAN (1959) correctly states that the 
equation for the net upward flux at a 
given height must be integrated to some 
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arbitrary level chosen so that virtually no 
radiation from above this arbitrary level can 
reach the level at which the flux is being 
evaluated. In the present article Kaplan takes 
this arbitrary level to be at 100 millibars. This 
is equivalent to the assumption that the down- 
ward flux is zero at 100 millibars. A glance 
at Fig. 7 of my article (Prass, 1956b) shows 
that the value of the downward flux over the 
entire band at the roo millibar level is already 
14 percent of its value at the ground. Since 
this emission from the stratosphere is entirely 
omitted from Kaplan’s calculations, this down- 
ward flux should be added to his results which 
are given in Table 1 for the net radiation at 
100 millibars. This correction becomes rela- 
tively more and more important the nearer 
the cloud top is to the 100 millibar level. 
A smaller error is introduced into the results of 
Table 2 for the net radiation at the ground since 
his results do not include the fraction of the 
radiation emitted above 100 mb which reaches 
the ground. 

The emission by the molecules in the 
stratosphere in the wavelength band from 12 
to 14 microns and from 16 to 18 microns has an 
important influence on the change in the in- 
frared flux with carbon dioxide concentration. 
The physical explanation of this fact is that 
the emission in a given frequency interval of 
this radiation by the molecules in the strato- 
sphere increases more rapidly with the carbon 
dioxide concentration than does the absorption 
of this same radiation by the lower atmospheric 
layers. In order to check this point quantita- 
tively I have repeated my calculation (Prass, 
1956b), but with Kaplan’s boundary condition 
that the downward flux is zero at 100 milli- 
bars. Consider the difference AI between the 
downward flux when the CO, has its present 
value and when it is so percent of this value. 
The result is that this approximative boundary 
condition reduces the value of AI by 8.1 per- 
cent. Thus Kaplan’s values for AI the change in 
flux with carbon dioxide amount should be 
increased by approximately 8.1 percent of this 
amount because of his incorrect boundary 
condition at 100 millibars. 

(2) Some of the temperature distributions 
used by Kaplan are quite unrealistic. He 
assumes a constant lapse rate from the ground 
to the 100 mb level. Consider first the case 
when x=4. If this corresponds to a lapse 
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rate of 11.2°C per km as stated in his text 
(however 11.4° C per km is used in his tables !), 
then, when the surface temperatures are 273° K 
and 313° K, the roo millibar level is at 13.0 
and 14.7 km respectively and the temperatures 
at this level are 127° K and 146°K respectively. 
These values clearly do not correspond to 
any temperatures that have ever been observed 
in our atmosphere. The values are somewhat 
more reasonable when x=}. When the 
surface temperatures are 273° K and 313° K, 
the 100 millibar level is at 15.5 and 17.9 km 
respectively and the temperatures at that 
level are 186° K and 213° K. However, neither 
of these distributions represents the average 
temperature variation with height in our 
actual atmosphere with much accuracy. In 
contrast to these unrealistic temperature distri- 
butions my calculations were made with a 
distribution which is very close to the actual 
observed values. In these calculations the tem- 
perature decreased with a constant lapse rate 
of 6° K/km up to 13 km, had the constant value 
of 210° K from 13 to 22 km, and then in- 
creased again. 

(3) In his calculation Kaplan uses the Curtis- 
Godson approximation. For 7 near unity this 
can cause errors as large as 5.8 percent in the 
absorption between surfaces at one and zero 
atmospheres (KAPLAN, 1959). This error de- 
creases as m becomes either very small or 
very large compared to unity. Thus it is not 
easy to estimate the error introduced by this 
approximation for the total flux from an 
actual band which contains a wide range of 
values of 7. Nevertheless, the fact remains 
that the spectral lines with 7 near unity are 
the most important for the effects under 
discussion here. When 7 is very small the lines 
may be too weak to contribute to the total 
unless they are quite numerous. There are 
only a few spectral lines with large 7. There 
is little change in the absorption from these 
strong lines as the CO, concentration changes 
because they overlap the neighboring lines. 
When all of these effects are taken into account, 
I estimate that the Curtis-Godson approxima- 
tion introduces an error of several percent in 
the total absorption of this band. 

(4) It would seem that Kaplan should have 
presented sufficient details of his calculations 
so that the interested reader could recalculate 
any of his results. However, he has not given 


| + i a FR 
RINSE EEE Fr = 


tan vs 

PAR tin Frs Er 

aly re re dcr allait 

lites! els. fent 

ur ors el erie 

| cd laval re | 
pet malen 

LT 8 & eae hie 


si 


eee 24th Le ad 
ds aly toast OM 
cern her Send pad 


" 
\ 


le u te Bu 


“ot . 
LRO 
vr 
| | ne a 
miedo Ve: ; 5 eu | ben 
Se er get à Im = | rie ria + 
4, emt ahd A : , ti Ai i Dr? 
inte 


ary i 


um: 


a i ay 
pfs 
pel 


hé 


rae | hi: à + aa ae 
CIE PIERRE ti a Ba boul 7 Vie 
welualih u | > 
aie > dorer 


ALL + 
ny Le fh tubes ma! 


Her lu CSL DOTE ul 

iit, Feen mo 

Br ve! ” Hilfe i’, 

| on! Pam) erie 
piqué “> Valen | wei 


ung = Aue 


300 


ments are available at lower temperatures the 
results must be corrected theoretically (Prass, 
1956b) for their variation with temperature; (3) 
in order to extrapolate the results over a wide 
range of pressures and path lengths the labora- 
tory measurements must have been made over 
a sufficiently wide range of the variables in 
order to define the “strong line”, “weak line”, 
and “nonoverlapping line” regions. The effect 
of variations in the absorption curve chosen to 
represent the laboratory data has been con- 
sidered in detail in one case (PLASS, 1956a). 
The absorption curves are closely defined by 
the laboratory data. The total band intensities 
can only be determined in Kaplan’s method 
from curves which are obtained from experi- 
mental results. The line intensities calculated 
by Kaplan are directly proportional to the 
band intensity obtained by experiment. 
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The method which involves the theoretical 
calculation of the intensities and positions of 
all the spectral lines is certainly another valid 
approach to this problem. However, numer- 
ous approximations which have been out- 
lined above have been made by Kaplan in 
applying this method in practice. The accuracy 
of the final results depends on how judiciously 
the investigator has approximated the actual 
physical situation. Kaplan should have pointed 
out some of these limitations in his article. 


Sincerely yours 


GILBERT N. PLASS 


Aeronutronic, a Division of 
Ford Motor Company 
Newport Beach, Calif. 
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Reply 
Dear Sir, 


There are two questions here: the first is the 
geophysical problem of the effect of a change in 
the CO, content on the temperature of the 
earth’s atmosphere; and the second is the 
comparison of methods for performing the 
radiation calculations. Let us consider these two 
questions separately and see who and what is 
“misleading”. 

In my Tellus article (KAPLAN, 1960) it was 
the geophysical problem that was discussed; 
and the comparison with Plass’ results in the 
conclusion and abstract was based on the 
assumption that Plass’ results were presented 
as results for the real atmosphere. The compari- 
son of our clear air fluxes was introduced only 
parenthetically and as an indication that part 
of Plass’ overestimate of the temperature change 
is due to errors in his method. Since the accu- 
racy of my method has been questioned by 
Dr. Plass, I will return to this later; but first we 
must clarify what it is that is being discussed. 

In his Tellus article PLass (1956 a) uses the 
value 3.8° C for the effect of a halving of the 
CO, in his discussion of the influence of CO, 
variations on past climate; and it is only this 
value and 3.6° C for the effect of doubling the 
CO, content that he gives in his conclusion and 
abstract. 

At one point in the article he mentions that 
“the actual temperature change due to CO, 
variations is slightly smaller than the results 
given above for clear sky conditions. When 
clouds are present, the CO; is less effective. . . 
the result is obtained that the average surface 
temperature must increase by 2.5° C or decrease 
by 2.7° C when the CO, amount in the atmos- 
phere is doubled or halved”. These “slightly 
smaller” numbers are never used in the sub- 
sequent discussion, and in later articles on the 
effect of CO, variations on the climate of the 
earth Prass (1956 b, 1959) does not even bother 
to mention that the values of 3.8 and 3.6° C are 
for clear skies. 

If Dr. Plass is not talking about the actual 
atmosphere, but about a cloudless one, he 
should make it clear. He has definitely given 
the impression that he was dealing with real 
geophysical problems rather than the formal 
problem of a cloudless atmosphere. 

Plass’ overestimate of the effect of CO, 
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changes is mainly due to three causes, of which 
the tacit assumption of a cloudless atmosphere 
is one. A secound source of the overestimate 
is his underestimate of the shielding by the 
overlapping water-vapor band. In a paper 
given at the 1960 Helsinki meeting of the 
IUGG, Kondratiev found that this shielding 
was sufficient to cut down the CO, effect to a 
small fraction of its original value. 

The third cause of Plass’ overestimate is the 
error due to his method of calculating radiative 
flux. Dr. Plass claims that my calculations are 
not accurate enough for the comparison, and 
gives a long list of sources of error. Let us 
now consider what he feels are “the most 
serious defects” in my calculations. 

Of these, he feels the worst is my truncation 
of the atmosphere at 100 millibars. He says “I 
have repeated my calculation, but with 
Kaplan’s boundary condition that the down- 
ward flux is zero at 100 millibars. The result is 
that this boundary condition reduces the value 
for the change in the downward flux at the 
surface of the earth for a 50 percent decrease 
in CO, amount by 8.1 percent from the value 
obtained when this approximation is not made”. 

That this result is impossible is immediately 
evident from Plass’ Figs. 7 and 5 in the article 
in which his radiation calculations are discussed 
(Prass, 1956 c). In these figures he conven- 
iently divides the fluxes into the following 
spectral regions: two almost transparent regions 
from 12 to 13 u and 17 to 18 u, an almost 
opaque region from 14 to 16 y, and two inter- 
mediate regions from 13 to 14 u and 16 to 
17 u. From his Fig. 7 it is seen that the down- 
ward flux in the transparent regions is zero at 
100 mb and that none of the 100 mb change in 
the opaque region is propagated to the ground. 
The entire effect of the approximation must 
therefore come from the intermediate regions. 

But according to this figure the total flux 
change in the intermediate regions at 100 mb 
is itself only 8 per cent of the total flux change 
at the ground. This means that the entire effect 
of the approximation at 100 mb must be 
propagated without diminution to the ground! 

The curves in Plass’ Fig. 5, showing the tem- 
perature dependence of the downward flux, 
prove that the entire effect cannot be propaga- 
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of her bad and good humour (a not tooscien- 
tific definition of the weather) was charac- 
teristic of the young man who in 1918 in 
Lapland made detailed studies of visibility 
conditions in the atmosphere, and thus ap- 
proached the problem of “air masses” in a 
new, original way. Soon afterwards he came 
to Bergen and could tackle the air mass prob- 
lems by using the dense Norwegian network 
of stations introduced by Vilhelm Bjerknes. 
J. Bjerknes and H. Solberg had already started 
that work, and discovered the wave model of 
cyclones. T. Bergeron found the occlusion, 
and with his discovery of frontogenesis and 
air masses, gave us a picture of a succession. of 
models: quasi-stationary front, wave, wave 
cyclone, occluded cyclone which might develop 
into a large scale depression, making possible 
a hyperbolic point, leading to a new quasi- 
stationary front, and so on. Evolution is charac- 
teristic of Tor Bergeron’s models—also in 
cloud physics. His cloud types are not fixed, 
geometrical ones, but show a development 
from pure water clouds and ice clouds to 
the mixed, precipitating clouds. Some of these 
belong to the stable warm air masses, others 
to the unstable cold air masses. 

Tor Bergeron is the philosopher of the 
Bergen school, equally interested in general 
principles and in problems of detailed analysis. 
His “Dreidimensional verkniipfende Wetter- 
analyse” is no easy reading, but try it, it’s 
the Old Testament of modern meteorology! 
His later works, on cloud physics and on 
orographic effects in the distribution of precip- 
itation are equally stimulating. 


TOR BERGERON 70 YEARS 


One of the most famous pictures in the 
world is Raffael’s “School of Athens”. Sur- 
rounded by noble architecture of magnificent 
pillars and arches, stand two figures forming 
the natural centre. One of them, Plato, points 
upwards to the world of ideas, the other, 
Aristoteles, turns our attention to the earth and 
all its problems. In times like ours, when more 
and more of the young meteorologists, like 
Plato, point towards the world of ideas, of 
the mathematical models of the high atmos- 
phere and move up to the soo mb surface 
(and stay there), we need our Aristoteles who— 
like Nietzsche—implores us to be “true to 
the Earth”, where aeroplanes land and take 
off, ships navigate, fishermen toil under 
troubled weather conditions, farms fear the 
rain and the drought, and all ask—what’s 
tomorrow's weather? 


Tor Bergeron has friends all over the world. 
His interesting lectures, his inspiring talks 
(often mixed up with linguistics, cultural prob- 
lems and, last but not least, Bach’s music) 
have given pushes and impulses to many of 
his young colleagues. 

Today they want to pay their homage to 
the “grand old man”, the venerable septua- 
generian; but solemn words like “venerable” 
and “‘septuagenerian” are not the right words 
for us who know him, who wish him good 
luck for his interesting future research and 
look forward to new stimulating lectures and 
inspiring talks. 


C. L. GODSKE 


Erratum 


In Volume 13, Number 1, in the article »Harmonic analysis on cosmic ray data» by E. DYRING and 


B. ROSEN, on page 115, column 1 eq. (9). 


should be read 
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